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Abstract: The aim of this note is to show possible consequences of the principle of stationary action formulated for non-conservative sys-
tems. As an example, linear models of vibratory system with damping and with one and two degrees of freedom are considered. This kind 
of models are frequently used to describe road and rail vehicles. There are vibrations induced by road profile. The appropriate action func-
tional is proposed with the Lagrangian density containing: the kinetic and potential energies as well as dissipative one. Possible variations 
of generalized coordinates are introduced together with a noncommutative rule between operations of taking variations of the coordinates 
and their time derivatives. The stationarity of the action functional leads to the Euler-Lagrange equations.  
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1. INTRODUCTION 

Historically, the classical Lagrange and Hamilton’s formalisms 
were formulated for the point mechanics problems. Accordingly, 
if a dynamical system is described by the vector-valued general-
ized coordinate � and the Lagrangian � = � − � , where � 

and � are, respectively, the kinetic and potential energy, then one 
formulates the variational principle of the dynamical system requir-
ing that between all curves � = �(�) in a configuration space 
 
the actual path (i.e. the solution of the system) is that which 
makes the action integral 

���
 = � �(�, �� , �)����
��

 (1) 

stationary. Taking the first variation �� subject to the conditions ��(��) = ��(��) = 0 the stationarity of the action requires �� = 0, which is equivalent to the Euler-Lagrange’s equation: ��� ����� − ���� = 0 (2) 

provided the classical commutative rule:  

��� = ��� 	��, or written as ���, ����� � = 0 (3) 

holds. Here the bracket ��δ,   !�� defines the difference between 

two compositions of operators  δ   !−   ! δ, not a vector. 

It is well known that the governing equations for non-conser-
vative, mechanical systems, i.e. when dissipative phenomena 
occur, at the present time cannot be derived from Hamilton’s 
variational principle understood as the requirement: ����
 = 0 
occupied with (3) (Schechter, 1967). In the present paper we will 
show that neglecting the commutativity law (3) governing equa-
tions of non-conservative system is possible to derive. First 

in Sec. 2 short review of different approaches is presented to-
gether with the main assumption about non-commutativity. As an 
example, linear models of vibratory system with damping and with 
one and two degrees of freedom are considered in Sec. 3. This 
kind of models are frequently used to describe road and rail vehi-
cles under vibrations induced kinematically by road profile. The 
appropriate action functionals are proposed with the Lagrangian 
density containing: the kinetic and potential energies as well as 
dissipative one. Possible variations of generalized coordinates are 
introduced together with a non-commutative rule between opera-
tions of taking variations of the coordinates and their time deriva-
tives. The stationarity of the action functional leads to the Euler-
Lagrange equations. 

2. NON-COMMUTATIVITY RULE 

In order to derive governing equations describing irreversible 
phenomena using the variational technique some artificial re-
strictions must be made, concerning the basic rules of variational 
calculus. A good example is served by the variational principle 
formulation made in: Biot (1970), Chambers (1956), Kotowski 
(1989, 1992), Marsden and Hughes (1983), Prigogine 
and Glandsdorff (1965), Rosen (1954), Schechter (1967), Vuja-
nović and Djuković (1972) and Yang (2010).  

Different procedure was given by Vujanović (1971) and ap-
plied to governing hyperbolic equation of heat conduction (with 
finite wave speed), in which the new Lagrangian was proposed 
with an explicit dependence on time in the form of the exponential 
term exp �/& appearing as a factor. This term has the power �/&, 

where & is the thermal relaxation time. The corresponding transi-
tion to the case of infinite speed of thermal disturbance (parabolic 
equation) is performed by setting the relaxation time equal to zero. 

After his first paper Vujanović has proposed in Vujanović 
(1974, 1975) the new method for deriving the class of equations 
describing some physical irreversible processes and based on the 
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variational principle which has a Hamiltonian structure, and in 
most cases its form does not differ from that known for conserva-
tive systems. However, the crucial assumption of the new method 
is a non-commutative rule between operations of taking variations 
of the generalized coordinate (field) and their time derivatives. 

In dissipative systems the loss of energy is a crucial effect. 
Because of this effect a physical process cannot be reversed 
without change in the environment. Such process is irreversible. 
Irreversibility means that variation of the quantity involved in de-
scription of irreversible process and the variation of its time deriva-
tive are related to dissipative mechanism governing the process 
considered, not the time differentiation. It means that the time 

derivative 
��� �� from one side must be different from the variation 

of the time derivative of the quantity, i.e. � ��� �. From the other 

side this variation is the dynamic quantity and it should depend 
on the non-conservative forces (according to Vuhanović (1975)) 
acting upon the system. We are not going to tamper with the usual 

notation of the variation of �� and the velocity of variation 
��� ��. 

These two vectors are regarded as purely kinematic in nature. 
The vector �� means that we consider the infinitesimal transfor-

mation (i.e. first variation) replacing �(�, '), for example 

by �(�, ') + )*(�, '), where *(�, ') is an arbitrary differentia-
ble function of � and ', and ) is a small parameter passing 
through zero. Then, from the definition: 

��(�) = ��) +�(�) + 	)*(�),�) = *(�)�) (4) 

Hence in this notation we have: ��� �� = ��� *(�)�) (5) 

Since the vector � ��� � has a purely dynamic character and its 

form depends on the nature of dissipative (non-conservative) 
phenomena and forces acting on the body, the infinitesimal trans-

formation replaces  
��� �(�) by 

��� �(�) + )-(�), where -(�) 
is not arbitrary differentiable function of �. This function, however, 

may differ from 
���*(�, ') by a part that is related to the function *(�, ') via some relationship depending on the irreversible phe-

nomena of the system. Hence we can write: 

� ��� � = ��) . ��� �(�) + )-(�)/ �) = -(�)�) (6) 

together with: 

-(�) = ���*(�) + 01�(�), ��� �(�), �2 *(�)  (7) 

Notice that here we admit the tensor function 0. The appear-

ing of the tensor 0 is a new fact (cf. Grochowicz and Kosiński 
(2011), Kosiński and Perzyna, 2012)). 

Comparing (4) and (6) with (7) we end up with the following 
non-commutative rule: 

���, ����� � = 01�(�), ��� �(�), �2 ��  (8) 

We can see that the case when the function 0 = 0 corre-
sponds to a commutative rule. This non-commutative rule will be 
crucial in developing new variation principle for deformable body 
made of the dissipative material with internal state variables. 

In the previous papers (Grochowicz and Kosiński (2011), 

Kosiński and Perzyna, 2012)) the simpler version of the variational 
technique developed here was applied to 3 continuous irreversible 
systems. They were: long-line (i.e. telegraph) equation, hyperbolic 
model of heat conduction as well as governing equations of de-
formable body with internal state variables. In the next paper we 
will generalize the last derivation to the case of thermomecha-
nics. 

3. VARIATIONAL PRINCIPLE FOR DYNAMIC SYSTEM  
WITH DAMPING 

Let us consider two linear models of  a vehicle (Grzyb, 2012) 
which moves on a road or on a track. We will consider its vertical  
movement characterized by the displacement 3(�) and produced 
by its horizontal  motion along the road (track) profile, see Fig. 1. 
The vertical motion will be induced by kinematic excitation de-
scribed by  function 4(�). The car body  of the vehicle is modeled 

by a rigid body of  mass 5. Vibrations of the mass  are forced by 

a spring of an elastic constant 6. The damping of the vehicle 
is realized by a linear, viscose  damper characterized by a viscosi-

ty constant 7. The first model has one degree of freedom. 

 
Fig. 1. Physical model of vehicle with one degree of freedom 

 
Fig. 2. Physical model of vehicle with two degrees of freedom 
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In order to take into account two parts of the vehicle, namely 
the vehicle body and the boogie, the model with two degrees 
of freedom, see Fig. 2, will be considered. The vibrations of the 

vehicle body of mass m� and the boogie of mass m9 are charac-
terized by displacements: 3�(�) and 39(�), respectively. The 
vertical vibration of the both parts are induced by two separate 

springs with elastic constants: 6� and 69. The damping of consid-
ered vibrations is realized by linear dampers with viscosity con-

stants 7� and 79, compare the element :; on Fig. 2. 

3.1. One degree of freedom model 

In the first model the motion of the system (i.e. the car) is gov-
erned by the second order ODE (cf. Grzyb (2012)): 

53<(�) + 73�(�) + 63(�) = 74� (�) + 64(�)  (9) 

According to the author of Grzyb (2012) this equation can be 
derived from the following Lagrange equation of the second kind: ��� =�>?�@� A + �B�@� + �>C�@ = D (10) 

with the appropriate forms of the kinetic energy >? , the potential 

energy >C, the dissipation function of the system B and the gen-

eralized force D. In Grzyb (2012) in the derivation the author put @ = 3, D = 0 and suitable forms of other functions. It will be 
shown, that in the two degrees of freedom system the governing 
of equations are Euler-Lagrange equations derivable from a sta-
tionary action principle. 

3.2. Two degree of freedom model 

Having the derivation of the first model, let us start with the 
definition of the kinetic and potential energies for the system 
together with its dissipative part. Then, assuming the index 1 
for the quantities describing the car body, we have the kinetic 
energy for the whole system: the car body and the boogie �(3��, 3�9): 
�+3��, 3�9, = �9 �5�3��9 +593�99
	  (11) 

the potential energy �(3�, 39): �(3�, 39, 4) = �9 �6�(39 − 3�)9 + 69(4 − 39)9
	  (12) 

and the dissipative part E(4� , 39): E(4� , 39) = 794� 39	  (13) 

Let us postulate the following non-commutative rule (cf. (8)): 

���, ����� F3�39G = �H�� H�9H9� H99� F�3��39G = 

I− J�K�
J�K�J�KL − J�MJLKL

N F�3��39G 
(14) 

Let us define the action functional with its Lagrangian density � = � + E − �: 

�(3�, 39, 4) = O +�+3��, 3�9, + E(4� , 39) −�����(3�, 39),��	  (15) 

Now we formulate the following stationary action principle. 

Postulate: Let a system will be exited by the kinematic loading 4. 
Along all curves (3�(�), 39(�)) in the configuration space the 
actual path is that which makes the action integral (15) stationary 

provided the both variations �3�(�) and �39(�) vanish at the 
end points �� and �� and the non-commutativity load (14) holds. 

Let us take the first variation of (15). We get: 

��(3�, 39, 4) = � P ���3�� �3�� + ���3�� �3�9Q��
��
��

 

− � =�(� − E)�3� �3� + �(� − E)�39 �39A ��
��
��

 

(16) 

Now we use the rule (14) to �3�� and �3��, to get: 

�� = � P ���3�� =��3��� A + H���3� + H�9�39Q ��
��
��

	 
+	 � P ���3�9 =��39�� A + H9��3� + H99�39Q ��

��
��

 

− � =�(� − E)�3� �3� + �(� − E)�39 �39A ��
��
��

 

(17) 

Taking the time derivative on some terms and using formula 
of product differentiation as well as grouping similar terms, 
we obtain: 

�� = � P− ��� P ���3��Q�3� − ��� P ���3�9Q�39Q ��
��
��

 

+R ���3�� �3� + ���3�9 �3�S �� = ��� = �� 

+ � P ���3��H�� + ���3�9H9�Q �3���
��
��

 

+ � P ���3��H�9 + ���3�9H99Q �39��
��
��

 

− � =�(� − E)�3� �3� + �(� − E)�39 �39A ��
��
��

 

(18) 

Since our Postulate requires vanishing ���3�, 39, 4
 = 0 

and the variations of 3� and 39 vanish at the end points, then 
inside the interval grouping terms appearing in the front of the 
variations �3� and �39, we obtain, in view of their arbitrariness 
and independence, two ODE’s: 

��� TUTV�� + T(WXY)TV� − 
TUTV��H�� − TUTV�LH9� = 0 

��� TUTV�L + T(WXY)TV� − 
TUTV��H�9 − TUTV�LH99 = 0 

(19) 

The above equations form the Euler-Lagrange equations 
of our stationary action functional Postulate. 

We substitute the expressions for the H’s coefficients from 
(14). We obtain: 
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5�3<� + 7�+3�� − 3�9, + 6�(3� − 39) = 0  

593<9 − 7�3�� + (7� + 79)3�9 − 6�(3� − 39)+ 6939 = 694 + 794�  (20) 

The above method can be applied to the previous model with 
one degree of freedom system (9) by putting: 

�(3) = �953�9  

�(3, 4) = 12 6(4 − 3)9 

E(4� , 3) = 74� 3 

(21) 

and the non-commutativity rule: 

���, ����� 3 = − J\  (22) 

4. CONCLUSIONS 

In this paper starting with the action functional in which kinetic 
energy, potential energy and dissipative part of energy related to 
both elastic and irreversible phenomena of the system appear, 
the principle of its stationarity is formulated. Making the first varia-
tion of the functional compatible with the assumed initial 
and boundary conditions and postulating the appropriate non-
commutative laws between the variation and time differentiation 
operators, the consequence in the form of Euler-Lagrange equa-
tions is obtained. The derived equations form the governing sys-
tem of equations of the model with two degree of freedom. 
The passage to the system with one degrees of freedom is also 
shown. 

The formulated method may be very helpful in other deriva-
tions and the investigation of particular and approximate forms 
of solutions of non-conservative systems. 
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