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Abstract: In the paper the paths of bubbles emitted from the bras nozzle with inner diameter equal to 1.1 mm have been ana-
lyzed. The mean frequency of bubble departure was in the range from 1 to 36 Hz. Bubble paths have been recorded using 
a high speed camera. The image analysis technique has been used to obtain the bubble paths for different mean frequencies 
of bubble departures. The Fourier, wavelet analysis and recurrence plots have been used to determine the strength of interac-
tion between bubbles in column. It has been found that the influence of previously departing bubbles on trajectory of next 
bubble in the column can be significant for fb > 30 Hz, in this case the bubble paths become less periodic and more instable. 
In this case the distance between subsequent departing bubbles (S/D) becomes close to 1. It causes that the vertical interac-
tion between departing bubbles is enough strong to change the dynamical properties of bubble paths. 

 

1. INTRODUCTION 

The knowledge of bubble dynamics is of key impor-
tance in physical, biological and medical processes, 
and particularly in industrial applications. There are numer-
ous physical parameters such as: physical properties of the 
two phases, gas flow rate, gas pressure, height of the liquid 
and gravity conditions which influence on the bubbles for-
mation. Hence, most of efforts have been devoted to the 
formation of bubbles from single nozzles or orifice plates. 
The study of bubble dynamics is crucial to understand bub-
ble-liquid and bubble-bubble interactions. According to 
Luewisutthichat et al. (1997) the bubble motion and bubble 
shape are controlled by deterministic forces such as body 
force and drag force caused by the convective motion, and 
the complex non-linear forces generated by liquid motion 
around bubbles. Results of investigation show that such 
quantity as: bubble departure frequency (time between 
subsequent departing bubbles), bubble departure diameter, 
bubble shape and its deformation, gas pressure fluctuation 
in the nozzle, bubbles interaction, bubbles coalescence 
and bouncing, structure of liquid flow around the bubbles 
and bubble column change in time chaotically (Mosdorf 
and Shoji, 2003; Zhang and Shoji, 2003; Kikuchi et al., 
1997; Femat et al., 1998; Vazquez at al., 2008).  

The tubes of streamwise liquid vorticity are being left 
by each bubble and they are responsible for appearance 
of lift force acting on the bubbles (Zenit and Magnaudet, 
2009). The strength of the circulation of each vortex tubes 
decreases with increase in the distance from the bubble. 
The bubbles in the bubble column create the complex struc-
ture of bubble wakes. These wakes interact between each 
others and finally modify the bubbles trajectory. The in-
crease of bubble departure frequency decreases the vertical 
distance between bubbles. It causes the increase of interac-
tion between the bubbles and tubes of streamwise liquid 
vorticity generated by previously bubbles. Such interaction 

changes the lift force and finally modify the oscillation 
bubble trajectory.  

In the present paper the dynamical properties of bubble 
paths have been investigated to detect the strength of inte-
raction between bubbles. The paths of bubbles emitted from 
the bras nozzle with inner diameter equal to 1.1 mm has 
been analyzed. The bubble departure diameter was ~4.5 
mm. The laser-photodiode system has been used to measure 
the frequency of bubble departures. The analyzed frequen-
cies ranged from 1 to 36 Hz (bubbles per second). 
The bubble paths have been recorded using a high speed 
camera. The image analysis technique enabled us to obtain 
the 2D bubble paths for different mean frequencies of bub-
ble departures. The Fourier analysis, wavelet analysis 
and recurrence plots have been used to determine 
the strength of interaction between bubbles. 

2. EXPERIMENTAL SETUP  
AND BUBBLE BEHAVIOURS 

The air bubble paths in bubble column in the tank 
(400 x 500 x 40 mm) filled with distillated water has been 
investigated. In the experiment bubbles were generated 
from the brass nozzle with inner diameter of 1.1 mm.  

Because in the experiment with bubble column genera-
tion both the pressure and gas mass flux fluctuated then 
in order to evaluate experiment conditions it was necessary 
to use the mean value of gas mass flux or bubble departure 
frequency. In the present experiment the mean bubble de-
parture frequency was used as a control parameter. 
The frequency has been measured using simultaneously 
the laser - phototransistor system and gas pressure sensor. 
The gas pressure fluctuation has been measured using un-
compensated silicon pressure sensor MPX12DP. In the 
laser-phototransistor system the semiconductor red laser 
with wave length of 650 nm, 3mW, special aperture 
and phototransistor BPYP22 has been used. The diameter 
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of laser ray was 0.2 mm. The experiment has been carried 
out in conditions when subsequent departing bubbles did 
not coalesce vertically close to the nozzle outlet. 
quency of bubble departure was in the range from 2 to 
bubbles per second, the water temperature was 20

All data was simultaneously recorded using the data a
quisition system DT9800 series USB Function Modules for 
Data Acquisition Systems with sampling frequency of 
1000 Hz. The air supply system consisted of air tank capa
ity of 2 dm3 and the electronically controlled air pump, 
where the velocity of electric engine was controlled by the 
chip U2008B. The scheme of experimental stand has been 
shown in Fig. 1.  

Bubble paths have been recorded in the rectangle area 
of 230 x 50 mm using the high speed camera 
FX1. The recorded color video (600 fps) has been divided 
into frames. All colored frames were converted into gray 
scale images. The Sobel filter based on convolution of the 
image with a small, integer valued filter has been used
identify the bubbles on the frames (Hedengren, 1988)
emplary results of using the Sobel filter for bubble image 
are presented in Fig. 2a. Because the Sobel algorithm ide
tifies only the edge of the bubble, therefore the additional 
algorithm to fill interior of the detected bubble by black 
pixels has been used. Finally, each bubble was visible in the 
frame as a set of black pixels (Fig. 2).  

The path of each bubble was reconstructed by tracking 
the trajectory of mass center of each bubble in subsequen
frames. The mass centre has been calculated according to 
the following formula: 
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where S – the area of the bubble picture. 

In the paper the paths of bubbles which do not coalesce 
with another bubbles have been analyzed. 

In Fig. 3 it has been shown the data recorded from the 
phototransistor and pressure sensor for different mean fr
quencies of bubble departures. The laser ray passed 3
above the nozzle outlet. When the bubble was passing 
through the laser ray the phototransistor sensor generated 
the signal of the low voltage level. The time between bu
bles is visible in Fig. 3 as a signal of the high voltage level. 
Obtained results show that for all frequencies of bubble 
departures the time periods in which the bubbles pass 
through the laser ray are approximately the same and 
equal to 0.018 ±0.002 [s], but mean time periods between 
subsequent departing bubbles decrease together
crease of bubble departure frequencies as it has been shown 
in Fig. 4.  

When bubbles depart, the air pressure rapidly decreases 
as it has been shown in Fig. 3. The number of m
of pressure signal and number of periods with low voltage 
level signal coming from phototransistor sensor have been 
used to determine bubble departure frequencies. 

linear analysis of bubble paths in bubble chain 
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departing bubbles did 
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quency of bubble departure was in the range from 2 to 36 
bubbles per second, the water temperature was 20oC.  

All data was simultaneously recorded using the data ac-
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above the nozzle outlet. When the bubble was passing 
through the laser ray the phototransistor sensor generated 
the signal of the low voltage level. The time between bub-
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periods in which the bubbles pass 
through the laser ray are approximately the same and are 

time periods between 
subsequent departing bubbles decrease together with in-
crease of bubble departure frequencies as it has been shown 

When bubbles depart, the air pressure rapidly decreases 
3. The number of minimums 

pressure signal and number of periods with low voltage 
level signal coming from phototransistor sensor have been 
used to determine bubble departure frequencies.  

Fig. 1. Experimental setup. 1 – glass tank
4 – phototransistor, 5 – air valve, 6 
7 – computer acquisition system (DT9800 series USB 
Function Modules for Data Acquisition Systems), 
8 – Casio EX FX1(600 fps), 9 
11 – air pump with electronic control, 1
area of 230x50 mm where the bubble paths has 
orded 

Fig. 2. The bubble identification process. a) original photo. 
b) results of Sobel filter, c) filling interior of the bubbles 
by black pixels 

Fig. 3. Pressure and phototransistor signal recorded for different 
frequencies of bubble departures 
b) fb = 30.08 Hz 

 
glass tank, 2 – air tank, 3 – laser,  
air valve, 6 – pressure sensor,  

computer acquisition system (DT9800 series USB 
Function Modules for Data Acquisition Systems),  

Casio EX FX1(600 fps), 9 – light source, 10 – screen, 
air pump with electronic control, 12 – The rectangle 

area of 230x50 mm where the bubble paths has been rec-

 
The bubble identification process. a) original photo.  

filter, c) filling interior of the bubbles 

 
Pressure and phototransistor signal recorded for different 
frequencies of bubble departures fb a) fb = 2 Hz,  



 

 

Fig. 4. The mean time periods between subsequent departing

Fig. 5. The changes in time of the horizontal position 
of the bubble and the typical behavior of bubble flow 
for different mean bubble departure frequencies 
a) fb = 14.4 [Hz], b) fb = 30 [Hz], c) fb =

Fig. 6. Estimated distance between subsequent bubbles

In Fig. 5 the typical behavior of bubble flow for diffe
ent mean bubble departure frequencies has been presented. 
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The mean time periods between subsequent departing  

 
The changes in time of the horizontal position  
of the bubble and the typical behavior of bubble flow  
for different mean bubble departure frequencies fb  

= 36 [Hz] 

 
subsequent bubbles 

the typical behavior of bubble flow for differ-
ent mean bubble departure frequencies has been presented. 

Changes of frequency of bubble departures cause the 
changes of average distance between bubbles in the bubble 
chain. The distance has been measured bet
quent bubbles when the lower bubble was 10 mm over the 
nozzle outlet. In Fig. 6 it has been shown the distance b
tween bubbles vs frequency of bubbles departure.

3. ANALYSIS OF FREQUENCY 
OF BUBBLE DEPARTURES

One of the main problem in 
flow is an analysis of frequency of bubble departure. Such 
frequency can be constant in time (bubbles depart period
cally) or change chaotically in time (bubbles depart chaot
cally). The Fourier transformation allows us to represe
the time-domain data in the frequency domain. The Fourier 
power spectrum answers the question which frequencies 
contain the signal power. The answer has a form of distr
bution of power values as a function of frequency. In the 
frequency domain, this is the square of Fourier transform
tion. For the measurement data in the form of discrete series 
xn the Fourier transformation has a following form:
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The power spectrum is defined as 
ples of power spectrums of data recorded in the ex
have been shown in Fig. 7.  

Obtained results for bubble paths have been compared 
with results of analysis prepared for the test path described 
by the function x��� � ln
of test path has been shown in Fig.
minant frequency is equal to bubble path oscillation fr
quency - 4.63 [Hz]. The p
Fig. 7c is characteristic for periodic system. Power spe
trums obtained for experimental data presented in Fig.
are characteristic for deterministic chaos system. 

In case when fb = 0.9 [Hz] (Fig.
cillation frequency is a dominant frequency of power spe
trum and is equal to 4.87 [Hz]. But in power spectrum 
we can distinguish the additional
high amplitudes. These frequencies are connected with 
trends of bubble paths. Together with the increase of fr
quency of bubble departures the amplitudes of these add
tional frequencies (less than 5 [Hz]) incre
is presented in Fig. 7b. It means that bubble paths become 
more unstable.  

The Fourier power spectrum does not allow us to ident
fy the frequency changes in time. This problem can be 
analyzed using the windowed Fourier transformation
(Torrence and Compo, 1998, 
rate method to localize time
eliminates this inaccuracy is the wavelet analysis. It is 
a tool for analyzing the localized variations of power spe
trum within the time series 
(Torrence and Compo, 1998, 2005). 
let transformation of a discrete sequence
convolution of xn with a scaled wavelet 
and Compo, 1998, 2005): 
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Changes of frequency of bubble departures cause the 
changes of average distance between bubbles in the bubble 
chain. The distance has been measured between two subse-
quent bubbles when the lower bubble was 10 mm over the 

it has been shown the distance be-
tween bubbles vs frequency of bubbles departure. 

ANALYSIS OF FREQUENCY  
OF BUBBLE DEPARTURES 

One of the main problem in investigation of bubbling 
flow is an analysis of frequency of bubble departure. Such 
frequency can be constant in time (bubbles depart periodi-
cally) or change chaotically in time (bubbles depart chaoti-
cally). The Fourier transformation allows us to represent 

domain data in the frequency domain. The Fourier 
power spectrum answers the question which frequencies 
contain the signal power. The answer has a form of distri-

tion of power values as a function of frequency. In the 
the square of Fourier transforma-

tion. For the measurement data in the form of discrete series 
the Fourier transformation has a following form: 

(3) 

he power spectrum is defined as P = |Fk|
2. The exam-

of data recorded in the experiment 
 

Obtained results for bubble paths have been compared 
with results of analysis prepared for the test path described 

ln��� ∙ sin����. Power spectrum 
own in Fig. 7c. In this case the do-

minant frequency is equal to bubble path oscillation fre-
4.63 [Hz]. The power spectrum presented in 

c is characteristic for periodic system. Power spec-
rimental data presented in Fig. 7.a,b 

are characteristic for deterministic chaos system.  
[Hz] (Fig. 7a) the bubble path os-

cillation frequency is a dominant frequency of power spec-
trum and is equal to 4.87 [Hz]. But in power spectrum 

can distinguish the additional frequencies with relatively 
high amplitudes. These frequencies are connected with 
trends of bubble paths. Together with the increase of fre-
quency of bubble departures the amplitudes of these addi-
tional frequencies (less than 5 [Hz]) increase, which 

b. It means that bubble paths become 

The Fourier power spectrum does not allow us to identi-
fy the frequency changes in time. This problem can be 
analyzed using the windowed Fourier transformation  
(Torrence and Compo, 1998, 2005), but this is an inaccu-
rate method to localize time–frequency. The method which 
eliminates this inaccuracy is the wavelet analysis. It is 

tool for analyzing the localized variations of power spec-
trum within the time series xn, with equal time spacingtδ  
(Torrence and Compo, 1998, 2005). The continuous wave-
let transformation of a discrete sequence xn is defined as the 

with a scaled wavelet Ψ  (Torrence 
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where (*) indicates the complex conjugate.  

 
Fig. 7. Fourier power spectrums for different frequencies  

of bubble departures fb. a) fb = 0.9 Hz, b) fb = 36.5 Hz,  
c) Test path 

Because the wavelet function Ψo(η) is generally com-
plex, the wavelet transformation W(t,s) is also complex. 
The wavelet power spectrum is defined as: |W(t,s)|2 (Tor-
rence and Compo, 1998, 2005). 

In the analysis the Morlet wavelet has been used as the 
based wavelet and has a form (Torrence and Compo, 1998, 
2005): 

( ) 2/4/1 2ηηωπη −−=Ψ ee oi
o  (5) 

where: ωo – nondimensional frequency, in the paper it is 
equal to 6 (Torrence and Compo, 1998, 2005). 

In Eq. 4 the parameter s assigns the frequency, whereas 
the parameter t identifies the time around which the as-
signed frequencies are investigated. The wavelet power 
spectrum is presented in the form of three dimensional map, 
where the horizontal axis shows the values of parameter t, 

while the vertical axis shows the values of parameter s 
(frequencies). The values of wavelet power spectrum 
|W(t,s)|2 are presented as an altitude. The wavelet power 
spectrum allows us to observe the changes of each frequen-
cy in time. In Fig.8 the contour plots of the wavelet power 
spectrums for selected bubble paths have been presented. 
The areas containing the highest value of |W(t,s)|2 are filled 
with a grey color.  

The changes of location of maximum values of |W(t,s)|2 
identify the changes of the dominant frequency in time. 
The wavelet power spectrum shows in what period of time 
of the pressure time series these frequencies appear.  

In Fig. 8g it has been shown the wavelet power spec-
trum for test path. Because the value of |W(t,s)|2 depends on 
the amplitude and frequency of data, therefore the |W(t,s)|2 
obtained for test path clearly identifies the oscillation fre-
quency only when the amplitude of oscillations is enough 
large. It happens in certain distance from the nozzle outlet. 
The higher value of |W(t,s)|2  have been market in Fig. 8 
with grey color.  

The length of the area marked with grey color is 
a measure of time in which the oscillatory bubble move-
ment with frequency about 5 [Hz] is stable. The length of 
grey area decreases together with the increase of frequency 
of bubble departures. 

3.1. Attractor reconstruction 

In order to qualitatively describe the stability of oscilla-
tory movement of bubbles the non-linear analysis with 
using the recurrence plot method has been carried out.  

The trajectories of the chaotic system in the phase space 
do not form any single geometrical object such as circle 
or torus, but form objects called strange attractors of the 
structure resembling the one of a fractal [8]. Non linear 
analysis starts from attractor reconstruction. Reconstruction 
of attractor in certain embedding dimension has been car-
ried out using the stroboscope coordination. In this method 
subsequent co-ordinates of attractor points are calculated 
basing on the subsequent samples distant of time delayτ. 
The time delay is multiplication of time between the sam-
ples. The image of the attractor in n-dimensional space 
depends upon time-delay τ. When the time-delay is too 
small, the attractor gets flattened, that makes further analy-
sis of its structure impossible. The selection of time-delay 
value is of great significance in the analysis of the attractor 
properties.  

Therefore the analysis of the experimental data is in-
itiated by determining the time-delay. For that purpose the 
autocorrelation function is calculated. Autocorrelation func-
tion allows identification of correlation between the subse-
quent samples. In case of chaotic data the value of autocor-
relation function rapidly decrease when τ increase. Value 
of the time-delay τ is determined from the condition 
C(τ)≈0.5*C(0) (Schuster, 1993). 

In Fig. 9 it has been shown the 3D attractor reconstruc-
tion obtained for time delay calculated using the mutual 
information method. For the low frequency of bubble de-
parture (Fig. 9a,b,c) the spiral structure of attractor is visi-
ble. For the high frequency of bubble departure (Fig. 9d) 
the spiral structure of attractor is invisible.  



 

 

Fig. 8. Bubble paths and wavelet power spectrums for different 
frequencies of bubble departures fb. a) f
b) fb = 4.1 Hz, c) fb = 31.7 Hz, d) fb = 36.5
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Bubble paths and wavelet power spectrums for different 

fb = 0.9 Hz,  
= 36.5 Hz, e) Test path 

Fig. 9. 3D attractor reconstruction
bubble departures fb. a)
c) fb = 4.1 [Hz], e) fb = 31.7

3.2. Recurrence plot 

Recurrence plot (RP) visualize the recurrence of states 
in a phase space. The RP enables us to investigate the r
currence of state in m-dimensional phase. The recurrence 
of a state at time i at a different time 
black dots in the plot, where both axes are time axes. From 
the formal point of view the RP can be expressed as Ma
wan et al. (2007): 

��,� � Θ !� " #�� " ��#$, �
where N is the number of considered states 
shold distance, || || a norm and 

Homogeneous RPs are typical for stationary systems 
in which relaxation times are short in comparison with the 
time of system investigation. Oscillating systems have RPs 
with diagonal oriented, periodic
quasi-periodic systems, the distances between the diagonal 
lines are different. The drift
slowly varying parameters which cause changes of brig
tens of the RP's upper-left and lower
changes in the dynamics as well as extreme events cause 
white areas or bands in the RP 

In Fig. 10 the RPs obtained for different frequencies 
of bubble departure have been presented. The RP has been 
made for 2D attractor reconstruction and 
of maximal lateral bubble displacement. For each frequency 
of bubble departure the time series of bubble lateral di
placement (upper part of figure) and RP (lower part 
of figure) have been shown. In Fig.
sented the RP prepared for the test time series where 
���� � ln ��� ∙ sin �� ∙ ��. The distance between parallel 
diagonal lines identifies the time series period. The distance 
between parallel diagonal lines in RP (Fig.
from the period of function of bubble lateral displacement 
and is equal to ~80 points (about 5 
2007). 

The recurrence rate (RR
of recurrence points in RP 
currence rate corresponds to the correlation sum 
et al., 2007). The number of recurrence points increases 
with increase of frequency of bubble departure
and Wyszkowski, 2010). Because all recurrence plots have 
been constructed basing on a 
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ttractor reconstructions for different frequencies of 

. a) fb = 0.9 [Hz], b) fb = 2.9 [Hz],  
= 31.7 [Hz] 

Recurrence plot (RP) visualize the recurrence of states xi 
in a phase space. The RP enables us to investigate the re-

dimensional phase. The recurrence 
at a different time j is marked within 

black dots in the plot, where both axes are time axes. From 
w the RP can be expressed as Mar-
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is the number of considered states xi, εi is a thre-
a norm and Θ the Heaviside function. 
RPs are typical for stationary systems 

which relaxation times are short in comparison with the 
time of system investigation. Oscillating systems have RPs 

periodic recurrent structures. For 
systems, the distances between the diagonal 

drift is caused by systems with 
ly varying parameters which cause changes of brigh-

left and lower-right corners. Abrupt 
changes in the dynamics as well as extreme events cause 

in the RP (Marwan et al., 2007).  
the RPs obtained for different frequencies 

bubble departure have been presented. The RP has been 
or reconstruction and ε equal to 1% 

maximal lateral bubble displacement. For each frequency 
of bubble departure the time series of bubble lateral dis-
placement (upper part of figure) and RP (lower part 

figure) have been shown. In Fig. 10f it has been pre-
sented the RP prepared for the test time series where 

. The distance between parallel 
diagonal lines identifies the time series period. The distance 
between parallel diagonal lines in RP (Fig. 10a,b) is a result 

om the period of function of bubble lateral displacement 
80 points (about 5 [Hz] ) (Marwan et al., 

RR) represents the percentage 
recurrence points in RP (Marwan et al., 2007). The re-

currence rate corresponds to the correlation sum (Marwan 
he number of recurrence points increases 

with increase of frequency of bubble departure (Mosdorf 
Because all recurrence plots have 

been constructed basing on a single bubble trajectory, there-
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fore the increase of RR is a result of increase of complexity 
of attractors. 

Fig. 10. Recurrence plots for different frequencies of bubble d
partures fb. a) fb = 0.9 [Hz], b) fb = 4.1 [Hz
c) fb = 13.6 [Hz], d) fb = 17.2 [Hz], e) fb = 31.7
f) Test path 

linear analysis of bubble paths in bubble chain 

is a result of increase of complexity 

 
Recurrence plots for different frequencies of bubble de-

Hz],  
= 31.7 [Hz],  

Fig. 11. The inverse of Lmax (DIV) and 
 and RR 

A diagonal line occurs in the 
trajectory runs parallel to another segment and the distance 
between trajectories is less than 
agonal line is determined by the duration of this phenom
non. Determinism (DET) is a percentage of recurrence 
points which form diagonal lines (Marwan et al., 2007). 
The DET can be treated as a measure of disappearance 
of spiral shape of the attractor.  

Ratio coefficient RATIO is a ratio of 
as Marwan et al. (2007): 
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In Fig. 11 the RATIO vs frequency of bubble departure 
has been show. For frequency of bubble departure
than 30 [Hz] the coefficient RATIO
trend line. The oscillations become small for 
Obtained results indicate that effect of interaction between 
subsequent bubbles which destroy the spiral motion of the 
bubble can be detected by coefficient 
cies of bubble departure greater than 30
frequency the large fluctuation around the trend line are 
observed.  

The longest diagonal line Lmax

tical length of bubble path where the phenomenon of stabi
ity loss does not cause the rapid changes in bubbles path 
character. The inverse of Lmax 
(2007): 

/-0 �  �
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and it is related with the KS entropy of the system, i.e.
the sum of the positive Lyapunov exponents 
2007). In Fig. 11 it has been shown the function of DIV vs
frequency of bubble departure. 

The positive Lyapunov exponents is a measure of inst
bility of system trajectory. Obtained results show that bu
ble paths become more unstable when bubble departure 
frequency increases. The rapid increase of instability 
of bubble paths is observed for bubble dep
greater than 30 [Hz].  

4. CONCLUSIONS 

In the paper the paths of bubbles emitted from the no
zle with frequency of bubble departures which ranged from 

 
and the ratio between DET  

occurs in the RP when a segment of the 
trajectory runs parallel to another segment and the distance 
between trajectories is less than ε. The length of this di-
agonal line is determined by the duration of this phenome-

is a percentage of recurrence 
s which form diagonal lines (Marwan et al., 2007). 

can be treated as a measure of disappearance 
 

is a ratio of DET to RR defined 

(7) 

the RATIO vs frequency of bubble departure 
For frequency of bubble departures less 

RATIO oscillates around the 
trend line. The oscillations become small for fb > 30 [Hz]. 
Obtained results indicate that effect of interaction between 
subsequent bubbles which destroy the spiral motion of the 
bubble can be detected by coefficient RATIO for frequen-
cies of bubble departure greater than 30 [Hz]. Before these 

fluctuation around the trend line are 

max determines the mean ver-
tical length of bubble path where the phenomenon of stabil-
ity loss does not cause the rapid changes in bubbles path 

 is defined as Marwan et al. 

(8) 

entropy of the system, i.e. with 
the sum of the positive Lyapunov exponents (Marwan et al., 

it has been shown the function of DIV vs 
 

The positive Lyapunov exponents is a measure of insta-
bility of system trajectory. Obtained results show that bub-
ble paths become more unstable when bubble departure 
frequency increases. The rapid increase of instability 

ubble paths is observed for bubble departure frequency 

In the paper the paths of bubbles emitted from the noz-
zle with frequency of bubble departures which ranged from 
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1 to 36 Hz have been analyzed. The frequency analysis and 
recurrence plots have been used to determine the strength 
of interaction between bubbles in the bubble chain. 

The wavelet analysis shows that the time of stable oscil-
latory bubble movement with oscillation frequency about 5 
[Hz] decreases together with the increase of bubble depar-
tures frequency. Qualitative analysis of this phenomenon 
prepared with using the Recurrence Plot method has shown 
that the increase of frequency of bubble departure causes 
decrease of number of the recurrence points which form 
diagonal lines. This confirms that periodic character 
of oscillatory trajectory disappears with the increase 
of frequency of bubble departure. The length of the longest 
diagonal line can be used to estimate the stability of bubble 
trajectory. It has been found that the rapid increase of insta-
bility of bubble paths is observed for bubble departure fre-
quency greater than 30 [Hz].  

The average length of the vertical lines of RP indicates 
a time in which a bubble trajectory changes very slowly. 
This time is equals to ~0.05 s and corresponds to time delay 
obtained using the minimum mutual information method. 

It has been found that the rapid increase of instability 
of bubble paths is observed for bubble departure frequency 
greater than 30 [Hz]. In this case the distance between sub-
sequent departing bubbles (S/D) becomes close to 1. 
It causes that the vertical interaction between departing 
bubbles is enough strong to change the dynamical proper-
ties of bubble paths.  
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