Tadeusz Kaczorek
Positive Realizations for Descriptor Discrete-Time Linear Systems

POSITIVE REALIZATIONS FOR DESCRIPTOR DISCRETE-TIME LINEAR SYSTEMS

Tadeusz KACZOREK*

*Faculty of Electrical Engineering, Biatystok University of Technology, ul. Wiejska 45D, 15-351 Biatystok, Poland

kaczorek@isep.pw.edu.pl

Abstract: Conditions for the existence of positive realizations for descriptor discrete-time linear systems are established. A procedure
for computation of positive realizations for improper transfer matrices is proposed. The effectiveness of the method is demonstrated on

numerical example.
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1. INTRODUCTION

A dynamical system is called positive if its trajectory starting
from any nonnegative initial state remains forever in the positive
orthant for all nonnegative inputs. An overview of state of the art
in positive theory is given in the monographs (Farina and Rinaldi,
2000; Kaczorek, 2002). Variety of models having positive behavior
can be found in engineering, economics, social sciences, biology
and medicine, etc. The positive fractional linear systems have
been addressed in Kaczorek (2008a, 2009a, 2011d).

An overview on the positive realization problem is given
in Benvenuti and Farina (2004), Farina and Rinaldi (2000), Ka-
czorek (2002, 2009b). The realization problem for positive contin-
uous-time and discrete-time linear systems has been considered
in Kaczorek (2004, 2006a, ¢, 2011a, c) and the positive minimal
realization problem for singular discrete-time systems with delays
in Kaczorek (2005). The realization problem for fractional linear
systems has been analyzed in Kaczorek (2008b, 2011b, d) and for
positive 2D hybrid systems in Kaczorek (2008c). A method based
on the similarity transformation of the standard realizations to the
desired form has been proposed in Kaczorek (2011c).

Positive stable realizations problem for continuous-time
standard and fractional linear systems has been addressed
in Kaczorek (2011a, b) and computation of realizations of discrete-
time cone systems in Kaczorek (2006b).

In this paper a method for computation of positive realizations
of descriptor discrete-time linear systems will be proposed.

The paper is organized as follows. In section 2 the positive re-
alization problem for standard discrete-time linear systems
is recalled. The positive realization problem for descriptor discrete-
time linear systems is formulated and solved in section 3.
The proposed procedure for computation of positive realizations
of a given improper transfer matrix is illustrated by numerical
example in section 4. Concluding remarks are given in section 5.

The following notation will be used: R - the set of real
numbers, R™*™ — the set of n X m real matrices, R}*™ - the
set of n X m matrices with nonnegative entries and R% = RP*1,
RP*™M(z) - the set of p X m rational matrices in z with real
coefficients, RP*™[z] - the set of p X m polynomial matrices
in z with real coefficients, I, — the n X n identity matrix.
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2. PRELIMINARIES AND POSITIVE REALIZATION PROBLEM
FOR STANDARD SYSTEMS

Consider the standard discrete-time linear system:
.xl'+1 =Axl~+Bul~, i€Z+ Z{O,l,} (213)
yi = Cxl' + Dui (21b)

where: x; € R™, u; € R™, y; € RP are the state, input
andoutput vectors and 4 eR™”", BeR™", CeRP,
D e RP",

Definition 2.1. The system (2.1) is called (internally) positive
if x; e R, y; eRY, iez, foranyinitial conditions x, € R’}
and all inputs u; e RY', ieZ, .

Theorem 2.1. The system (2.1) is positive if and only if (Farina
and Rinaldi, 2000; Kaczorek, 2002):

AeRY" BeRT™, CeRP", De R, (22)
The transfer matrix of the system (2.1) is given by:
T(z)=Cll,z— A 'B+D. (2.3)

The transfer matrix T(z) € RP*™(z) is called proper if and
only if:

lim 7(z) = K e R7" (2.4)
Z—>0
and it is called strictly proper if K= 0. Otherwise the transfer matrix
is called improper.
Definition 2.2. Matrices (2.2) are called a positive realization
of transfer matrix 71(z) if they satisfy the equality (2.3).
Different methods for computation of a positive realization

(2.2) for a given proper transfer matrix 7(z) have been proposed
in Kaczorek (2002, 2011a, b, d).

3. POSITIVE REALIZATION PROBLEM
FOR DESCRIPTOR SYSTEMS

Consider the descriptor discrete-time linear system:



Ex; .y =Ax;+Bu;, ieZ, ={0],...} (3.1a)
yi =Cx; (3.1b)

where: x; e R", u; eR™, y; eRP are the state, input
and output vectors and E, 4 € R, Be R, C e RP*".

It is assumed that det £ = 0 and the pencil of (£, A) is regular,
i.e.
det[Ez — A]# 0 for some zeC
(3.2)
where: C is the field of complex numbers.
Definition 3.1. The descriptor system (3.1) is called (internally)
positive if x; e RY, y; e RY, ieZ, for any initial conditions
xo € R andallinputs u; e R, ieZ, .

If the nilpotency index 4 of the matrix E is greater or equal to 1

(Kaczorek, 1992) then the transfer matrix of (3.1) is improper
and given by:

T(z) = C[Ez— A 'Be RP™(2) . (3.3)

The improper matrix (3.3) can be always written as the sum of
strictly proper part 7,,(z) and the polynomial part P(z), i.e.

T(z) =T, (2)+ P(2) (3.4a)
where:
P(z)=D, +Dlz+...+quq eRPMz], geN={12,..} (3.4b)

andg =u—1.
Theorem 3.1. Let the matrices:

AR BeRPM, Ce RPN (3.5)

be a positive realization of the strictly proper transfer matrix 7,(z).
Then there exists a positive realization of T(z) € RP*™(z)
of the form:

(7, 0 0 .. 0 0

0 0 0. 0 0
E=|0 I, 0 .. 0 0|eRP",

(0 0 0 Iy O

(4 B 0 0 0 0

0 I, 0 0 0 o Im|
A=|0 0 I, 0 0 [eRP", B=— 0 |eRP,

1000 0 .. 0 Iy 0
C=[C Dy Dy .. DGleRT™, ii=n+(g+Dm

(3.6)

if and only if;
Dy e R fork=0,1,....q. (3.7)

Proof. If the matrices (3.5) are a positive realization of 7,,(z) then
the standard system:

Xiy1 = Axl' + Bui (383)
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yi:Cxi (38b)
is positve and x; e R, ieZ, for any initial conditions

xo € R and allinputs u; € R, i € Z, . Defining the new state
vector:

e (3.9)

=1
[

=
-3

_ui+q_

and using (3.6) we obtain:

EX;,| = AxX; + Bu; (3.10a)

3 =Cx; (3.10)

From (3.10) if follows that x; € SRE and y; e RY forieZ,
if and only if (3.7) holds since x; € R’ and u; e RY' forie Z,
. Using (3.6), (3.3) and (3.4) it is easy to verify that:

C[Ez—AT'B=[C Dy Dj .. D,]
Iz—4 =B 0 .. 0 o071To
o -1, 0 .. 0 0| |-1I,
x| 0 I,z -I, .. 0 0 0
0 0 0 . I,z —I,| |0
11,z— AT B]
Im
S[C Dy Do DY Lz @1
Lz |

=C[Ez—A] ' B+Dy+ Dz +...+ D24
=T, (2)+ P(2) =T(2).

The positive realization problem for the descriptor system can
be stated as follows. Given an improper rational matrix T(z) €
RP*™(z), find its positive realization (3.6).

If the conditions of Theorem 3.1 are satisfied then the desired
positive realization (3.6) of T(z) can be computed by the use of the
following procedure.

Procedure 3.1.

Step 1. Decompose the given matrix 7(z) into the strictly proper

part 7,,(z) and the polynomial part P(z) satisfying (3.4).

Using one of the well-known methods (Kaczorek, 2002,

2011 a, b) find the positive realization (3.5) of T,,(2).

Step 3. Knowing the realization (3.5) and the matrices
Dy e Rk = 0,1,...,q of (3.4b) find the desired
realization (3.6).

Step 2.

4. EXAMPLE

Find a positive realization (3.6) of the transfer matrix:
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24 3234322222405 22272 —4z+4

T(z)= 22 —3z+42 22 —4z+3 .
322 1122 + 62405  2z*—923+822 +22+3.2
22 —4z+3 225246

4.1)

Using Procedure 3.1 we obtain the following.
Step 1. The transfer matrix (4.1) has the strictly proper part:

z—1.5 z=2
Ty (2) = 22—3Z+2 22—4Z+3 4.2)
SPAST 2-2.5 z—2.8 '

22—4Z+3 22 -5z+6

and the polynomial part:

2
P(z):{z L2 DD (g=2) (43a)

3241 2274z +1]

where:
12 0 1] 10
Dy = , D= , Dy = . 4.3b
0[11}1{31_2[02} (4.30)
Step 2. The strictly proper transfer matrix (4.2) can be rewritten
in the form:
1
Tsp(z):

(z=D(z=-2)(z-3)

><{(2—1.5)(2—3.) (z-2)°

(4.4)
(z-2.5)(z-2) (z-28)(z— 1)}

and the well-known Gilbert method can be applied to find
its positive realization (Kaczorek, 2002, 2011a; Shaker and Dixon,
1977). Following Gilbert method we compute the matrices:

= 1l —z1)T,

1 1m l(Z Zl) sp(z)

z—>z)=
z—1.5 z-2
0.5 0.5
22 273 :{ } (4.50)

T1z-25 (z-1)(z-2.8) 075 0
z—3 (z-2)(z-3)

n=rank 7j =2,

z=1

= lm (z-2z,)T,(z
2 z%zz=2( 2) SP()

z-15 (z-2)°
_ z—1 (z-D(z-3)
(z-2)(z—-2.5) z—2.8
(z=-D(z-3) z=-3
ry =rank T, =2,

05 0
:{o 0.8} (4.50)

z=2

I;= lim 3(z —z3)T,(2)

(z—l‘.5)(2—3) z=2
(z-D(z-2) z-1 :{ 0 0-5} 4.50)

z—2.5 z-2.8 0.25 0.2
z—1 z—=2 J,.3

ry =rank 7 =2
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05 05 1 0
L =GB, C = , B = s
075 0 0 1

T, =C,B,, sz{o.s O} Bzz{l 0} (4.6)
0 08 01
I, =C,3, C3:[ 0 0.5} 332[1 0}
’ 025 02 0 1
and:
A =blockdiag[/ i 21 Vi 722 v " z3] =diag[1,1,2,2,3 3],
ol
B 01
1 0
B=|B, |= o 1f 4.7)
Bl o
_0 1_
05 05 05 0 0 05
c=[¢ G Gl=

075 0 0 08 025 02]

Step 3. The desired positive realization of (4.1) has the form:

(I 0 0 0
P 0 0 0 0 R

0 I, 0 0

|0 0 I, O

(4 B 0 0 0 “9)
— 101, 0 0 -5 = |- = '
A= 0 02 o eRY", B= 02 e N2,

2

0 0 0 I, 0
E = [C DO Dl Dz] (S &REXE,
n=n+(g+)m=6+3%2=12

and the matrices 4, B, C, D,, D,, D, are given by (4.7)
and (4.3b).

5. CONCLUDING REMARKS

A method for computation of positive realizations for de-
scriptor discrete-time linear systems has been proposed. Condi-
tions for the existence of positive realizations for given improper
transfer matrices have been established. A procedure for compu-
tation of positive realizations has been proposed and illustrated
by a numerical example. The proposed method can be easily
extended to descriptor continuous-time linear systems
and asymptotically stable descriptor discrete-time linear systems.
An open problem is an extension of this method for fractional
descriptor linear systems.
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