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Abstract: In this paper we consider the solution of the foawl differential equations. In particular, we saer the numer-
ical solution of the fractional one dimensionalfuion-wave equation. Some improvements of comfutal algorithms
are suggested. The considerations have beenalledtby examples.

1. INTRODUCTION

Development of fractional calculations have beenedo
probably by Leibniz and Newton (in the years 16822).
Further mathematical fractional calculus and itpliap-
tions have been formulated in the nineteenth cgnfDue
to the development of IT tools in recent years, ynan-
thors come back to the problems of fractional dyisam
systems (e.g. Lubich, 1986; Weilbeer 2005; Kilbasag,
2006; Sabatier et. al., 2007; Ostalczyk, 2008; Kasik,
2009, 2011a,b,c; Bustowicz, 2010). For instanceerast-
ing results (important for applications) were obéal
in Bialystok University of Technology (Bustowicz0@8;
Nartowicz, 2011; Ruszewski, 2009; Sobolewski and Ru
szewski, 2011; also Kaczorek, 2011; Trzasko, 20MN1)-
merical methods for fractional systems were dewatop
(e.g. Lubich, 1986; Podlubny et a1995; Podlubny, 2000;
Agrawal, 2002; Diethelm and Walz, 1997; Diethedtral.,
2002; Weilbeer, 2005; Ciesielski and LeszczynskiQ&
Murillo and Yuste 2009, 2011).

The paper is organized as follows. In the sectidns
and 3 we considered Caputo fractional differerglation
and its approximation. Fractional diffusion-waveuation
and its approximation is considered in the sectibrsd 5
respectively.

2. FRACTIONAL DIFFERENTIAL EQUATION

Fractional order differential equations are asgedia
with the following operators (Weilbeer, 2005; Kauozq
2011): D* — Riemann-Liouville operator (~1837DF, —
Grunwald-Letnikov (~1867) operator and® — Caputo
operator (1967).

Dynamical systems are generated by differentiabequ
tions. For example consider the initial value pewbl(frac-
tional differential equation of Caputo type):

D¥u(t) = Au(t), u(0) = 1,u®(0) = 0, (1)

k=12,..,n—-1

where a>0, 2€R, n=[al]=min{é € N:¢ = a},
N is a set of natural numbers abfl is the Caputo fractio-
nal differential operator.

The solution of the initial value problem (1) isvgn
by (Weilbeer, 2005)

u(t) = E,(At%), t =0 2
where

_ z z? _ Vkk=oo zk
E(2)=1+ F(1+a) T(1+2a) " Yk=o I(1+ka) 3)

is the Mittag-Leffler function with one parameter In
eqaution (3)'(«) denote Euler's continuous gamma func-
tion

M(a) = [} tete~tdt = [} (In (3 ))* dt. @)

General Euler's gamma function is defined in theleh
complex plane except zero and negative integersliféés,
2005). Formula (4) is true foRea > 0 and the following
limit holds
n'n%

() = limy e a(a+1)(a+2)..(a+n)’

(5)

For natural arguments and for half-integer argusment
Euler's gamma function has the special form

rm) =m-1), r(3) =220 2 er (6)

2 2(n-1)/2

neN={1,23,..}
wheren!! is the double factorial

n-n—2)..5-3:1 n>0o0dd
nl=in-(n—2)..6-4-2 n>0even @)

1 n=0-1

Example 1. Consider differential equation (1). From (1),
(2) and (3), (6) for = 1 anda = 2 we have respectively

E,(At) = e, E,(At?) = cos (/| 2]t), 1 < 0. (8)

3. CAPUTO FRACTIONAL DIFFERENTIAL
EQUATION AND ITS APPROXIMATION

The Caputo fractional differential operator of arde
a > 1 is defined by (e.g. Kaczorek 2011a, Weilbeer, 2200

Diu(t) = —— [1(t — $)"*Tu™(s)ds, 9)

'n—-a)
wheren = [@] = min{{ € N: & = a}.
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Now we consider fractional differential equationavf
dera > 1 of Caputo type

Dfu(t) = f(u(t)), D*u(0) = by,

k=01,..,n—-1

whereb, € R are given. We are interested in a numerical
solution u(t) of equation (10) on a closed interv@, T]

for someT > 1. Therefore, we assume that

(10)

tp,=mr,7>0m=0,12,..,N

andty = 0,t, =T,N = . (11)

Furthermore we denote byu,, =u(t,) and f,, =
f(u,,). Preciselyu,, is the approximation ofi(t,,). From
equality (10) fort =t,, we obtain a discrete problem
(Weilbeer, 2005; Murillo and Yust@009, 2011)
1 -a
=) [um — Yke1 wru(ty, — kr) + (%) U —

-1 bktfn_a _

Xk=0 F(k+1—a)] = fm:
m=1,..,N

Note that t,, — kT = t,,_,- Consistently with (12)
we obtain

(12)

-a

= Tis Ot — (s = I @) o (13)
n-1_bithi® 5
* Xik=o F(k+1—oc)+T fm,
m=12,.,N
where
a
we = (=" (), (14)

ay DTk —a) al@—D(@—=2)..(a—k+1)
(k) TTA-a)(k+1) k!

a€R,aeN,={0,1,2,..}.

Example 2. We consider equation (1) witk(0) = u,.
In this casef,, = du,,. Therefore from (13) we obtain
the following discrete equation (numerical solutafrequa-
tion (1))

1
Uy = m{Z?zl W Um—k (15)
(Mm% m ) (mo)™“¢ }
(F(m—oc) Zjo w]) U + T(i-a) 40
m=12,..,N

In this case we can use the following formula foe t
I'(a), @ € €C{0,—1,-2, ..}, C is a set of complex numbers,

1

e = @€ T (L + e/ (16)
wherey is the Euler’'s constant (Weilbeer, 2005)
y = 1imnqw(z;;=1% —In(n)) ~ 0,5772156649.  (17)

4. FRACTIONAL DIFFUSION-WAVE EQUATION

Let u(x,t) be a functionx € [0,L] andt € [0,T]. De-
note by Df, the Caputo fractional differential operator
at the variablet (see (9)). Consider the continuous-time
fractional diffusion-wave system described by emumt
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Dfu(x,t) = %u(x, t) (18)
with initial and boundary conditions

u(x,0) = ¢(x), ur(x,0) = 0 (19)
u(0,t) =0,u(L, t) =0. (20)

The solution of the homogeneous boundary problem
(18), 19), (20) is given by (Weilbeer, 2005)

2 k2m? .k
u(x, t) = zZ,‘le ¢ Eqn(— t*)sin ),

L2

(21)

Cp = fOL @ (x)sin (anx)dx

Equation (18) forx = 1 is the classical diffusion equa-
tion and fora = 2 is the classical wave equation. Thus (18)
for a € (0,2] is the diffusion-wave eqution. The fractional
diffusion-wave equation plays an intermediate t@éveen
classical wave and diffusion equations (WeilbeddQ=
Jafari and Momani, 2007; Povstenko, 2011; Murillo
and Yuste2009, 2011).

Example 3.Fora =1 anda = 2 we obtain respectively
E(-EX ) =exp (-5 0) 22)

L? L?

21'1.’2 [
E, (—kL—zt) = cos (th)
Therefore using (22) from (21) fat =1 and a = 2

we obtain the solution of classical diffusion edomt
and the solution of classical wave equation respelgt

5. APPROXIMATION OF FRACTIONAL
DIFFUSION-WAVE EQUATION

Let h=L/M andt =T/N (see (19)) denote the step
size of the discretization in the space and tinie eespec-
tively. Next let

x; =ih,i=0,1,..M (23)
and using the discretization on the space axiss#wond
derivative can be approximated by the central difiee
of second order
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U, t) & o [ulxiog, 1) — 2u(x;, 6) + u(xiog, )] (24)

i=12..,M-1,
where from (20)x, = x), = 0. From (18) for x = x;
and (24) we have
DEU(x;, £) = = [u(xioy, £) = 2u(x;, £) + u(xi_y, )] (25)

i=12..,M-1
Let t=t,=mt, >0, m=0,1,2,..,N, where
N = t/T. Thus from (25) and (13) we obtain
2
Uy (%3) — :1_2 [Um (Xi—1, ) = 2Up (X4, ) + U (Xi—q, D)] =
Z(Um—1 XU (X)), -, U (X)),

Z(um—l(xi)um—z (Xi)! - Ug (xi)) = E;(nzl WiUm—k (Xi)

(T _ym ) 4 ynot el

(Fom = Tk ;) o (x0) + Rz o (26)
m=12,...N,i=12,..,.M—-1
where u,,(x;) = u(x;, t,). Let Z =][z(x;)] be vector

(M —-1) x1. Let Uy, = [u,,(x;)] be vector(M — 1) x 1,
i=12,..,M—1. Denote byd = [a;;] tridiagonal matrix



(M - 1) X (M - 1) W|th Ak = _2, ak’k_l = 1, ak'k+1 =
1. From (26) we have
2 -1
U, = [1 —;—ZA] z 27)
At the time-stept,,, m=1,2,..,N, the values
for u,,(x;) =u(x;,t,), for i=0,1,..,M and k=0,1,
...,m — 1 are known (in (27Y is known).

6. NUMERICAL EXAMPLES

Example 4. A very simple approximation of the system
(25) can be the equation (1) with suitably chossrameter
A. For fixedx = x; the nature of the function(x,, t) will
be similar to the solutioni(t) of the system (1). Thus,
in this paper we will present only the simulatiohsolu-
tions of equation (1). In the calculations form(8x and the
Matlab Gamma function were used.

Let us consider the system (1). Ldt = 20 (see (3)).
In Fig. 1 trajectoriesu(t) for A= —1 anda = 0,5 (solid
line), a = 1 (dotted line) are shown. In Fig. 2 trajectories
u(t) forA=-10 anda = 1,5 (solid line),a = 2 (dotted
line) are shown.
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Fig. 1. Trajectories of the system (1) fer= 0,5 (solid line),
a =1 (dotted line)
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Fig. 2. Trajectories of the system (1) fer= 1,5 (solid line),
a = 1,2 (dotted line)

Example 5.Consider the continuous-time fractional diffu-
sion-wave system (18) with initial and boundary ditions
(19), (20). The solution of the homogeneous boundar
problem (18), (19), (20) is given by (21). In treaulations
the Matlab Gamma function and the Matlab Mittagflesf
function (Podlubny and Kacenak 2001) were used.

Let L=mn and kk =40, 7=0,1; h=0,0314. Let
@(x) = sin (2x). Solutions of the boundary problem (18),
(19), (20) witha = 0,5;1,0; 1,5; 1,8; 2,0 are shown in Fig.
3, 4,5, 6 and 7 respectively.
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Fig. 4. Solution ‘of the boundary problem (18)-(20) éoe= 1,0
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Fig. 5. Solution of the boundary problem (18)-(20) foe= 1,5
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Fig. 6. Solution 01“ the boundary problem (18)-(20) éor= 1,8

The calculations were performed on a computer with
dual-core processor Intel Core 2 Duo (T7500) 2.2zGH
core, 3.5 GB memory. It took approximately 1 hourca-
luclate the data for each Figure.
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Fig. 7. Solution of the boundary problem (18)-(20) éoe 2,0 .

7.

CONCLUDING REMARKS

In this paper we consider the selection of thetivaal

differential equations. The considerations havenhies-
trated by a numerical examples. The effectivenésom-
putational algorithms is dependent on the posgibili

of

determining the Euler's continuous gamma fumctiad

depends on the possibility of calculating of thett®fj-
Leffler functionE, (z). The functionE,(z) was first intro-
duced in 1903 by Mittag-Leffler (Pillai, 1990).

Some recent interesting results in fractional syste

theory and its applications in automatic controh dae
found in (Liang et al., 2004; Buslowicz, 2008; Ostsk,
2008; Ruszewski, 2009; Nartowicz, 2011; Sobolevesid
Ruszewski, 2011).

10.
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