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COMPLEX-HARMONIC ANALYSIS OF ELECTRIC CIRCUIT CONTAINING
A VIBRATING-PLATE CAPACITOR
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Abstract. 4 complex-harmonic analysis technique was used for mathematical analysis of electric circuit containing a vibrating-plate capacitor. An equation for the transducer
Sfunction of such a circuit is obtained. Amplitude and phase frequency characteristics of a circuit were calculated using a MathCAD program. Recommendations on implementation
of a different frequency characteristic’s parts in a measurement system design are formulated on a basis of graphical analysis.
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Analiza widmowych skladowych zespolonych obwodu elektrycznego
zawierajacego kondensator z wibrujacg okladka

Streszczenie. Technika analizy zespolonych sktadowych widmowych zostala wykorzystana do matematycznej analizy obwodu elektrycznego zawierajgcego
kondensator z wibrujgcq oktadkq. Otrzymano funkcje przetwarzania takiego uktadu. Amplitudy i fazy charakterystyki czestotliwoSciowej takiego ukiadu
obliczono przy uzyciu programu MathCAD. Na podstawie graficznej analizy sformutowano zalecenia dotyczgce stosowania réznych czesci charakterystyki

czestotliwosciowej w konstrukcji uktadu pomiarowego.

Slowa kluczowe: obwody nieliniowe, kondensator z wibrujaca oktadka, charakterystyka czestotliwo$ciowa, analiza zespolonych sktadowych widmowych

Introduction

Vibrating-plate capacitors are often used in such devices as
capacitor microphones, micromechanical accelerometers, Kelvin
probe electrometers etc. Performance and metrological character-
istics of measuring instrument containing a vibrating-plate capaci-
tor depends on transducer characteristic of the latter. So the defin-
ing of this characteristic is an important task in the field of meas-
uring instruments development. This matter is of particular inter-
est in contact potential difference (c.p.d.) measurements which are
commonly held via using a vibrating capacitor Kelvin probe [4].
In such case input signal is surface potential or c.p.d. which can be
expressed as DC voltage and output signal is AC voltage. Difficul-
ties in calculation of vibrating-plate capacitor's transducer charac-
teristic are tied with non-linear character of differential equation
that describes a corresponding circuit [1]. It makes a solution of
this equation highly non-trivial.

To solve this problem an implementation of complex-
harmonic analysis is proposed. This approach will simplify an
analysis of highly non-linear circuit and allow calculating a com-
plex transducer factor of electric circuit containing a vibrating-
plate capacitor as well as phase-frequency characteristics of such a
circuit. Results of such calculation can be used as basis for pro-
posals on improvement of transducer’s characteristics.

1. Complex-harmonic model of a circuit contain-
ing a vibrating-plate capacitor

The vibrating-plate capacitor, also known as Kelvin probe, is a
parallel-plate capacitor where one plate is moving in respect to
another in periodical manner. In the most common case of har-
monic oscillations of capacitor's plate a gap between these two
plates can be expressed as:

d(t)=dj~d, cosor (M
where d is an average gap between plates (a gap without vibration

applied); d, is vibration amplitude; o is vibration circular frequen-
cy; and ¢ is time.

Let's implement modulation factor ,; = dl / dO . The equation

(1) can be rewritten in the form:
d(t):do(l—m)coswt- (2
So the electrical capacity between two plates of vibrating-plate
capacitor can be expressed as:
eed 1 3)
d(t) Ol-mcosor

Cn=

where ¢ is relative electrical permittivity of media between plates
(e = 1 in the case of vacuum and €~ 1 in the case of air);
g, =8,85-107'% is absolute electrical permittivity of vacuum; 4 is

plate's area (an area of a smallest plate in a case of non-equal
plates; in a particular case of Kelvin probe 4 is a probe's tip geo-
metrical area); and Cy is an average capacity of vibrating-plate
capacitor.

In a measuring device a vibrating-plate capacitor always acts
as an element of some electrical circuit. In the most common case
this circuit includes, besides vibrating-plate capacitor, an input
impedance Z;, of a cascade next to vibrating-plate capacitor. Con-
sidering Z;, as a fully active resistance (which is correct for most
practical cases) we may substitute it by active resistor R;,. Meas-
urement signal acts as a voltage between capacitor's plates, so in a
substitution scheme that is shown in Fig. 1 there must be a voltage
source V¢ coupled with a vibrating-plate capacitor C(¢) in a suc-
cessive manner.

In a presence of electrical charge on capacitor's plates a modu-
lation of capacity as expressed in (3) will produce an electrical
current i(f) in the circuit. Under the Kirchhoff's rules, the equation
for voltages and currents in a given circuit must be:

V. =i0R, +V (1), “4)

where V(¢) is output AC signal due to modulation of capacity as
mentioned above.

Fig. 1. Substitution electrical scheme of a measuring device with a vibrating-plate
capacitor.

Rys. 1. Elektryczny schemat zastgpczy uktadu pomiarowego z kondensatorem z
wibrujqcg okladkq.

This equation can be rewritten in differential form:

Ve _dow , 0w )
R, C(1) ’

R. dt
in

plates.
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The main problem in solving the equation (5) is ultimately
non-linear character of C(z) which is defined by the equation (3).
The capacity C(f) can be expressed as a sum of static capacity
Cy and its deviation AC(?):
C(t) = C, +AC(?). (6)
The capacity deviation can be found by substitution of C
from (3). The result is:

mC, cos ot
_"C 7)
AC(t) = .
® 1—mcos ot

This equation is not a classic harmonic function, and the de-
gree of non-linearity increases with increasing of modulation
factor m. Graphical representation of function AC(#) for some m
meanings is given in Fig. 2.
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l\)|;|

Fig. 2. Capacity deviation vs vibration angular phase wt for different meanings of
modulation factor m. Y axis scale is in conventional units.

Rys. 2. Zmiana pojemnosci w zaleznosci od kqta fazowego wibracji wt dla réznych
wartosci glebokosci modulacji m. Na osi Y jednostki umowne.

It can be clearly seen that AC(f) vs ¢ graph becomes highly
nonsymmetrical with m > 0,1. It means that C(¢) proceeds in non-
symmetrical manner as well and particularly that static capacity C,
can not be determined as mean value of C(7).

To solve the equation (5) with function C(f) determined by (6)
and (7) we may integrate it using an integration scaling factor p
which is determined by:

dt} ®

1
o epr R,C(1)

It leads to a generic solution in the following form:

Q(t)—V—ex L _m CosSmt X
R P R.C, ®RC, )

I exp| ——— cosot Wt.
0 R C (DRinCO
This solution is practically useless because of impossibility to

express an integral like Iexp[ t ) o5 t]dt via ele-
0 RmC R CO

in

mentary functions.
So the common approach employed particularly by D.M. Tay-
lor [3], is to use an approximate equation:

Yo _AC 4 (10)
VC CO dO

This approximation is only valid for very large time constant

of input circuit R,C,2 Z_H which is rarely observed in meas-
(O]

urement practice. Moreover, many applications (like capacitive
microphones, rapid measurement systems etc.) require ultimately
small time constant. So we need to found a generic solution of (9)
without this simplification.

So far it was decided to use a method of complex harmonic
analysis developed by G.E. Puchov [2].
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The method is based on finite limits Laplace and Fourier
transformations which are given as:

* 2

F :ije_ ot ¢y, (11)

n

where F * is a complex image of a real argument function f{r)
n

that represents a complex amplitude of function's ™ harmonic (n
=0, 1,2, ...) on a time section [0, 7]; T is a period where function
A(¢) is measured; and j is an imaginary unit.

Using a transitional operator K, which describes a transition
from a real pre-image to it's complex image we can write

-k [10)]

The reverse transformation from a complex image to a real
pre-image can be made just by summing of a trigonometrical
Fourier row:

. _ 1 & * 7'nml_F0
f(t)_Tjn;wF’1 e’ —Tj+ (12)

+ z Fn sin( nwt + (pn),

where F, and @, are amplitude and phase of function f{¢) n™ har-
monic respectively. They can be calculated as:

_ * *2 (13)
F —\/(Ran )+(Ian )
and
ImF *
@n = arctg n N (14)
Ran*

where Re F*, and Im F*, are real and imaginary part of com-
plex number Fn* respectively.

We can apply (11) to the equation (7) taking a period of vi-
brating-plate capacitor's oscillations 7 _ 27 as integration limits.

®
In accordance with employed definitions, a complex image of
function Q(f) can be written as — 0 *. Consequently,
K [o0]=0, quently

image of derivation of this function will be:
oW | .« (15)

Kn[ o 7]ncan .

Taking into account the rule of multiplication of a pre-image
on a constant we can write:

X F@}LK{@} (16)
n| R, C@t)| R, "|C()
and
X [UC}UCKW [, (17
n Rin Rin
where K, [1] is a complex image of a unit function:
K [=172""" (18)
n 0,n#0
Using the conditional term 1 _ N We get:
c@®
K |1 |-k [N]=N,. (19)
nLC®

An image of two functions' product can be written as [4]:

N 20
|:C(t)Q()}JVZ_;c"VV ZV”V .

Taking into account expressions (15), (16) and (20) we can
obtain a complex image of the equation (6) in a form of a system
of algebraic equations which can be written as following:

z N¥*o* =&Kn [1] @1
j2Rin v=- von-v Rin

Coefficient C(r) from equation (3) can be
equation (20). Next, implementation of transforma
us:

. *
+
jnoQ”

substituted into
on (11) gives
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é—z,v:o
0 (22)
N ==Ly -0
o
0,v=#0

Substitution of N * from (22) and K,[1] from (18) together
n

with use of an image's feature 0* = _* [2] gives us:
-n n
UG
—_—
om =9
2 *
9
* *
Q*:ﬁQn—l+Qn+1 (23)
n i ’
2 ljna)RHCO +1

where Ql is a complex coupled to O, number.

The solution of (23) with respect to (12)-(14) is an infinite
sum of harmonics which can be expressed as:

Q(t):QO+Q1 sin(o)t+(p1)+Q2 sin(o)t+(p2)+ 24)
+...+Qn sin(®? +(pn)+....

For practical purposes we need to cut this row by some finite
number of n harmonics. Therefore the solution obtained will not
be the exact one, but we can reduce a calculation error to any
desired limit by proper selection of » making it acceptable for
engineering purposes [5].

A response of a measuring system containing a vibrating-plate
capacitor can be found by differentiation of equation (24). A result
of differentiation gives us a current in the circuit. Consequently, a
voltage response of a measuring system can be found from Ohm's
law via multiplying it on load resistance R;,. A transducer factor
can be calculated by dividing of output voltage U(r) by input

voltage Ucas 4 = w . After calculations we obtain:

Uc
4=YO _LOR, oot +,)+
U, Ue
b (25)
+%sin(2mt+@z)+“'+
U,
L POOR, o (ot + ).
C

All the Q; meaning can be calculated from (23) for any set of
circuit's parameters. The equation (25) gives us a transducer func-
tion of electric circuit containing a vibrating-plate capacitor which
was effectively resolved by complex-harmonic analysis technique.

2. Numerical analysis of amplitude and phase fre-
quency performance of a circuit with vibrating-
plate capacitor

In most applications it's necessary to know a complex fre-
quency response of a given circuit. Another task, closely related to
the former, is optimization of circuit parameters to obtain a de-
sired frequency characteristic. From this point of view, we can use
equations (23) and (25) for mathematical modeling of circuit's
behavior with respect to its parameters. As these we can choose a
vibrating-plate capacitor's static capacity Cy, a load resistivity R,
a vibration frequency o, and a modulation factor m. We used a
standard MathCAD program to calculate corresponding ampli-
tude-frequency and phase-frequency characteristics. Graphical
results of calculations are given in Fig. 3. Plots are made in loga-
rithmical scale.
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n is harmonic's number; m is modulation factor.

Fig. 3. Normalized amplitudes and phases of output signal of a circuit containing a
vibrating-plate capacitor as a function of normalized frequency wRyC, for different
modulation factor values.

Rys. 3. Znormalizowane amplitudy i fazy wyjsciowego sygnatu uktadu z kondensa-
torem z wibrujgcq okladkg w funkcji czestotliwosci znormalizowanej wRyC dla
roznych wartosci wspotczynnika modulacji.

The resulting plots are clearly divided into three segments
with different amplitude and phase combinations on each. They
can be characterized as following:

Segment 1: a low-frequency segment where wR,C, < 0,1 .

Phases of first three harmonics in this part are roughly equal, all
about P z% . Normalized amplitudes of these harmonics are

raises in monotonous manner with frequency increases. Higher
harmonics are expressed significantly here resulting in a high
distortion factor value. Therefore the circuit itself can be charac-
terized as significantly non-linear on low frequencies. However, in
some applications it can be judged as a positive feature. For ex-
ample, Kelvin probe measuring system with unshielded electro-
magnetic or electrostatic actuator will generate noise on an actua-
tor's frequency. To improve SNR (signal-to-noise ratio) one could
use a second or higher harmonic of a signal, which is considerably
strong on low frequencies, and a rejection filter to suppress a
noised first harmonic.

Segment 2: a medium-frequency segment where
0,l <wR,C, <10 .It's a transitional section where phases of all

the harmonics are changing continuously with frequency, but with
different slopes. It means that harmonic distortion factor value will
be high and unstable with frequency. In line with it, amplitudes of
harmonics demonstrate different behavior in this segment. The
first harmonic changes its slope from positive to zero, becoming
then constant with frequency. The second and the third harmonics
reach their particular maximums in this segment than gaining a
negative slope, therefore becoming descending. High and instable
value of harmonic distortion factor makes this segment of fre-
quency characteristic unsuitable for practical purposes in measur-
ing instruments development.

Segment 3: a high-frequency segment where wR, C, >10 .

On high frequencies the first harmonic becomes dominant while
other harmonics descent quickly with frequency. The descent rate
grows with harmonic's number, so the harmonic distortion factor
value lowers. Phase shifts became different but constant for each
harmonic, getting values ?, z_% RS _3% . The first har-

monic keeps its phase shift at zero level, ¢, = 0. Therefore this

segment of frequency characteristic is preferable for measuring
systems working on the first harmonic of output signal.

It's notable that amplitudes of all the harmonics rise quickly
with modulation factor m. The raise is more pronounced for higher
harmonics, so the harmonic distortion factor lowers with modula-
tion factor growth. Moreover, when m — 1 amplitudes of the
second and even of the third harmonics become higher than that of
the first harmonic. Again, this mode can be nsed when developing
a system working on high harmonics of a signal. On other hand,



high sensitivity of these harmonics to modulation factor value
requires a thorough handling of a probe-to-surface gap.

1. Conclusions

1. A transducer function of electric circuit containing a vi-
brating-plate capacitor is obtained using a complex-harmonic
analysis technique. An analytical solution of corresponding equa-
tion is obtained in the form of an infinite sum of harmonics, so it
can’t be used as an exact solution in engineering practice. Never-
theless, this row can be cut by some finite number n of harmonics
giving a certain calculation error which can be reduced to any
desired limit by proper selection of .

2. A numerical calculation of amplitude- and phase-
frequency characteristics of a circuit containing a vibrating-plate
capacitor gives us three distinguishable segments. In a low-
frequency segment normalized amplitudes of the first three har-
monics are raises in monotonous manner with frequency increas-
es. Higher harmonics are expressed significantly here resulting in
a high distortion factor value. A medium-frequency segment is
characterized by rapid change of all the harmonics’ phases with
frequency. The second and the third harmonics reach their particu-
lar maximal values here. In a high-frequency segment the first
harmonic becomes dominant while other harmonics descent
quickly with frequency.

3. The results of calculations show that the raise of modula-
tion factor m leads to the raise of all the harmonics’ amplitudes.
The effect is more pronounced for higher harmonics, so the distor-
tion factor increases for higher m meanings.

4. Recommendations on the results of analysis and calcula-
tions could be the following. A low-frequency (wR,C, < 0,1)

segment of frequency characteristics is characterized by strong
distortion factor and therefore can be used for measurements on a
second or higher harmonic of a signal, that can improve a signal-
to-noise ratio by a rejection of a noised first harmonic. A medium-
frequency (0,1 < @R, C, <10 ) segment is non-preferable for
any measurement purposes due to high sensitivity of an output
signal to small frequency shifts, gaining a high measurement error.
In contrast to it, a high-frequency (wR,C, >10) segment is
preferable for measurements on the first harmonic of a signal. This
part is characterized by least frequency dependence of a first
harmonic and rapid lowering of higher harmonics with frequency.

IMPREZY SPECJALISTYCZNE
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For the higher sensitivity of a measurement system a modulation
factor m could be greatened, but the high sensitivity of the second
and higher harmonics to modulation factor value requires a thor-
ough handling of a probe-to-surface gap in this mode.
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