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Abstract: The positive switched 2D linear systems describethb general models are addressed. Necessaryuéiuiest
conditions for the asymptotic stability of the go& switched system are established for any switchThe considerations

are illustrated by numerical examples.

1. INTRODUCTION

In positive systems inputs, state variables anguist
take only non-negative values. Examples of positys-
tems are industrial processes involving chemicattas,
heat exchangers and distillation columns, storagtems,
compartmental systems, water and atmospheric pilut
models. A variety of models having positive linbahavior
can be found in engineering, management scieno@oat
ics, social sciences, biology and medicine, etc.

Positive linear systems are defined on cones and no
on linear spaces. Therefore, the theory of possiygtems
is more complicated and less advanced. An overview
of state of the art in positive systems theory iseqg
in the monographs Farina and Rinaldi (2000) andzKeak
(20009).

The most popular models of two-dimensional (2D) lin
ear systems are the discrete models introduceddegser
(1975), Fornasini and Marchesini (1976, 1978) andeK
(1985). These models have been extended for pestis-
tems in Kaczorek (1996; 2005) and Valcher (1997).
An overview of standard and positive 2D systemithe
is given in Bose (1985), Gatkowski (2001) and Kaeko
(1985) and some recent results in positive systhenge
been given in Kaczorek (1996, 2001, 2002, 20057208,
2009). The stability of switched linear systems bhagn
investigated in many papers and books (Colaner®920
Liberzon, 2003, 2009; Sun and Ge, 2004). The disture
decoupling problem for switched linear continuoinset
systems by state-feedback has been consideredsirk#t
(2010) and the stabilizer design of planar switchiedar
systems in Hu and Cheng (2008).

In this paper the positive switched 2D linear systée-
scribed by the general models will be considered. dNall
analyze the following question: When is a positwétched
2D linear system defined by linear general models
and a rule describing the switching between theymas
totically stable. It is well known (Liberzon, 2002009)
that a necessary and sufficient conditions foriktalunder
arbitrary switching is the existence of a commomjynov
function for the family of subsystems. This resuitl be
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extended for positive switched 2D linear systenscdbed
by the general models.

The paper is organized as follows. Preliminaries e
problem formulation are given in section 2. The mMmee-
sults of the paper are presented in section 3, avheces-
sary and sufficient conditions are establishedHerasymp-
totic stability of the positive switched 2D lineaystems
described by the general model for any switchiligstrat-
ing examples are presented in section 4. Concluding
marks are given in section 5. In Appendix the d&fin
of equilibrium point is given and the formula detéming
the point is derived.

To the best of the author's knowledge the positive
switched 2D linear systems have not been considered

2. PRELIMINARIES AND THE PROBLEM
FORMULATION

Let O™M be the set ofnxm real matrices. The set
nxm matrices with nonnegative entries will be denoted
by OF™ and 07 =0F%. A matix A=[g;]00™™

(vectorx) is called strictly positive and denoted Ay 0
(x>0)ifag>0 fori=1,..n;j=1,...m The et of non-
negative integers will be denoted By and then x n iden-
tity matrix will be denoted by,

The general model of 2D linear system has the form

(Kurek, 1985):
><i+:|,j+1=z()xi,j +zlxi+:|,j +R2Xi,j+1 (2.1a)
+§0ui,j +§lui+l.j +§2Ui’j+1

Yi.j =Cx,j+Dy j,i,ji0Z,. (2.1b)

wherex ; 00", y ; O0™ andy; ; OOP are the state,
input and output vectors and
A OO™" B, OO™M k=012; CcOOP”™,

DooPm,
Boundary conditions for (2.1a) have the form



XioOO",i0Z, andxo; O0O", jOZ, (2.2)

The model (2.1) is called (internally) positive geal
model if % ; og?, and ¥ i goP.i,joz, for any non-
negative boundary conditions

xio00%,10Z,, %; 00%, jOZ, (2.3)

and all input sequencas ; 0OY,i,j0Z,.

Theorem 2.1.[13] The general model is positive if and
only if

A OOF", B, OOP™, k=012

- . (2.4)
cooP" pooppm

The positive general model (2.1) is called asynigpadly
stable if for any boundary conditions (2.3) andoziputs
ui,j =0, I,J DZ+
lim % ;=0 (2.5)

l,] »00

Theorem 2.2.(Kaczorek, 2009) The positive general model
(2.1) is asymptotically stable if and only if tkeexists

a strictly positive vectold 007 such that

[A-1,J1<0,and A=Ay +A + A, (2.6)

Theorem 2.3.(Kaczorek, 2009a, b) The positive general
model (2.1) is asymptotically stable if and onlyh& posi-
tive 1D linear system

X4 = AX

is asymptotically stable, where matri is given by (2.6).
Theorem 2.4.(Kaczorek, 2009) The positive general model
is asymptotically stable if and only if one of tf@lowing
equivalent conditions is met:

- Eigenvaluesz,,...,Z, of the matrix A have modules
lessthan 1, i.e.

2.7)

7| <1 for k=1...,n 2.8a)
|

— All coefficients a;,i = 01...,n—1 of the characteristic
polynomial

N2) =det],(z+1) - Al =2" +a,_12" L +..+ gqz+a, (2.8b)

are positive, i.eg; >0,i = 01...,n—1.
— All principal minors of the matrix

1 &2 a1

A _ l|la,, a a

A=l,-A=|"2 2 2n (2.8¢)
an  an2 Ann

are positive, i.e.
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Q1 A2

1 Ao

&41>0, > Q...detA>0 (2.8d)

Consider the switched positive system consisting
of g autonomous positive general models of the form

X+1j+1 = A0%,j T A+ TAX 4. =20 (29)

It is assumed that in the poifp; .t;), p.ti 0Z,,i =1...,9
the matrices of the general model jump instantasigou
from Ay to Ay for somei# j, i,j=1..,q9; k=012,

The following question arises: when the switcheditpae
general model (2.9) is asymptotically stable forergv
switching if every positive general model of the seas-
ymptotically stable.

3. PROBLEM FORMULATION

To simplify the notation it is assumed= 2. In this case
the switched positive system consists of two pesitjen-
eral models

Xi+1j+1 = AoXi,j t A T A2X j+ (3.1a)

Xi+1j+1 = A20Xj T AorXi+j T Ao2X j+1 (3.1b)

where A, OO, 1=12; k=012 and the switching
between them occur in the points

(Pt (Pt ) (P st - (3.2)
satisfying the condition
Pk+1 2 Pk » tk+1 Ztk and Px+1 +tk+1 > Py +tk! (33)

k=12...

Theorem 3.1. (Kaczorek, 2001) The solution of the
autonomous § j =0, i,j0Z,) positive general model

(3.1a) with boundary conditions (2.3) is given by

i-1
%) =Ti-1j-1A0%00 * ElTi -t-1j-1P0%t0

j-1 i
+ X T j-v-1A0%ov + XTi—t j-1A1%0 (3.4)
v=1 t=1
i
+ zTi—:Lj—vAZXOv
v=1
where the transition matri¥; is defined by
In for i=j=0
Tij =3 AoTi-1ja + AoTi—gj + Al jg fori, j20(i +]>0)
0 for i<0orj<O0
(3.5)

Using (3.4), (3.5) and the boundary conditions 2.3
we can compute the state vectqr for i, j0Z, .
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Theorem 3.2.The switched positive system (3.1) is asymp-
totically stable for any switching (3.2) satisfyig.3) only
if both positive models (3.1) are asymptoticallgtde.
Proof. Without loss of generality we may assume that the
first model (3.1a) is asymptotically stable and #ezond
(3.1b) is unstable. For any bounded boundary cimmdit
(2.3) using (3.4), (3.5) and the first model we ncaynpute
boundary conditions for the second model which \#l
bounded since the first model is asymptoticallybkgta
In the similar way we may compute the boundary ¢ond
tions for the first model but those boundary cdods will
be greater than those for the second model sirisauitsta-
ble. Therefore, the switched positive general madélbe
unstable.

In (Kaczorek, 2007) it was shown that for positive
model (2.1a) as a Lyapunov function a linear form

V(xij)=/lTxij can be chosen, wherd 007 is strictly

positive.
For the switched positive system consisting of {desi
models (3.1) we choose Lyapunov functions in thenfo

Vi(xi) = A x5 andVa (x;) = AT X (3.6)

where the strictly positive vectord; and A, satisfy the
equations

M=AM+L, =P +A, 1= 1 .. 17007 (3.7)
and A = At Aq + A, k=12,

If A; andA, are Schur matrices then from (3.7) we have

M=~ Al ™M, and Ay =[1, = Al M (3.8)

Remark 3.1.From the comparison of (3.3) and (A.2), (A.3)
it follows that asi; we can choose equilibrium poirt
for Bu= 1, and asl, the vectorx, for Bu=24,.

Lemma 3.1.The function

Vo (%) =A2" x; (3.9)

is a common Lyapunov function for the both positgen-
eral models (3.1) if

Ak = RoA
Proof. The function (3.9) for both positive Roesser medel

(3.1) for strictly positive A, 00O is positive if and only
if x; #0. Note that the dual general models

(3.10)

Xi+lj+1=AlOTXi,j +A11T><i+1,j +A12Txi,,-+1 (3.11a)

)<i+1j+1=A20T><i,j +A21T><i+1j +A22Txi,j+1 (3.11b)
are positive and asymptotically stable if and dhtye cor-
responding general models (3.1) are positive ayinps
totically stable (Kaczorek, 2007). Taking into agob
Theorem 2.3 and using (3.9) for the positive genmiadel
(3.1a) we obtain

AV (%) =g [AL = 101X
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(3.12)

and

Aol =M = Al 13)

since A, = A2TA2 +A.

Substitution of (3.13) into (3.12) yields

AV (%) = A 1 = Al AL = I
=M A= Tl = A2l (3.14)
= _1nT[| n-— Az]_lxij <0

for every x; O of, xj #0, since (3.10) implies

[Ar = 1[In = A 7=[1, — A [A —1,] and the sum of en-
tries of each column of the matrix'fl, — A;] ™ is positive
for the positive asymptotically stable general md@aelb) .

Similarly, using (3.9) for positive general modaly1b)
we obtain

AV (%) =g [AgT = 14]%; <O (3.15)

for everyx; 007, x; #0, sinced, [AT —1,1<[0 ... 0].

Theorem 3.3.Let the matricesy, andA; of (3.1) satisfy the
conditions (3.10). The positive switched systeml)3.
is asymptotically stable for any switching (3.2)isfging
(3.3) if and only if the positive models (3.1) asymptoti-
cally stable.
Proof. Necessity follows immediately from Theorem 3.2.
If the condition (3.10) is met and the models (&8 as-
ymptotically stable then by Lemma 3.1 the functi@m)
isa common Lyapunov function for the positive nede
(3.1) which satisfies the conditions (3.14) and1%3.
Therefore, the positive switched system (3.1) igrgsoti-
cally stable.
Remark 3.2.1t is well-known (Kaczorek, 2001) that substi-
tuting B, = B, = 0 into (2.1) we obtain the first Fornasini-
Marchesini model and substitutingyb = 0 andBy, = 0
we obtain second Fornasini-Marchesini model.

Consider the positive 2D Roesser model (Kaczorek,

2001):
|:§:+l‘j :| = |: 21 2{”: ﬁi :| +|: :lzl:| U ; (3.16a)
¥, =[G C2]|:2h]:|+ Dy, ij0Z (3.16b)

i

where x"; OO and x';00% are the horizontal
and vertical state vectors at the poifitj) U; ool

and yi,jDDf are the input and output vectors

and Aq 00X k=12 B;,00™WM B,,00%M

c,ooPn, c,0o0P™, pogPm,
The positive 2D Roesser model (3.16) is a particula
case of the positive second Fornasini-Marchesirdehfor



(3.17a)

0 O A1 A
A {Azl Azz} & [0 0}’

o)y

Therefore, the presented results are also validtter
positive Fornasini-Marchesini models and the positi
Roesser model.

(3.17b)

4. ILLUSTRATING EXAMPLES

Example 4.1.Consider the positive switched system con-
sisting of two general models (3.1) with the masic

_[o5 03 1 05 _[o5 02
A=l o o1 M1%(0 02 27 o o1

_[oos5 0 Jo o _[o0o5 0
A20= 02 01l ™ 7oa aos] 27| 03 005
4.1)

and the boundary conditions

System [ s}

Fig. 1a. State variables of the first system with

System 11 2],

4

Fig. 1b. State vector for second system with
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— 1 — — 0 H -
xoo—l, X0 =Xgj = ol i,j=12.. (4.2)
The switching occurs between them in the points
(2D,(33),(54),(66),... )
The first model is unstable since the matrix

A =Ag+tAqt A&zz{g 014} has one diagonal entry
greater than 1 (Kaczorek, 2009) and the second Imode
is asymptotically stable. By Theorem 3.2 the puositi
switched system is unstable since i+ o (Fig.1).

Example 4.2.Consider the positive switched system con-
sisting of two general models (3.1) with the magsic

[o1 oos] ~ [o2 oos] . [o1 O
Alo{o.l 0 } A“'[o.l 0.1}’ A”'[o.l O.J’
03 0 01 01 02 01
A20={0.2 0.1} AZl:[o.z 0} A22=[o.2 0.1}

and the boundary conditions (4.2).

(4.4)

System |8 =7,

Syste 11 cl
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Switcherd system; o H Switched system: L

2 & B

'X

=

Fig. 2. State variables of the system with switches

y : Switahed svetom: x)
Switched sysboo: 7y . el ¥

Fig. 3. State variables of the system with switches

The switching occur between them in the points)(4.3 REFERENCES
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APPENDIX

Consider the positive asymptotically stable general
model (2.1) for the positive constant inpryt=u.
Definition A.1. A statex, satisfying the equation

Xe=Axe+Bu A=Ay +A+A, B=By+B +B; (A1)

is called the equilibrium point of the positive awtoti-
cally stable general model (2.1) for 0.

Theorem A.1.The equilibrium point of the positive general
model (2.1) is given by

e =[1 =A] 1Bu. (A.2)

Proof. If the system is asymptotically stable then therixa
[I - A] is invertible and from (A.1) we obtain (A.2).

From (A.1) it follows that for positive general nadx,
is strictly positive ifBuis strictly positive vector.

In  particular case from (A2) for Bu=1,,

1, =1 .. 1]T 007 we obtain strictly positive vector

Xe =[1 -A] ™1, >0. (A.3)
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