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Summary: The following paper presents the results of analygemulti-layered elements and thick constructi@swell as
simplifications used for solving structures of 2ss models published in specialist literature, aothpares them with
a different approach involving generalization oftpent problems into 3D classes. An error estioratinethod was pro-
posed, together with a procedure of shaping grit¥asity ensuring necessary computing precisionvigplhuge sets
of equations allowed for practically continuousues of complex functions of stress states. Sewdrtdile presented typical
examples indicate the possibility of applying thgogathms, among others, to heterogeneous stristfreeinforced concrete

constructions.

JUSTIFICATION FOR THE PROCESSES
OF CHANGES IN THE ANALYSIS
OF TYPICAL 2D STRUCTURES

The authors of the present paper aim at presenting
an algorithm that could be practically applied le analy-
sis of complex engineering constructions, or theiypical
integral parts. The analysis processes can be lugmfu
studying rigidity and effort in constructing cregse het-
erogeneous coverings, as well as for examination of
changes in physical properties and mass of maserald
shape of coverings of any given architectural fora
algorithm for coverings of considerable thicknefs, in-
stance thick slabs, turns out to be analogous tithan
algorithm used to describe multilayered surfaceeciogs
with small or huge rises. The problem of approxiorabf
multilayered sandwich-type coatings was only paikst
ingly solved in Marcinkowski, (2003), despite assgm
simplifications such as crosswise symmetry of d$tme
(Fig. 1). By deforming normal, multi-node regulalee
ments, new elements in curvilinear coordinate systere
obtained.

It seems that this operation could yield desirabkults
only for thin-layered coverings of small elevatiohyt
overall, practical value of the solution is evakdas dis-
satisfactory. For instance, it is by no means pracnor
justified to analyze and design covers of thickness
0,635mm with core thickness = 11,430 mm, taking into
account production process measurement tolerafiany
construction materials, as well as their thickneggilation
methods.

Moreover, the accepted assumption that thicknes$iseof
layers in the covering surface can be achieved toildr-
ancet = £0,0001mm is purely academic. Be that as it may,
the methods employed for analyzing architecturamnto of
elevated coverings, such as multi-curve covering trge
spread shown in Fig. 2, based on (Noor and Kimg)l,%re

indeed worthwhile and call for further investigatio
A covering of any given thickness can be thus stidvith

well-founded claims for practical applicability othe

achieved solutions, even in the cases where verialalss
of construction material is an essential and irelisable
factor. The authors of the present paper wish ésqnt the
analysis algorithms proving positive aspects oflyaiag

constructions freely heterogeneous in their stmecthy
changing the discretization class from 2D to 3D.

Fig. 1. Scientific interpretation of symmetrically layered
sandwich type coating
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Fig. 2. An elevated covering of a large spread
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2. CROSSWISE DISCRETIZATION
OF ELEMENTS IN THE PERSPECTIVE
OF VARIABLE ANALYSIS PARAMETERS

While the problem of developing methods for analysi
of spatial elements remains still relevant, the bem
of publications offering practically applicable stbns and
algorithms is relatively small. Among others, thesue
of spatial analysis was addressed in Michalczuk and
Tribito, (2002). The crucial factor determiningethvalue
of results obtained for crosswise heterogeneoustsires
is the node density in the grid discretizing thiekah(z)
of an element. It seems reasonable to generagrithevith
constant node distandg; accordingly, relying on the fact
thath(z) = h; - s, the tests could be created to estimate the
discretization error of, among others, a circulab dreely
supported along its circumference (Fig. 3). Byragion the
middle surface in the layér(z) = h; - (s/2) with the load
q, a classical closed solution is obtained and toeptable
error marginAw, can be established during the discretiza-
tion to suit the practical applicability of the eqted results
(Vilberg and Abdulwahab, 1997). For the establisbeawr
Aw, < 0,01 - (gb*)(64D?), the satisfactory precision
is achieved with the thickness parametes 20, which
is proved by the results in Tab.1, and illustratad the
function drawn in Fig. 4.

Essentially, a faultless solution is obtained whk pa-
rameters = 40, which is illustrated by the following resilt

Aw(&=0,000)= 0,001(gb*)/64D << Awy,
2w(&0,133)= 0,001(gb*)/64D << Awg,
Aw(&0,583)= 0,000(gb*)/64D << Awg,

Aw(&=0,917)= 0,000(gb*)/64D << Awy.
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Fig. 4. Results of the solution for the circular slab
with the grid density= 20
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Tab. 1. Results of the solution for the circular slab

with the grid density= 20

E=r/R 0,00000 0,00500 0,01000
f(lq\g“)(/EG) o | 4720285 4,720138 4,719698
£=r/R 0,01667 0,03333 0,06667
mﬁéfé o | 4718677 4,713799 4,694335
£=r/R 0,13333 0,20000 0,26667
mq‘t’)v4)(2 o | 4616848 4,491538 4,318911
£=r/R 0,33333 0,41667 0,50000
f(Jq\;)V“)(/EGB) o | 4100396 3,765554 3,367379
E=r/R 0,58333 0,66667 0,75000
f(Jq\;)V“)(/EGB) o | 2911802 2,406222 1,859450
E=r/R 0,83333 0,91667 1,00000
mqvk)v4)(fg o | 1280466 0,696812 0,00000

3. GENERALIZATION OF A CROSSWISE
HETEROGENEOUS STRUCTURE

The principal idea of the generalization involvesilsz-
ing a crosswise heterogeneous covering structurdema
of various materiald/; j = 1, 2, 3, ..., each of them having
different density, elasticity, and boundary coratis “BC".
This kind of approach is graphically presentedim B.
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Fig. 5. Generalized structure of a crosswise heterogeneous
covering “p” composed of materiafs

When performing the discretization of a spatialufig
of a covering, its construction materials can kerpreted
as functions:

M, =M, (0.9,E,v), 1)
of the parameterg; — material’s densityg, — acceleration
resulting from the inertia field in the Z-axis diteon,
E; — material’s modulus of elasticity, — Poisson number.

For static problems, the force-balance equations
in the nodes consider also gravitational forceprasented
by the product of density and acceleratiog,, and marked
with the Mg vector. The elastic features of masses can be
expressed by a complex function which takes intmant,
for instance, material’s strength. This is shownthwy rela-
tion
E =F(f,), (2)

f. denoting here material’s compressive stress eggist



The relation (2) has not been widely studied, loutits
interpretation the formula

®3)

can be accepted; incidentally, the formula deseritee
average secant modulus of elasticity of concretenofised
in designing processes. Such relationships fromfitild
of concrete mechanics can be employed in numeaitally-
sis algorithms. The value of function (2) can beastant
for a wide range of materials. As an example ofhamgea-
ble modulus of elasticit§s, steel of classes A-0, A-l, A-1,
A-lll, A-lIlIN produced in Poland can be mentioned.

Algorithms of numerical analysis of 3D elements-for
mulated in (Michalczuk and Tribito, 2002) are used
in a generalized form, specifying the approximatermm
criteria allowing construction design, usually takivalues
of generalizedV, N, Q type forces or the criteria justified
by the stress conditions =1, 2, 3, in the three-dimensional
space.

Empirical and hypothetical norm stress distributicsed
to determine cross-section load-bearing capacity ba
eliminated by solving the mathematical model takintp
account function (1) only. From among several aredy
models, the results of the analysis for the slabwsh
in Fig. 3 are presented, taking advantage of teipusly

F( fc) = 915( fck + 8)1/3 = Ecm !
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documented calculations of grid density which woalldw
for elimination of discretization errors.

The algorithm used with the model is similar foryan
given coordinate system, and the problem is solved
by interpreting stresses in a mixed coordinateesysg, £,

2). A discretized model of the slab is formed asvaman
Fig. 3, with the stresg(¢, f) applied to surfaces of discrete
elements of upper layer as can be seen in Fighé.prop-
erties of construction materials of the crosswis¢etoge-
neous structure can be expressed fo? as:

Mlp:Mp(pl7g'El'V1)’ (4)
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Fig. 6. Section of a crosswise heterogeneous slab jtf2
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Fig. 7. Stress analysis resulis(¢), g,(£), 0,(§) in the parameter structure (4) wjth= 2
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Fig. 8. Crosswise heterogeneous slab with 3

The equations are solved by calculating stresses,,
05 in units €), and the solution is found within @ ¢ <1
interval for any given value oR. It is assumed that
g=10m/& v =v=0,2;k = 1;E; =E; c = 8;a = 3;p1 = p;
p2=3p;q( p) = a.

The actual stress distribution seems to be diftefrem
the empirical norm assumptions in reinforced cotecre
constructions; this conclusion is further substtetl by the
stress functions as drawn in Fig. 7.

From the technological point of view, there is anco
mon problem of designing layered-concrete slabswhre
constrained by concerns related to use of ereatedtric-
tions and not infrequently to transport systemse ntathe-
matical model for the parametgr 3 clearly justifies non-
linear stress distributions in a crosswise hetanegas
structure (Jing Liu and Forster, 2000). Accordinghe slab
presented in Fig. 6 can be augmented with the imahter
M3, = M (1,5;,0,2E,v) as illustrated in Fig. 8. Practical
aspects of the model construction and the parastgy
are formulated following contemporary, realistidtenia
of development of materials technology. The cumeson-
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linear functions of local stress distributions hawvereased;

values of the function are shown in Fig. 9. The eisd
generated with a grid densiyy= 40 ensure the positive

evaluation of discretization criteria fpr= 3, and the grids
with higher density are proper for solving problemisere
i>3.
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Fig. 9. Stress analysis results($), 0, (), 0,(£) in structure (4) augmented with paramefdts, j = 3

The properly-designed and dense enough grid consti-

tutes a practical justification for the insepar@pilof de-
formation and tension, and ensuring the force-twhten
conditions in several thousands of the spatial gddes is,
in engineering, a strong basis for practical intetgtion
of results in terms of continuous functions (Lo,8%9
1988).

4. SUMMING-UP

The results published in the present paper confiren
claim that analysis of layered elements by changjieg2D
class models into the appropriate 3D class modats e
effective. The authors have backed up their assomgpt
with convincing calculations conducted for crosswiet-
erogeneous structures. The most crucial aspebedcdnaly-
sis involved obtaining correct and sufficiently gise stress
distribution functions in materials of various paeters
and elastic properties, also accounting for densftythe
medium and characteristics of gravitational fielthese
non-linear functions can lay mathematical foundatidor
determining of limited load-bearing capacity of thea-
lyzed section, which is often contradictory with @rcal
criteria used ,for instance, in analysis of atypicginforced
concrete elements, particularly under complex stoesdi-
tions. Contemporary progress in computer technojagi-
fies the change in the point of view on reductidntiee
model class. The generalizations allowing for cantihg
of both synthesis and analysis processes with idhgas
of transition from 2D into 3D classes involve emypiay
algorithms for solving huge sets of equations.
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ANALIZA STRUKTUR
POPRZECZNIE NIEJEDNORODNYCH
W WARUNKACH ZMIENNYCH PARAMETROW
MATERIALOW KONSTRUKCYJNYCH

Streszczenie: Na tle analizowanych w literaturze technicznej
elementéw warstwowych a tak konstrukcji grubych i wykorzy-
stania uproszcteumaziwiajacych rozwjzanie struktur modeli
klas 2D, opublikowano wyniki rozwzan uzyskiwanych odmien-
nie przez uogolnienie probleméw do klas 3D. Wskazaa tech-
nikg¢ szacowania btlu i ksztattowania gstasci siatki umaliwia-
jacej uzyskaniezadanej, uzasadnionej technicznie doktadmo
oblicze. W publikowanych kryteriach rozazanie wielkich
uktadéw rowna umaldiwito uzyskanie praktycznie ggtych
wartdéci funkcji ztozonych standéw napren. Zamieszczone nie-
ktore charakterystyczne przyktady wskazoa maliwosé¢ wyko-
rzystania algorytmoéw na przyktad w niejednorodngttukturach
konstrukcjizelbetowych.
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