Ewa Pawluszewicz
Null-Controllability of Linear Systems on Time Scales

NULL-CONTROLLABILITY OF LINEAR SYSTEMS ON TIME SCALES

Ewa PAWLUSZEWICZ'

“Faculty of Mechanical Engineering, Bialystok University of Technology, ul. Wiejska 45C, 15-351 Biatystok, Poland

e.paluszewicz@pb.edu.pl

Abstract: The purpose of the paper is to study the problem of controllability of linear control systems with control constrains, defined
on a time scale. The obtained results extend the existing ones on any time domain. The set of values of admissible controls is a given
closed and convex cone with nonempty interior and vertex at zero or is a subset of R™ containing zero.

Key words: Linear Control System, Control Constrains, Null-Controllability, Time Scale, Delta Derivative

1. INTRODUCTION

The paper deals with linear control systems x“(t) =
A()x(t) + B(t)u(t) defined on a time scale T. We assume
that u: T — U, where U is a subset of R™. In systems theory
linear systems have (by definition) U = R™, but in many practical
situations the set U should be bounded, see for example Abel
(2010). A restriction on controls brings some difficulties with con-
trollability conditions. For example (The example comes from
Sontag (1998)), let us take a system dx(t)/dt = —x + u and
let w:[0,+%~) > (—1,1). It is easy to see that the pair
(A, B) is controllable, but the system with restricted controls
isnot, since it is impossible to transfer the state x, =0 to
Xr = 2 (we have dx(t)/dt < 0 whenever x(t) € (1,2)).

For continuous-time linear systems, the problem of controlla-
bility with control constrains has been sudied for example in Ah-
med (1985), Chukwu and Lenhart (1991), Klamka (1991), Path et
al., (2000), Schmitendorf and Barmish (1981), Sontag (1998). For
discrete-time case - in Benzaid and Lutz (1980), Path et al.,
(2000).

Analysis on time scales is nowadays recognized as the right
tool to unify and extend the existing results for continuous- and
discrete-time dynamical systems to the nonhomegonous time
domains, see for example Bartosiewicz and Pawtuszewicz (2006),
Bartosiewicz and Pawluszewicz (2008), Davis et al., (2009),
DaCunha and Davis (2011), Gravagne et al., (2009), Ferreira and
Torres (2010), Pawluszewicz and Torres (2010).

A time scale is a model of time. Besides the standard cases
of the whole real line (continuous-time case) and all integers
(discrete-time case) there are many other models of time included
that can be partially continuous and partially discrete, g-scales,
quantum time scales (objects with non-uniform domains), and
many others — see Bohner and Peterson (2001). However, dis-
crete-time systems on time scales are based on the difference
operator and not on the more conventional shift operator. One
of the main concepts in the time scale analysis is the delta deriva-
tive, which is a generalization of the classical (time) derivative
inthe continuous time and the finite forward difference in the
discrete time. Similarly, the integral of a real function defined
on atime scale is an extension of the Riemann integral in the
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continuous time and the finite sum in the discrete time. As a con-
sequence, differential equations as well as difference equations
are naturally accommodated in this theory.

The goal of this paper is to study conditions under which a lin-
ear system defined on a time scale with control constrains
is controllable. For this aim, in Section 2 gives general information
about solution of considered class of systems. Section 3 is devot-
ed to the investigation of the problem of null-controllability of time-
varying systems with control constrains. It also presents the nec-
essary and sufficient conditions for global null controllability
forthe systems with control constrains on homogenous time
scale. In Section 4 linear time-invariant systems with control con-
strains are studied. The main result of this Section is that such
a system is controllable if and only if the Kalmann rank condition
is satisfied.

The necessary elements of delta-measurability and nonlinear
theory on time scales are presented in Appendix. At this moment
we only introduce the following notation: if a,b € T,a < b, then
[a, b]+ denotes the intersection of the real closed interval [a, b]
with T. A similar notation is used for open, half-open, or infinite
intervals.

2. LINEAR SYSTEMS ON TIME SCALES

Let T be any time scale and let A c T. Recall (see Cabada
and Vivero (2005)) that a function f: T — R is absolutely contin-
uous on a time scale T if and only if f is continuous and
of bounded variation on T and f maps every A-null subset of T in-
to a null set. Let L}, denote spaces linked to the Lebesgue A-
measure and absolutely continuous function on arbitrary closed
interval of time scale T. We say that f € L} (E) provided that
[1f(@®)|PAt < wif p € R,p < o, Agrawal et al (2006), Caba-
da and Vivero (2006).

Let I be the identity n X n - matrix and Z € R™™. Recall that
the matrix A-differential system defined on time scale T

XAO=zZOX@®) X)) =1 (1)

for any X € R™, t € [ty, supT), has a unique solution X(t) =
Dz (¢, to). Using the same arguments as in Bartosiewicz and



Pawtuszewicz (2006) for time-invariant case, we can show that for

every t,s,r € T such that t < s < r the following hold:

= Oy(t,8) =1, 0,4t 1) =1

— If Z(¢) is an regressive matrix, i.e. if matrix (I + p(¢))Z(¢)
is invertible, then @, (¢, s) = (P, (s, )L

q)Z(t) (t, S)q)z(t) (s,7) = q)z(t) (t, ).

If Z is time-invariant, the solution of the equation (1) is given
by an exponential matrix function on time scale T X(t) =
ez (t,ty), see: Bartosiewicz and Pawluszewicz (2006), Jackson
(2007).

Let us consider a linear control system defined on T:

xA() = A)x(®) + BOu(t), x(ty) = xo 2

where A(t) € R™™ and B(t) € R™™ are rd-continuous matri-
ces on T, i.e. each entry of these matrices is an rd-continuous
function on T. Also x(t) € X < R™ and u(t) € U c R™. Let
us choose a control u. The trajectory of system (2) is a function
Y(, ty, x,w): [tg, supT)y — L that is the unique solution
of (2), provided it is defined on [ty, supT) and for all t e
[to, supT)y, x(t) € Z. This solution for all ¢ € [to, supT)
is given by (see Bartosiewicz and Pawluszewicz (2006)):

xp = O, (ty, to)x0+ftt0f o, (tf, O’(S)) B(s)u(s)As (3)

If A is a regressive matrix, i.e. if the matrix (7 + p(t))A(¢)
is invertible, then (3) describes both forward and backward trajec-
tories of (2).

We say that a control u is admissible for x, € R™ if there ex-
ists a trajectory of system (2) from x, corresponding to u. The set
of all admissible controls (for x,) will be denoted by U,,;.

Let E = [to, tr]r. Assume that the set of the values of ad-
missible controls U is a given closed and convex cone with
nonempty interior and vertex at zero. Thus the set of admissible
controls U, for system (2) has the form L% (E, U), i.e. is a Ba-
nach space endowed with the norm defined for every u: E —
U as:

1/2
||u||Li = |:f |u|2(t)At]
E

3. TIME-VARYING SYSTEMS WITH CONTROL CONSTRAINS

LetZ < R™. We say that system (2) is:

- U-controllable on a time interval [to, tf]7 if, for any x, € X
and any x; there exists a control u € L3(E, U) such that
l/J(tf, to, xo,u) = X, x5 € L.

— U-controllable if it is U-controllable on every time interval
[to, trlT.

— locally U-controllable on [to, t;] if, for the given trajectory
Wt x,u) = x() of (2) with u, € L3(E,U) and
x(to) = x, € X there exists a neighborhood V| of x, such
that, for any z € V, there exists an admissible control
such thatlp(tf, to, xo,u) = x5 € Vy,.

If x, =0, then we have respectively null U-controllability
onatime interval [to,t¢]7 null U-controllability, local null

U-controllability.

Our goal is to show certain properties characterizing the null
U-controllability. Let us assume that there exists a unique evolu-
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tion operator 9 defined as {@(t, S)itg < S <t <t tyS, ¢,
tr € T} and corresponding to the & = {A(t): t € [to, supT)r}
in (2). The ideas of proofs of next two propositions come from
Chuwku and Lenhart (1991).

Proposition 1. Let us assume that system (2) is null
U-controllable on [t,, t¢]7. Then there exists a bounded operator
H:X - [3(E,U) such that, with the admissible control u =
Hx,, the solution of (2) satisfies x(t7) = ¥ (ty, to, xo, Hxo) =
0.

Proof: For arbitrary initial state x,, let T;:X x U,y — X be a
map defined as T;(xq,u) == Y(t, ty,x0,u) for any te
[to, trlr. Then T, is the continuous linear map with respect to u.
Let us consider also a map S;: LY (E) — X defined as:

S;(uw):= | ©,(t,0(s))B(s)As

for any t € [to, tr]7. Note that S, is linear, bounded and
Te(xg,u) = ®@4(t, to)xo + S;(w). Since for all ¢t €T
O,(tr tp)= € St (Li(E, U)) then, from definition, this condi-
tion is equivalent to the null U-controllability of (2).

Let us consider a map G: N+ — St (Li(E, U)), where N+
denotes the orthogonal complement of the null space of Stf.

Define Hxo := =G~ 1@, (t, ty)x,. Note that by Banach Theorem
and closed graph theorem this operator is bounded (see Musielak
(1989)). Moreover:

W(ty. to, X0, Hxo) =
?, (tf' to)xo + Stf(—g‘l)CDA (tf, 1,“0)x0 =0

Proposition 2: Suppose that zero belongs to the interior of the
set of admissible controls. If the system (2) is null U-controllable,
then it is locally null U-controllable.

Proof follows from the fact that map H defined in Proposition
1 is continuous at 0. This implies the existence of an open set W,
containing 0 and such that H(W,) c V < intU,,. Hence, the
state 0 can be achieved from any x, € W, using u = Hx,.

Other conditions for null U-controllability can be obtained un-
der exponential stability assumption. Recall that system (1) de-
fined on unbounded time scale T with bounded graininess func-
tion u:T — R, U {0} is exponentially stable if there exists
aconstant « > 0 such that for every t, € T there exists K =
K(ty) = 1 with

| |¢Z(T) (t, to)x(to)| |S Ke~a(t=to) || X(to)||

forany t € [t,, sup)rt; ||- || denotes the classical Euclidian norm.
Proposition 3. If system (2) is null U-controllable on each time
interval [to, t + o (t))r, [to, supT)r, and the system x2(t) =
A(®)x(t), x(tg) = xo, is exponentially stable, then the system
(2) is null U-controllable.

Proof: By Proposition 2, null U-controllable of the given system
implies local null U-controllability of this system. Then there exists
a neighborhood V. of x, such that all states from V,~can be
steered to 0 with u € U,y.

Let z € V,,. Exponential stability of the system x“(t) =
A)x(t), x(ty) =z, implies existence tr such that the
solution of this equation satisfies x(tr,) = x;, € V. If we take
as an initial data (ty,, xy, ), then there exists t, € (tf,, supT)r,

such that, for some & € U,q holds ¥ (ty,, ty,, xo,1) = x;, and
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Y(tg,, ty,, %0, 1) = 0. Taking as a control multifunction v(¢) :=
u(t) for t € [to, tr, ]y and v(t): = u(t) for t € [tf, ts, 7 (With
swithching time ¢, ), state z can be transferred to state 0 in time
t € [to, tp,]7-

Let X ={x € R™:Lx =c} where L is a given p X n-
matrix of the rank p and ¢ € R™ is a given vector. For any vector
a € R? let Hy(a) = sup{wTL"a:w € U} denote the support
function of a set U.

Theorem 1: Let T be a time scale with a constant graininess .
The system (2) is globally null U-controllable if and only if for
every admissible control u holds

I Hy (BT (5)®4 (1o 0(s))L a)As = +oo @

where MTdenotes the transposition matrix of M.

Proof: For T = R the theorem was proved in Schmitendorf and
Barmish (1981), Klamka (1991) and, using more general ap-
proach, in Path et al., (2000). The proof for T = hZ, h > 0,
mimics the one given in Path et al., (2000) for discrete-time sys-
tems.

In continuous-time case, relation (4) can be formulated
interms of the solution of the adjoint equation Ahmed (1985),
Path et al., (2000). For time scale system (2) such reformulation
requires an assumption that matrix A is regressive for all t € T*.

4. LINEAR TIME-INVARIANT SYSTEMS
WITH CONTROL CONSTRAINS

Let us consider a linear time-invariant control system defined
on a time scale T:

x2(t) = Ax(t) + Bu(t) x(ty) = x4 (5)

where: A € R™™ B € R™™ x(t) e X c R™, u(t) € U. As
previous, we assume that the set of values of admissible controls
U,q is a given closed and convex cone with nonempty interior and
vertex at zero. The matrix:

ty
Qo = [ eatto )BBTeE (t0 5205
t

is called the controllability gramian. If there exists t; € T such
that the matrix Q, ; is nonsingular and A is a regressive matrix,
then using control:

u(t) = —BTe; (to, 0(s)) Qt_fl [eA(tf' fo)xo'xf]

every state x; = x(t¢) can be achieved from an initial state x,.
Proposition 4. Let 0 € intU,,. If the system (5) is controllable
and matrix A is regressive, then it is locally null U-controllable.
Proof: If t; € T is arbitrary, then there exists a control u(s) =
—BTef(to,a(s))Q{fleA(tf, to)x,s € [to, t¢]r, such that sta-
te x can be steered to 0 in a finite time. Since map t — e, (¢, ty)
is rd-continuous, then there exists a constant K such that
[li(s)I| < K|lxl|, s € [to, ts]7- Hence the thesis.

Let T be an unbounded time scale. Recall that system (5)
is stabilizable (see Bartosiewicz et al.,, (2007)) if there exists
a state feedback u(t) = Fx(t), for F € R™ ™, such that the
closed loop system x2(t) = (4 + BF)x(t) is exponentially
stable. The set of exponential stability on a time scale T is defined
as (see Potzsche et al., (2003)):
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S(T) = Sc(T) U Sg(T)
where: S;(T) =
{/1 € C:lim,_. supif:o lims_)u(s)l‘)g'ls_”’“Af < 0}

Sg(M) ={A€eR:vteTIeT,E>n:1+u)A=0}

For the arbitrary time scale T it holds that S.(T) € {1 €
C:Re) < 0}and Sg(T) c (==, 0).

Theorem 2. (P6tzsche et al., (2003)) The following holds:
a) If(5) is exponentially stable then spec(4) c S(T).
b) If A is diagonalizable, then (5) is exponentially stable if and

only if spec(4) c S(T)
where: spec(A) denotes the set of all eigenvalues of A.

Since the null U-controllability is a particular case of
U-controllability, we can reformulate the result from Bartosiewicz
etal., (2007) as follows:

Theorem 3. Assume that u(t) is bounded. If system (5) is null
U-controllable, then it is stabilizable.

Lemma 1. If system (5) is stabilizable then it is U-controllable.
Proof: The idea of the proof is based on Zabczyk (1995). Using
classical arguments one can easily deduce that if the pair (4, B)
is controllable, then there exists a matrix F € R™*™ and a vector
v € R™ such that the pair (A + BF, Bv) is controllable.

Let P € R™™ be a nonsingular matrix such that PAP~1 =
[Aal jzz] PB = [%] and the pair (A;4,B;), A, €
R™ B, € R™™ is controllable.

Since system (5) is stabilizable, then there is a matrix
F € R™" such that the closed loop system x2(t) =
(A + BF)x(t) + (Bv)u(t) is exponentially stable. The charac-
teristic polynomial of A + BF is of the form:

Parar(D) = det[Al — (A + BF)]
= det(Al — PAP™' — PBFP™1)
= det[Al — (APt + ByF)] det(Al
—A3), AE€C.

So, for any F, spec(A,,) € spec(A + BF) c S(T) and,
if there exists a > 0 such that for every t, € T thereis K > 1
then a < —sup{Reld: A € spec(A4,,)}. Hence the contradic-
tion with stabilizability of (5).

Exponential stability and Proposition 2 imply the following.
Proposition 5. If 0 € U, system (5) is U-controllable and expo-
nentially stable, then it is null U-controllable.

Let Ay u,4(to, tr) be a reachability set of system (2), i.e.
aset of all points that can be reached at time ¢, starting from
xo = x(ty). The set of all points that can be reached from x,
att, in a finite time will be denoted as A,y ,(t0). The

image ofthe  map u > P(tf, to, xo,u), ie. the set
Ay, uq4(tos tr) is @ linear subspace of R™ and:

Axo,Uad(tO' tf) =0, (tf' to)xo + Ao,uad(to' tf)

Using classicall arguments, similarly as in Sontag (1998) we
can show the following:
— if Uis convex, then A, ;. (to) is a convex subset of R™;

— suppose that A is regressive. If system (5) is U-controllable
and Ugq is a neighborhood of 0 € R™ then A4,y .(to)
is an open subset of R™ .

Collorary 1. Suppose that 0 € intU system (5) is stabilizable

and matrix A is diagonalizable. Then system (5) is null

U-controllable.



For each eigenvalue A of the matrix A, let Ji, =
ker(Al —A)* and J§, ={ReviveEJi;}. Let L=
URMZO]};A and M = URe,1<o];f,,1- If C is an open convex
subset of R™ L is a subset of R™contained in C, then C + T =
C, see Sontag (1998).

Lemma 2. Let A be an n xXn —matrix with eigenvalues
Ay ey Ay If system (5) is U-controllable and U, is a neighbor-
hood of 0, then L < A, y,(to) -

Proof:  Without loss of generality we assume that U,, is a
convex neighborhood of 0. Using mathematical induction with
respect to k, we show that /2, € A, . (to).

For k = 0, the case is trivial. Let us assume that /5, ;
Apygalto), A=a+if,a, B €R, and take any v € Ji 3, ¥
=7, +iv,. Then for any te [tg,sup)r, eyt ty)
= e, (t, ty). Since 0 €intU,q we can choose any § >0
such  that v, :=6v; € Ayy,,(t).  Moreover, since

v € ker(AI — A)* and e, (t,ty) = Yreo A¥Ry(t, t), Where
Ro(t, to) = 1, hyaq(t, to) = ftto hi (T, t5)AT  (see Mozyrska
and Pawtuszewicz (2008)), then:

eA(tl tO)v =

Z Afn (¢, to)l v=v+w

k=0

with w € ]k—l,/l . SO,
eqa(t, to) = ex(t, to) = ex(t, to)ew-an(t, to)v — ex(t, to)w
= ey (t, to)e-an (L, to)v — eq(t, to)w
Moreover, since w = wy +iw,, then:

Re(ey(t, to)vy) =R ea(t, to)vy + eq(t, to)w, €
Ao vaaltor ) + Jiea S Aowyy(to)

L is the sum of the spaces ],’f,,1 over all eigenvalues A with the
real part nonnegative, and each of these spaces is included
Aoy ,4(t0), S0 the sum of the Ls is included in 4, , (to)-

The ideas of the next Lemma and next Theorem come from
Sontag (1998).

Lemma 3. Let supT = . If system (5) is U-controllable, U,q4
is a convex, bounded neighborhood of 0, then there exists a set
N such that 4,y ,(t)) = N+ L and N is bounded, convex

and open relative to M.
Proof: Note that (see Sontag (1998)):

(Aougt) NM) + LS Ayy, (o) + L =A0y,,(t)

and Ay, (to) 2 (Ao ,(to) N M) + L

Let N == A, y,,(to) N M. Then N is open and convex. Let
mR" >R n(x+y)=xforx eM, yeL lfv=x+y,
Ax e M, Ay e L, then PAv=Ax=APv. Llet x¢€
Aoy, (to) N M. Since x € A,y (L), then there exists an
admissible  control  u and t>=t, such that
x = ftto ea(t,o(s))Bu(s)As. On the other hand, since
x € M, x = Px , then:

x =Px = ftPeA(t,a(s))Bu(s)A = f

0 t

teA (t, a(s))x(s)As

where x(s) = PBu(s) € M n PB(U) for all s € T. Since the
restriction of A to M has all eigenvalues with a negative real part,
then there are positive constants a, K > 0 such that (see
Potzsche et al., (2003)): |e;(t, to)l - |Ix]| = |lea(t, to)x]| <
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Ke ®t)||x|| for t>t, and x € M. Since PB(U)
is bounded, there is a constant C such that if x is also in PB(U),
then:

lea(t, to)l - [IxI] = |lealt, to)x|| < Ce™*Et||x]|, ¢ = t,
So, (see Sontag (1998)):

t C c

[1xI| < Cf Ce @(t-tdds <—(1 —e %) < —

to a a
Hence N is bounded.

Theorem 4. let supT =~ and U,; be bounded

a neighborhood of zero. Then A4, ;. (o) = R™ if and only if:

— system (5) is controllable;

— matrix A has no eigenvalues with a negative real part.

Proof: If A,y .(to) = R™ then (i) is obvious (see Bartosiewicz

and Pawtuszewicz (2006)). If (i) doesn’t hold then L should be

a proper subspace of R™ and K # 0.We may assume that U,q4

is convex and bounded. Lemma 3 implies that R™ = A, _,(to)

is a subset of L + N and N is bounded, hence the contradiction.

If (i) and (ii) hold, then by Lemma 2, R™ = L € A, 4, (to)-

Theorem 4 and Kalman controllability rank condition imply the

following.

Collorary 2. Let supT =« and U,; be a bounded

neighborhood of zero. Then A,y ,(to) = R™ if and only if

rank[B, AB, ...A" 'B] = n.
5. CONCLUSIONS

The paper extends the conditions for constrained relative con-
trollability for linear time-varying and time-invariant systems to
the systems defined on different time models, also on nonhomog-
enous time domains. A calculus on time scales is used to achieve
this goal. The existing necessary and sufficient conditions for null
controllability of time varying systems were unify. The Kalman
rank condition for time-invariant systems with control constrains
was extended on systems defined to any unbounded from above
time scale.
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APPENDIX
A1. BASICS ON TIME SCALES CALCULUS

Let us recall that a time scale T is an arbitrary nonempty
closed subset of the set R of real numbers. The standard cases
comprise T =R, T =Z and T = hZ for h > 0. We assume
that T is a topological space with the topology induced from R.
For t e T we define the forward jump operator o:T - T
by o(t) :== inf{s € T:s > t}, the backward jump operator
p:T > T by p(t) :=sup{s € T:s < t}, the graininess func-
tion u: T — [0, ) by u(t) == o(t) — t. Using these operators
we can classify the points of the time scale as follows:

— Ifa(t) > t, then tis called right-scattered and if p(t) < t,
then tis called left-scattered,
— ift <supT and a(t) = t, then t is called right-dense and if

t > infT and p(t) = t, then t is left-dense.

Function f: T — R is called rd-continuous provided it is con-
tinuous at right-dense points in T and its left-sided limits exist
(finite) at left-dense points in T. Function f is called regulated
provided its right-sided limits exist (finite) at all right-dense points
of T and its left-sided limits exist (finite) at all left-dense points
in T. Function f is piecewise rd-continuous, if it is regulated and
if it is rd-continuous at all, except possibly at finitely many, right-
dense points t € T.

LetT* =T — ((supT), supT] if supT < e and T* := «

if supT = .
Definition A1. Let f: T — R and t € T*. The delta derivative of
f at t, denoted by f2(t), is the real number (provided it exists)
with the property that given any € > 0, there is a neighborhood
V of t such that:

[f(e®) = F] = fAO(a(@®) = )] < ela(®) —s|

foralls € V.

We say that £ is delta differentiable on T provided £2(t) ex-

ists for all t € T*. In general, the function & may not be delta
differentiable. Delta derivatives of higher order are defined in the
standard way: FU(6) = FA(FY T (D) fork > 1.
Remark A2. [Bohner and Peterson (2001)] If T = R, then
f:R — R is delta differentiable at t € R if and only if f is differ-
entiable in the classical sense at t. If T =Z, then f:Z - R
is always delta differentiable at every t € Z with f2(t) = f(t +
D-f®.

Let f: T — R be a bounded function on [a, b] and let P be
a partition of [a,b]y such that a =ty <t; < <t, =b.
In each interval [t;_1,t;))7, i = 1,...,n, choose an arbitrary &;
and form the sum:

5= FEI(t—ti)
i=1

We say that f is Riemann A-integrable (or A-integrable) from
a to b if there exists a number I with the following property:
for each &€ > 0 there exists § > 0 such that:

IS—I< ¢

for every S corresponding to any partiton P of [a,b]; and
independent of the choice of & € [t;_,t)r &, i=1,...,n
Such a number I is unique, see Bohner and Peterson (2003).



Afunction F: T — R is called a A-antiderivative of f: T — R
provided F is A-differentiable on T* and F2(t) = f(t) for all
t €T*. Fis called a A-prederivative of f provided F is A -
predifferentiable with region of differentiaton D and F2(t) =
f(t) forallt € D.

Theorem A3. [Bohner and Peterson (2003)] Let f be a A-
integrable function on[a,b]y. If f has a A-prederivative
F:[a, b]+ — R with region of differentiation D, then:

| Ot = F©) - F(s)

A.2. ELEMENTS OF A-MEASURES ON TIME SCALES

The notions of A-measurable set and A-measurable function
are studied in Cabada and Vivero (2006), Deniz (2007). Let us
consider a set F={[a,b);:a,b €T,a < b} The interval
[a, @) is understood as the empty set. Let m,: F — [0, ) be
a set of functions that assigns to each interval [a,b) € F its
length: m, ([a, b)) = b — a. Using the pair (F,m;) one can
generate an outer measure mj on the family of all subsets of T
as follows. Let E < T. If there exists at least one finite or counta-
ble system of intervals V; € F,j € N, such that E < UV}, then
we put m;(E) = inf ¥;m,(V;), where the infinum is taken
over all coverings of E by a finite or countable system of intervals
V; € F. If there is no such covering of E, then we put mi(E) =

co. A subset A of a time scale T is A-measurable if mi(E) =
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mi(E N A) + m{(E n (T — A)) holds true for any E c T.
Defining a family:

M(m7}) = {A c T:\is A-measurable}

the Lebesgue A-measure, denoted by u,, is the restriction of
mito M(mj). If set E is Lebesgue measurable, then set E N
T is A-measurable, see Deniz (2007).

A function f: T — [—oo, o] is A-measurable if for every real
a the set f([-o,a))={teT:f(t)<a} is A
measurable. If f is rd-continuous, then f is A-measurable, see
Deniz (2007).

Properties of rd-continuous and continuous functions
on a time scales implies that if f is a continuous function defined
on T, then it is A-measurable. Moreover, if an rd-continuous func-
tion f is defined on a A-measurable set E € T, then f
is a A -measurable function.

Proposition A4 [Deniz (2007)] Let f be defined on
a A-measurable subset E of T. Function f is A -measurable if the
set of all right-dense points of E, where f is discontinuous,
is a set of A-measure zero.

Proposition A5 [Pawtuszewicz and Torres (2010)] Assume that
f:T = [—=,*]. Then f is A-measurable if and only if, given
€ > 0, there is a rd-continuous function ¢: [a, b]g = R such
that the A-Lebesgue measure of the set {x:f(x) # @(x)}
is strictly less than «.
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