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Abstract 
 

This paper concerns the derivation of the stochastic modified Reynolds equations describing the hydrodynamic 
pressure for non-Newtonian, viscoelastic, lubricant inside the curvilinear orthogonal (spherical, conical, cylindrical, 
parabolic ) slide bearing. Non- isothermal, unsteady and random flow conditions and thermal deformations of the 
bearing and its bearing sleeve are taken into account. This problem finds application in ship power plants, electric 
locomotive designing, and precision engineering. In particular case are determined pressure and capacity 
distributions in spherical bearing. 
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1. Introduction and basic equations 

 
This paper presents the general analysis of the influence of unsteady non isothermal   flow of, 

visco-elastic oil in magnetic field on the pressure, within deformed curvilinear bearing gaps 
between two rotational surfaces in random conditions (see Fig.1). 
The flow analysis of the viscoelastic lubricant, will be performed by means of the Helmholtz 
Equation and the equations of continuity, motion and energy Ref.[1],[2],[3]: 
 
 ∇ 2H =µµe ∂2H/∂t2,     (1) 
 

 div(ρv)=0,     (2) 
 

 DivS+µ(N∇)H=ρdv/dt, (3) 
 

 div(κgradT)+div(vS)−vDivS−µTΞdH/dt=ρdcvT/dt,  (4) 
 

where:  
 
v  - lubricant velocity vector,  
T  - temperature of lubricant,  
N  - magnetization vector of lubricant,  
H  - magnetic intensity vector,  
Ξ Ξ Ξ Ξ     - first derivative of the  magnetization vector with respect to the temperature,  
cv  - specific heat,  
µ,µe  - magnetic and electric permeability coefficient of lubricant,  
S  - stress tensor in the lubricant,  



∇  - Del vector,  
κ  - thermal conductivity coefficient of the lubricant.  
 
The magnetic susceptibility coefficient of the lubricant has constant scalar value. The relationship 
between the stress tensor S≡τij  and the strain Rivlin-Ericksen  tensor A1, A2 in the  lubricant is 
as follows  [3]: 

          S=−pI+η A1+αA1A1+βA2,          (5) 
 

where: 
 
I= δij - unit tensor, 
δij  - Kronecker delta.  
 
Symbols α and β denote empirical coefficients of lubricant, which describes viscoelastic properties 
of the fluid in Pas2 units. Lubricant dynamic viscosity depends on magnetic induction and 
temperature, i.e. η=η(H,T). 
 The stationary equation of motion and heat equation for the elastic bearing sleeve have the 
following form: 

 DivS*+µ*(N*∇∇∇∇)H*=ρ*∂ 2u/∂ t2+(ξ/To)gradT*, (6) 
 

div(κ∗gradT*)=(cv ρ)*∂T*/∂ t+ ξ ∂(divu)∂ t,       (7) 
 

where: 
ξ≡3K×(αT)*To, 

K  - bulk modulus,  
To  - value of characteristic temperature,  
N* - magnetization intensity, 
H*  - vector of magnetic intensity vector in elastic body,  
µ*  - magnetic permeability coefficient of hyper-elastic body. 
 

The following symbols: ρ∗, (cv)
*, κ∗, (αT)* denote: density, specific heat, thermal conductivity, 

linear expansion coefficient for elastic body material respectively. We take into account the 
Duhamel-Neumann relations between the components τ∗

ij of the stress tensor S* in the elastic body 
and the components εij of the strain tensor [1]. Moreover we consider strain-displacement 
dependencies [2] for uα1, uα2, uα3 - components of displacement vector u of elastic body. The 
characteristic dimensional height of elastic layer εs is about thousand times smaller than radius of 
body curvature and other quantities occurring in the friction region. The total dimensional gap 
height has the following form: 

 B2pT uu 2ααεε ++= , (8) 
 

where: 
 
εp  - primary height of the gap,  
uα2  - dimensional temperature and pressure displacement in gap height direction of the external 

elastic layer surface being in contact with the lubricant,  
uα2B  - dimensional  magnetic displacement in gap height direction of the external elastic layer 

surface being in contact with the lubricant.  
 



 

 
c) 

            
d) 

 
Fig. 1. Slide bearing geometries: a) cylindrical surface, b) cylindrical bearing gap, c) spherical surface, 

d) conical surface, where x=α3, y=α2, φ=α1 
 



 The system of Eqs.(1), (2), (3), (4), (6), (7) has the following unknowns: vα1, vα2, vα3 – three  
dimensional components of lubricant velocity vector in three curvilinear, orthogonal dimensional 
α1d, α2d, α3d directions, p - hydrodynamic dimensional pressure, T - dimensional temperature in 
lubricant, T* - dimensional temperature in the superficial layer of the sleeve body and uα1, uα2, uα3 
three components displacements of displacement vector u in elastic body. Symbol α1d indicates 
circumferential direction in each coordinate system for example ϕ in cylindrical or spherical 
bearings. Symbol α2d indicates gap height direction for example r in cylindrical or spherical 
bearings. Symbol α3d indicates longitudinal direction in each coordinate system for example z in 
cylindrical and ϑ in spherical ones. Hence in cylindrical and spherical coordinates we have: 
(vα1, vα2, vα3)=(vφ,, vr, vz), (vα, vα2, vα3)=( vφ, vr, vϑ).   
 
2. Estimation of hydrodynamic equations 
 
 In order to simplify the boundary conditions for lubricant flow equations, we introduce 
following dimensionless components of velocity vector in the circumferential, radial and 
longitudinal directions v1, v2, v3 respectively. And, the dimensionless components of magnetic 
induction vector, magnetization vector, magnetic intensity vector, have here the following  form: 
B1,B2,B3; N1,N2,N3; H1,H2,H3, respectively and they depend on the dimensionless variables α1 and 
α3. Dimensionless components of displacement vector in the dimensionless variables (α1, α2, α3) 
have the form u1, u2, u3.  Symbols T1, p1, t1, η1, κ1, hp1 denote dimensionless temperature, 
dimensionless pressure, time, dimensionless viscosity, dimensionless thermal conductivity 
coefficient and dimensionless gap height, respectively. Between dimensional and dimensionless 
quantities we have following relationship [1], [3]: 
 
        p=pop1, vα1=Uv1, vα2=ψUv2, vα3=Wv3, T=To+BrToT1, η=ηoη1, κ=κoκ1, εp=εεp1, u α2=εu2, (9) 
 

         α2d=R(1+ψα2),  α3d=R*α3, α1d=Rα1.            (10) 
 
We denote: R - radius of the curvature in α1 direction, R* - radius of the curvature in α3 direction or 
length of the bearing of cylindrical bearing, U=ωR surface linear dimension velocity in α1 
direction, W=U/L1 - surface linear dimension velocity in α3 direction, L1=R*/R, ε - average 
dimensional gap height, ω - angular journal velocity, Bo=µHo, po=ωηo/ψ2, ψ≡ε/R. Other 
dimensional characteristic values are distinguished by symbol (o) in lower index namely: ηo, κo, 
ρo, Ho, To, No, to. We determine the quantities: dimensionless radial clearance, dimensionless 
length, Magnetic, Brinkman, Reynolds, Strouhal, and two Deborah Numbers, in the following 
form, respectively: 
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where:  
 
0≤Dα≤1, 0≤Dβ≤1, 0≤QBr≡BrToδT≤1, 
δT  - dimensional coefficient which describes the influence of temperature on oil viscosity. 
 



 
3. Boundary conditions with random effects 
 

The lubricant flow in bearing gap is generated by the rotation of a cylindrical spherical, conical, 
or parabolic journal. Bearing sleeve is motionless. Hence the boundary conditions for the lubricant 
velocity components have the form: 
 

  v1=h1   for  α2=0,    v1=0   for  α2=εT1, 
 

  v2=0   for   α2=0,    v2=0   for  α2=εT1, (12) 
 

  v3=0   for   α2=0,    v3=0   for  α2=εT1, 
 

where 
 
εT1 ≡εp1 +uor1+uo2B, 
h1 - Lame coefficient.  
 
 In cylindrical and spherical coordinates the dimensionless oil velocity components (v1,v2,v3) 
have the dimensional form: (vα1,vα2,vα3)=(vφ,,vr,vz), (vα1,vα2,vα3)=(vφ,,vr,vϑ). Hence the first 
dimensionless condition (12.1) in cylindrical (h1=1) and spherical (h1=sinϑ) coordinates has the 
following dimensional forms: vφ=ωR for α2d=0, vφ=0 for α2d=εT and vφ=ωRsinϑ for α2d=0, vφ=0 
for α2d=εT. Symbol R denotes radius of cylindrical of spherical journal and symbol ω denotes 
angular velocity of cylindrical journal and spherical journal in circumferential direction.  
Dimensionless temperature distribution along the bearing gap has the constant dimensionless value 
fc1=1 on the journal surface and on the sleeve surface it changes into the form fp1(α1,α3). Hence: 
 
         T1 (α1,α2,α3)=1  for  α2=0, 

(13) 
         T1 (α1,α2,α3)= fp1(α1,α3)   for  α2=εT1. 
 
Heat flux is transferred from the journal (rotational bearing surface) into the lubricant, hence we 
obtain boundary condition in the following form: 
 

          .0forq
T

21c
2

1 =−=
∂
∂ α
α

             (14) 

 

For free heat exchange between the journal and lubricant and by virtue of Newton-Fourier law, 
then the dimensionless heat flux obtains the following form: 
 

     1
o

1c fq ∆
κ
ζε≡ ,               (15) 

where: 
 

ζ  - heat transfer coefficient,  
∆f1 - dimensionless difference of temperature between journal temperature and ambient oil 
temperature. 
 



By using the optimal function f of probability density distribution for the stochastic gap changes 
caused by the roughness, then the mean value of total film thickness E(εT1) and mean the value of 
pressure function E(p10) are presented by virtue of the expectancy operator in  the following form: 
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where symbol c1=1,353515 denotes the half total range of random variable of the thin layer  
thickness for normal hip joint. Symbol σ1=0,37539 denotes the dimensionless standard deviation. 
 
4. Particular solution of non-isothermal problem 
 

Now we consider a particular case of  the system of equations (1)-(4)  in curvilinear coordinates 
for steady flow, various viscosity η1(α1,α2,α3), constant  thermal conductivity coefficient κ1=1, 
and Newtonian flow without magnetic effects, where centrifugal forces and convection forces are 
neglected  and (0<Reψ Str<<1, 0<Dβ Str<<1, 0<Reψ<<1, 0<Gz<<1). 
 The particular dimensionless solution of the energy equation (4) under boundary conditions 
(12), (13), (14) has the following form: 
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0≤α1≤2πθ1, 0≤θ1≤1, bm1≤α3≤bs1, 0≤α2≤εT1≡εp1+uo2+uo2B, s≡α2/εT1, εT1=εT1(α1,α3), η1 - const. 
 
Dimensionless temperature on the internal sleeve surface has the following form: 
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where:  
0≤α1≤2πθ1, 0≤θ1≤1, bm1≤α3≤bs1. 

 
For the rotational journal we have h1=h1(α3), h3=h3(α3). Solutions of the partial differential 
equations (3) under the boundary conditions (12) have the following form [4], [5]: 
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where: 
 

0≤α1≤2πθ1, 0≤θ1≤1, bm1≤α3≤bs1, 0≤α2≤εT1≡ εp1+uor1+uo2B, εT1=εT1(α1, α3), η1(α1, α2,α3). 
 
 Solutions of the  continuity equations (15) under  the boundary conditions (12.2)  v2=0 for α2=0 
has   the following form: 
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We put the solutions (19), (20) in solution (22) and we take expected value of the both sides of the 
equation using the expectancy operator E. If we impose second boundary condition (12.2) for 
radial component of  lubricant  velocity i.e. v2=0  for  α2=εT1 then  it is easy to see that the pressure 
function  p1 in the curvilinear coordinates (α1, α2, α3) satisfies the following modified stochastic 
Reynolds equation: 
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If oil dynamic viscosity is constant in gap height direction i.e. η1(α1,α3), then: 
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Hence the stochastic Reynolds equation (23) tends to the following form: 
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For cylindrical bearing we have α1=φ, α2=r1, α3=z1 and dimensionless Lame coefficients are as 
follows h1=h3=1, where L1=b/R, b - bearing length, R - radius of the journal. In this case the 
stochastic Reynolds equation (23) has the form: 
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where: 
p1(ϕ,z1), 0≤ϕ≤ 2π, −1≤z1≤1, εT1=εT1(ϕ1, z1). 

 



For the spherical bearing we have α1=φ, α2=r1, α3=ϑ1 and dimensionless Lame coefficients are as 
follows: h1=sinϑ1, h3=1, L1=1. In this case the  dimensionless pressure function  p1 in the 
spherical coordinates (ϕ,ϑ1) satisfies the modified Reynolds equation (25) in the form: 
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where: 
0≤φ<2πθ1,  0≤θ1<1,  π/8≤ϑ1≤π/2. 

 
For the conical  bearing we have α1=φ, α2=y1, α3=x1 and dimensionless Lame coefficients are as 
follows: h1=x1cosα, h3=1, L1=bc/R, where α - angle between conical surface and the plane of cross 
section of the journal, bc - the length of the cone generating line, R - radius of the journal. In this 
case the dimensionless pressure function p1 in the conical coordinates (ϕ, y1, x1) satisfies the 
modified Reynolds equation (25) in the form: 
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where: 
0≤φ<2πθ1,  0≤θ1<1,  0 ≤x1≤ 1,  x1=x/bc. 

 
In parabolic bearing we have the non monotone generating line of the journal in length direction. 
For the conical bearing we have:α1=φ,α2=y1, α3=χ1 and dimensionless Lame coefficients are as 
follows: 
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where: 
 
R  - the largest radius of the parabolic journal,  
a  - the smallest radius of the parabolic journal,  
2bp  - the bearing length.  
 
In this case the dimensionless pressure function p1 in the conical coordinates (ϕ, y1, χ1) satisfies the 
modified Reynolds equation (25) in the following form: 
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where: 
0≤φ<2πθ1,  0≤θ1<1, χ1=α3 /R . 

 
 The dimensionless gap height εT1 depends on the variable α1 and α3 and consists of two parts: 



 
 εT1=εT1s(α1α3)+δ1(α1α3,ξ), (31) 
 
where εT1s denotes the total dimensionless  nominal smooth part of the geometry of thin fluid layer. 
This part of gap height contains dimensionless corrections of gap height caused by the hyper 
elastic deformations. Symbol δ1 denotes the dimensionless random part of changes of gap height 
resulting from the vibrations, unsteady loading and surface roughness and asperities measured 
from the nominal mean level. Symbol ξ describes the random variable, which characterizes the 
roughness arrangement. 
 Using the probability function (31), then  after calculations we obtain: 
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5. Conclusions 
 

The main achievements of this paper are the hydrodynamic pressure derivations for slide 
bearing journals in arbitrary curvilinear orthogonal coordinates and in particular case for 
cylindrical, spherical, conical, parabolic bearings with random conditions during the lubrication. 
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