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Abstract: It was found, that the set of minimum cuts, sepagat define as

two chosen vertices in graph, have the structuralistributive

lattice. It was developed an effective procedurefiftding the set - D)=

of 1, 2 and 3 elements cuts in graph based ondhsideration of C(I’) - C(R’ R)_ D%:E?)(u) ) @
distributive lattice of the set of minimum cuts. €Ttprocedure e

consists of first, the algorithm for finding indesposable minimal L
cuts of distributive lattice. Second, algorithm fymthesis, using In set of cutsR of graph G a subset of the minimal
resulting subset from stage one, of the entireBatinimum cuts. cuts (cuts of the minimal weight) is allocated

The third, is the algorithm for describing the sEtjuasi-minimum

(close to the minimum, next to minimum) cuts in fhem of sum
of distributive lattices of minimal cuts found fdhe modified M i :{m : m=argminc(r)}. 2
function of weight. The computer program, implenmegptthese ' roR

algorithms, is presented with examples.

On setM ., binary operations_, [ are defined. For
Keywords: distributive lattice, indecomposable cut, one-,two '

three- elements cut any
1. FINDING MINIMAL CUTS IN GRAPH m = (Mi,Mi )D M ine s | =12, 3)

1.1. The distributive lattice of the minimal cuts & graph we put

Let G=(V,U) — be a directed graph, whe‘vte:{v} -
set of vertices of the graph) ={u=(i,j):i0V,jOV} - mlef(MlUMz.W), (4)
set of directed edges of the graph.

In graph G we can choose two vertices — the sougce
and the sinkt (s,tOV, s#t). Let AB (ANB=0) be
some subsets of set of vertices. We can designate o
(AB)={(i,i): (,j)OU,iDA jOB} set of Nirected The set of the minimal Cut pn ;.
edges leading fromOA to jOB. In addition we can operations [, L is & distributive  lattice< M pn,c; 0, 0>

assume, that, first, between any two verticgd1V there is [2.3].

) = , The minimal cut pOM ;,. of a distributive lattice is
no more than one directed edﬁeJ)DU and one directed ’

L . undecomposable [(-undecomposable) [2,3], if for any
edge(J,l)DU , and secondly, there are no loops (i.e. edges

of a kind (i i)DU ) my,m, OM i relation p=m Om, follows p=m, or
The cut [1], dividing vertices, t of graphG, is a set of
edges r=(RR)OU, where RNR=0, RUR=V,
sOR, tOR. Set of all such cuts we can designatéRas
To each edgeudU of the graphG we assign a
nonnegative numbec(u) =0, which is named as weight
(capacity) of the edge. Capacity (weight) of thd oe

mlezz(MlﬂMz,MlﬂMz)- (5)

with defined on it

p =m,. We shall designaté>, the set of undecomposable

cuts of the lattice< M ;;, .; 0,0 >. It is obvious, thatP, is a
partially ordered set as a subset of partially mrdeset
M min,c *

The set of minimal cuts of graph in the distribetiv
lattice can be analytically described [2,3]
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(two-element, three-element) cuts consist of one,(three)

M minc = U (0 a), (6) elements (edges in graph). Thus, for example, tement

T aAR) @A (three-element) cuts at presence of single-elen(emd/or
two-element) cuts are not minimal. But are closentoimal
(following for minimal, quazi-minimal cuts). The gslem
consists in finding all elements of the specifiedtss
setF. (enumeration minimal and quazi-minimal cuts).

The specified representation, shown above, forms a Enumeration quazi-minimal relating to function of
basis for a new decomposition approach to findirginral  \yeight c(u)=1 for all uOU two- and three-element cuts
cuts in graph. It consist, first, from searching lyon can be summarised (trace) to the sequence of pnsbie

undecor.npos:.;lble. mllnlm_al cuts in graph _and, secofatiyn enumeration minimal two and three-element cutgirgjao
synthesizing in distributive lattice of minimal suall set of

H : —_
minimal cuts on partially ordered subset of undegosable function of weightcg(u) for some set of sefs} =",
cuts. The offered approach allows to reduce searghnaph
(number of graph's connectiahecks) due to allocation of 2.2 Finding of two-element (three-element) cuts at

where A(P,) — set of antichainsA of partially ordered

only subsets of undecomposable minimal cuts. existence of single-element (and absence two-elemen
cuts
1.2. Algorithm for searching the minimal cuts of weght k Two-element (three-element) cuts in this case ate n
in graph minimal. The set of edges in grapB, forming single-
Let SOU be the subset of edges in graph. We shallement cuts, isR!. It is obvious, that any edge of that kind
construct function of Weights(u):U - R cannot enter into a two-element (three-element) @iiting
to the specified cuts’ edges sufficiently large gis (which
o if ulsS forbid occurrence of corresponding edges in theimah
Cs (u)={ ’ i \ (7)  cuts set), it is possible to achieve, that two-eetr(three-
1L # ubUis element) cuts will be minimal. The finding of twtement

(three-element) cuts can be carried out on theslmdsi
Set of the minimal cuts concerning functi@g(u) we

designate asM . . For the whole pre-assigned we KCUT (G;s t; R'; 2, M,) (20)

define the seM

(KCUT (G;s t; R; 3; M3)). (11)
Muyne, if cs(m=k OmOM, ..,
My :{ gm'cs if CS (m) £k OmO Mm'_n'cs (8)  2.3. Finding of three-element cuts at existence two
' S min.Cs * element and absence of single-element cuts
Thus, setM contains cuts of grapke between vertices Three-element cuts in this case are not minimak Th

and t of weight k (k-element cuts), which are minimal three-element cut can: 1) not contain edges ofelecent

relating to function weightscq(u). If such cuts does not CUtS, 2) contain one edge of a two-element cutdjain
) one edge of two various two-element cuts, namely, 3
exist, thenM, =0 .

elements of two-element cuts lay in different s&s, R?;
Let's consider the algorithm W . yind &R
3b) elements of two-element cuts lay either in B&tor in
KCUT (G;s t; Sk M) (9) setRZ.
Case 1. The set of edges in gra@h forming two-

for f.|nd|ng set of thék (k=1, 2, 3) elemgnt CUtty, dividing g0 et cuts, isR°UR?. It is obvious, that any such edge
verticess andt (st0V, s#t) of a directed grapiG and cannot enter into a demanded three-element cut. thed

minimal relating to function of weight(u). finding of three-element cuts can be carried outhenbasis
Auxiliary sets R*,R¥ ,...,R* U we define as follows: Of

for all i #j fairly R‘ONR{ =0; for all mOM, we have

RENAmz0,i,j=1,2, .. k
The detailed description of work of algorithm KCWy Case 2. For any two-element cun(M, fairly
search of single-element minimal cuts is resultef], two- 5 5 >~ .
element — in [4], three-element — in [5]. mAR =0, mNR, =0, and _Ri R, __D - Accordingly,
set of three-element cuts, which contain an edga tfo-

2. ENUMERATION OF QUASI-MINIMAL CUTS IN element cut from seR? (R?), can be found by means of
GRAPH

KCUT (G;st; RRURS; 3; M3). (12)

R NV E:

2.1. Statement of a problem KCUT (G;st R; 3 M3) (13)
Under single-M;), two-(M,) and three-element\{ 5) , .

cuts in graphG we shall understand accordingly cuts of (KCUT (G;s t; R; 3; M3)). (14)

weight one, two and three in case of capacity vad( =1
for all uOU . Such name is justified by that single-elemeniR€@lly, giving infinite weights for edges iR? (R?) forbids
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all two-element cuts. For anymOM, it is fair to

- 2 a4
mNR?> 20 (mNR2#0), however use of edge’? (R?) KCUT (G;s t; RUR;; 3; M3), (24)
at designing three-element cuts. 5 .

Case 3. We consistently use all edgasdR?. It is Mz=MzU M3UM3. (25)

necessary for finding three-element cuts, whichtaionthe ,
edgeud R? and any from edgeB?: 1) to forbid occurrence ~ Step 4. For alulI R to execute

of edgesR*\u (they cannot enter into a three-element cut
simultaneously with the edge); 2) to forbid the two- R ={y- v R2 OM 26
element cuts, one of which edge is the edgehus having 2 {y. y 2,(u, ) 2)} (26)

resolved occurrence of an edge, that is reached by , a
allocation of set of edges KCUT (G;s t; R11U(R1 \U)URz 03 Muingg, ) (27)

R ={y: yORZ,(u,y) OM,)}. (15) M,=M,U M 28)

mincg, *

Thus, prohibition of seB, = (Rf \u)U R allows to find all
demanded two-element cuts with an edgéd.e. Step 5.M =M; UM, UM;.

s7={s, =(R*\u)URZ :uDR?}, (16) 3. THE COMPUTER PROGRAM

5 3.1. The computer program
M3 = U M min,cs,, * a7 The computer program [6] implements the algoritlon f

8,08’ finding minimal and quasi-minimal (one-, two- ariuree-
elements) cutdinding. The program finds cuts in graphs
where M ¢ - can be found on the basis of with edges directed and undirected and throughsdgand
vertices [5].
KCUT (G;st; S, 3; Mpine. )- (18) The graph his described in a input text file. Tesuits of
sy program work are written in an output text file.

The program’s interface permits to: limit cuts set
Case 3b. Set of three-element cuts, which contad t such cuts, which divide the graph through elemeefined
elements from seR? (R?), can be found by means of by the user; ability to automatic numbering of exigand
vertices in graph; verification of input data intidg
graphical user interface.

. . 2. 7. 6 _ 3
KCUT (G;s & R 3; M3 =My), (19) The program was written in C++ language, uses
libraries of STL (Standard Template Library) anchtains
(KCUT (G;s t; R?; 3; M5 =M3), (20) 1700 lines of code.
that corresponds to a case 2. 3.2. Example 1

Finding minimal and quazi-minimal cuts of the scleem
of electric connections of substation Fig.1 at stingation of

its reliability [7,8].
11
I e |
I
1 ;] 1) a:l ek ey ;] 7
2.5. Finding one, two and three-element cuts l )

16
Algorithm for finding one-, two- and three-elemenits 3 1 15 I__l
(M) it is possible to present finally as follows. ;:] g] E] g:l
9 2 4 6 8310
Step 1. To allocate set of single-element duts of graph | | | |
| o |
(3)=1 4

(

2.4. Finding of three-element cuts at existence ofwad
two-element cuts

In this case for any se®, used at definition of three-
element cuts, at existence two-element cuts, regsiired to

add setR'.

=t

—
wn

rs

KCUT (G;s t; U; 1; My). (21) )

Step 2. To allocate set of two-element cuts of lgrap , _ , , ,
Fig. 1. Double main bus station configuration [7,8]

KCUT (G:s t; Ri;2; My). (22) Below the sets, illustrating work of algorithm afding
one, two and three-element cuts, are givéhy;={9, 13}
3 4
Step 3. To allocate set of cutéz, M3 M,={(1, 2), (1, 12), (11, 2), (11, 12), (14, 15)R2={14,

2 _ EVE
KCUT (G:s,t. RRURE: 3: M), 23) 11, 1}, R;={15, 12, 2}; M3={(5, 12, 3), (15, 4, 3), (15, 12,
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3)}, M4={(6, 5, 14), (6, 11, 14), (6, 11, )R *={11, 1, 5
15}, Mping,, =6, 5, 14), (12, 5, 14), (12, 5, 3)} ;
RF={14, 1, 2, 12}, Mo, ={(6, 4, 11), (15, 4, 3), (15, 4, X
1)} R ={14, 11, 2, 12}, M o ={(15, 4, 3)}; M,={(5,

12, 3), (15, 4, 3), (15, 12, 3), (6, 5, 14), (6, 14), (6, 11, 4),
(12, 5, 14), (15, 4, 11)}.

3.
3.2. Example 2
Finding two and three-element cuts in finding toe t
estimation (estimation Esary-Proschan and/or Litwak

Uschakow) connectivity [9] bipolar networks Fig.2.

By means of the computer program following cuts”
M,={(1,7), 3, 9}:M3={(2,4,7), (2,5, 8), (3, 6, 8)} are
received. Allocation edges not crossed cuts {(1(Z)5, 8),

(3, 9)} and {(2, 4, 7), (3, 6, 8)} does not represspecial
difficulties. 5.

& -]H"f 7.

8

Fig. 2. Model of a communication network [9,10]
4. CONCLUSIONS 9.

The original algorithm for finding one-, two- ar¢e-
element cuts in graph, using property of a distiileulattice
of the minimal cuts, is developed. The computergpm,
realizing presented algorithm, can be used fomegion of
reliability of complex systems of network structure

ALGORYTM | PROGRAM ZNAJDOWANIA PRZEKROJOW MINIMALNY

10.
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| QUASI-MINIMALNYCH W GRAFACH

Stowa kluczowe:krata dystrybutywna, przekrdj nierozktadalny, jeddwu, trzy elementowy przekrgj

Ustalono,ze zbiér minimalnych przekrojéw, rozdzielaych dwa zadane wierzchotki grafu, z wprowadzongenhim
operacjami ma struktarkraty dystrybutywnej. Opracowano skutegzalgorytmiczn procedug znajdowania zbioru jeden,
dwu i trzy elementowych przekrojow grafu baaj na rozpatrzeniu dystrybutywnych krat zbioru minimyah przekrojow
grafu. Procedura skladagsiz, po pierwsze, algorytmu szukania nierozktadalnych malhych przekrojow kraty
dystrybutywnej,po drugie, algorytmu syntezy po tym podzbiorze w leadystrybutywnej catlego poszukiwanego zbioru
minimalnych przekrojéw ipo trzecie, algorytmu opisu zbioru quasi-minimalnybliskich do minimalnych, nagpnych po
minimalnych) przekrojéw w formie sumy krat dystrgipernych minimalnych przekrojow, znalezionych dlaadgfikowanej
funkcji wagi. Przedstawiono zrealizowany progranmkaiterowy i przedstawiono przyktady pracy programu
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