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Abstract: Let X,Y be real Banach spaces. Let Z be a Banach
space partially ordered by a pointed closed convex cone K. Let f(-)
be a locally uniformly approximate convex function mapping an open
subset Qy C Y into Z. Let Qx C X be an open subset. Let o(-) be
a differentiable mapping of 2x into 2y such that the differentials

of O"m are locally uniformly continuous function of z. Then f(o(-))

mapping X into Z is also a locally uniformly approximate convex
function. Therefore, in the case of Z = R™ the composed function
f(o(+)) is Fréchet differentiable on a dense Gs-set, provided X is
an Asplund space, and Gateaux differentiable on a dense Gjs-set,
provided X is separable. As a consequence, we obtain that in the
case of Z = R"™ a locally uniformly approximate convex function

defined on a C’E’u—manifold is Fréchet differentiable on a dense G-
set, provided E is an Asplund space, and Gateaux differentiable on
a dense Gg-set, provided E is separable.

Keywords: vector valued functions, strongly a(-)-K-paracon-
vexity, differentiable manifolds, Gateaux and Fréchet differentiabil-
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1. Introduction

Let (X, |.|]) be a real Banach space. Let Z be a Banach space partially ordered
by a pointed closed convex cone K. Let f(-) be a continuous function defined
on an open convex subset 2 C X. We say that the function f(-) is K-convex if,
for0<t<1,

flte+ (1 —t)y) <k tf(z)+ (1 =1)f(y)

(in other words

tf(@)+ (1 -1)f(y) € f(tz + (1 —t)y) + K)
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for all z,y € Q and for ¢, 0 < ¢t < 1 (see, for example, Jahn, 1986, 2004,
Pallaschke and Rolewicz, 1997).

In the case of Z = R and K = {z € R : z > 0} we obtain the classical
definition of a convex real-valued function.

We recall that a set B C Q2 of second Baire category is called residual if its
complement Q \ B is of the first Baire category (i.e. it is a countable union
of nowhere dense sets). Mazur (1933) proved that for each continuous convex
real-valued function f(-) there is a residual subset Ag such that on the set Ag
the function f is Gateaux differentiable. Asplund (1968) showed that if in the
dual space X* there exists an equivalent locally uniformly rotund norm, then
for each continuous convex real-valued function f(-) there is a residual subset
Ap such that on the set Ar the function f is Fréchet differentiable. The spaces
X such that for the dual space X* there exists an equivalent locally uniformly
rotund norm are now called Asplund spaces. It can be shown that each reflexive
space and spaces having separable duals are Asplund spaces. Even more, a space
X is an Asplund space if and only if each its separable subspace Xy C X has a
separable dual (Phelps, 1989).

Basing on a uniformization of the notion of approximate subgradient intro-
duced and developed by Ioffe and Mordukhovich (see Toffe, 1984, 1986, 1989,
1990, 2000; Mordukhovich, 1976, 1980, 1988, 2005a, 2005b) and adapting the
method of Preiss and Zajicek (1984) the author extended the Mazur and As-
plund results on larger (than convex) classes of function called strongly «f(-)-
paraconvex functions (Rolewicz, 1999, 2001a, 2001b, 2002, 2005a, 2005b, 2006).
We say that a function f(-) is uniformly approximate convex if there is a function
a(-) (satisfying certain conditions) such that f(-) is a strongly «(-)-paraconvex
function.

In the papers by Rolewicz (2007, 2009) it was shown that if o is a mapping of
a convex open set into a convex open set, such that the differentials * of o, do|_,
are locally uniformly continuous in the norm topology, then the composition
of a locally uniformly approximate real-valued convex function f(-) with o(+),
f(o(4)), is also a locally uniformly approximate real-valued convex function.
As a consequence we get that f(o(-)) is Fréchet differentiable on a residual
set, provided X is an Asplund space, and it is Gateaux differentiable on a
residual set, provided X is a separable space. As a consequence we obtain
that a locally uniformly approximate convex real-valued functions defined on
C’é’“—manifolds over a real Banach space E are Fréchet differentiable on a dense
Gs-set, provided E is an Asplund space, and are Gateaux differentiable on a
dense Ggs-set, provided E is separable.

In this paper those results are extended on vector-valued functions having
values in R".

*We shall say briefly differentials, since under assumptions of continuity each Gateaux
differential is also a Fréchet differential.
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2. Uniformly approximate convex vector-valued functions

Let k belong to the relative interior of K, k € Int,. K.
Let a(-) be a nondecreasing function mapping the interval [0, +00) into the
interval [0, +00] such that
t
tim 20 _ g, (2.1)
tlo ¢t
Let a continuous function f(-) be defined on an open convex subset Q C
X and having values in Y. We say that the function f(-) is strongly a(-)-k-
paraconvex if there is C' > 0 and such that for all z,y € Q and 0 <t < 1 we
have

fltz+(1—t)y) <k tf(z)+(1—1)f(y)+Cminft, (1 —t)]a(|z -yl x)k. (2.2)

We say that a continuous function f(-) defined on an open convex subset
Q C X and having values in Z is strongly «(-)-K-paraconvex if it is strongly
a(-)-k-paraconvex for all k € Int, K.

The set of all strongly a(-)-K-paraconvex functions is denoted aPCk (€2).

PROPOSITION 2.1 (Rolewicz, 2010). Let X,Z be Banach spaces. Let K C Z be
a convez pointed cone. Let ko € Int,. K. Then each strongly a(-)-ko-paraconvex
function f(-) mapping a convex set Q C X into Z is strongly a(-)-K -paraconvez.

The following Proposition is obvious

PROPOSITION 2.2 (Rolewicz, 2010). Let X be a real Banach space. Let K C R™
be a closed conver pointed cone. Let a function f(-) mapping a convexr set
Q C X into R™ be strongly o(-)-K-paraconvexr . Then there are n linearly
independent functionals {{1,0s,...,4,} defined on R™ such that the functions

{01(f()), €2(f (), £n(f ()} are strongly o(-)-K-paraconvez.

Using Proposition 2.2 and results about differentiability of uniformly approx-
imate convex real-valued functions (Rolewicz, 1999, 2002, 2005a, 2005b, 2006)
we can obtain

THEOREM 2.1 (Rolewicz, 2010). Let Qx be an open convex set in a real Banach
space (X, - ||x). Let K be a convex closed pointed cone in R™ with any norm
Il - |l. Let f(-) be a strongly a(-)-K-paraconvex function defined on Qx with
values in R™. Then the function f(-) is:

(a) Fréchet differentiable on a dense Gs-set provided X is an Asplund space,
(b) Gateauz differentiable on dense Gs-set provided X is separable.

A vector-valued function f(-) defined on a convex set @ C X with values
in the space Z is called uniformly approximate K-paraconvex if for arbitrary
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k € Int.K and arbitrary € > 0 there is § = d(e, k) such that if z,y € Q and
le —y|| <6 and 0 <t <1, then

fltz+ (1 —t)y) <k tf(x) + (1 —1)f(y) +eminft, 1 - t)]lz —yllk.  (2.6)

The class of all uniformly approximate K-paraconvex functions defined on
Q with values in the space Z shall be denoted UACK (2).

PROPOSITION 2.3 Let (X, ||.]|) be a real Banach space. Let 2 C X be an open
convex subset. Then UACK () is a convex cone.

Proof. Take any f € UACK(Q)) and any A > 0. Since f € UACK () for every
€ >0 and k € Int,. K there is 6 > 0 such that

Flt+ (1= 1)) <k t() + (1= 0)fy) + 5 minle, (1= 0]z — yllk, (26)

provided ||z —y|| < 4.
Multiplying (2.6)xx by A we get

A (t+ (L= t)y) <k (@) + (1= DAF(y) + e minlt, (1—8)] 2 — yllk, 27)rs

ie. \f e UACK(Q).

Now, take arbitrary f,g € UACK(Q). Since f € UACK(Q), (respectively
g € UACK(2)) for every ¢ > 0 and k € Int, K there is ; > 0 (resp. 64 > 0)
such that

fltz+ (1 —t)y) < tf(z)+ 1 —t)f(y) + %min[t, (I=0lllz—ylk, (2.6);
(respectively
(ke + (1~ 1)) <k to(@) + (1~ gly) + 5 minft, (1~ Dz~ yllk.)  (26),

provided ||z —y|| < (resp. ||z —y|| < dy).
Let 6 = min[dy,d,]. Take z,y € Q such that ||z —y|| < J. Then, by adding
(2.6); and (2.6), we get

(f+9)(tr+ (1 —t)y) = fte + (1 —t)y) + g(ta + (1 — t)y)
<k tf(x)+(1=1)f(y) +tg(z)+ (1 —t)g(y) +emint, (1 —1)][|z —yl|k. (2.6)f44
Thus f+ g € UACK (). [

Recall that the set of all strongly a(-)-K-paraconvex functions defined on ) with
values in the space Z is denoted aPCk (). In a similar way as in Proposition
2.3 we can demonstrate
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PROPOSITION 2.4 Let «(-) be a nondecreasing function mapping the interval
[0, 4+00) into the interval [0, +00] such that

lim 28 g (2.1)
tlo t
Let (X, | - ||) be a real Banach space. Let Q be an open convex subset of X.

Then aPCk(2) is a convex cone.
It is trivial that aPCk(Q) C UACK(2). The following can be shown:

PROPOSITION 2.5 (compare Rolewicz, 2001b), Let (X,||.||) be a real Banach
space. Let Q C X be an open convexr subset. Then

JaPCk(Q) = UACK(9), (2.7)

where the union is taken over all nondecreasing functions «(-) mapping the
interval [0, +00) into the interval [0,400) satisfying (2.1). In other words, a
function f(-) is uniformly approzimate K-paraconvez if and only if there is a(-)
satisfying (2.1) such that the function f(-) is strongly a(-)-K-paraconvexz.

PROPOSITION 2.6 Let §2 be an open convex set in a real Banach space X. Let
f(-) be a function defined on Q2 with values in the Banach space Z ordered by a
convex pointed cone K with non-empty interior. Suppose that f(-) is differen-
tiable on §) and that the differentials of f ’w are uniformly continuous functions
of x in the norm topology. Then the function f(-) is uniformly approximate
K-paraconvex.

Proof. Since the differentials of 0 f ’z are uniformly continuous function of x in
the norm topology, there is a function By mapping the interval [0, +00) into the
interval [0, +00) such that

13&150@) =0, (2.8)
and
0], = af], Il < Bolllz — ylI)- (2.9)
We define

F(t) = f(te + (1= t)y) —tf(x) + (1 =) f(y).

It is easy to observe that F'(0) = F(1) = 0.
Let ¢ be an arbitrary linear continuous functional of norm 1. Let Fyy = ¢(F').
Now we shall calculate its derivative

dar,

2| = a0()

(z —y) = o(f(2) + &(f () (2.10)

(tz+(1-1)y)
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Since Fy, is real-valued and Fi,(0) = Fy(1) = 0, by the Rolle theorem there
is tg,0 < tg < 1, such that dF¢ = 0. Thus for arbitrary ¢,0 <t <1

to

(=)l

(toz+(1—t0)y)

S, 1< los] - of

(ta+(1—t)y

S@JWW+O*ﬂw*@w+OfmefomSﬂﬂwfmohfm
= 8(lle ~ ), (211)

where the function 3(t) = t8y(t) satisfies (2.1).
Since Fy(0) = Fy(1) =0, for 0 <t < % by (1.8) we have

fMﬂAYfL@gwomw)

Similarly, for % <t <1by (2.11) we have

1
Folt) = [ 2| ds < 1= 05(1e - o).
Finally,
Fy(t) < minft, (1~ ]3(z — ). (212)

Since ¢ is arbitrary linear functional of norm one this implies that

[E@® < minft, (1= #)]B([l2 - yl])- (2.13)
Thus, by definition of F(t)
I (tz + (1 = t)y) — tf(x) + 1 =) f()ll < minlt, (1 - )]B(lz —y[). (2.14)

Since the cone K has non-empty interior for each k € K, there is C > 0
such that the ball of radius r, B(r,0) = {z : ||z|| = r is contained in K — Crk,
B(r,0) € K — Crk. Thus, from (2.14) it follows that

tf(@)+(1=t)f(y) - f(te+ (1 =t)y) 2k —Cminlt, (1 =1)]B(|le - yl)k, (2.15)
fltz+ (1= t)y) <i tf(z)+ (1 —8)f(y) + Cminft,(1 - 1)]B([lz - y|)k, (2.16)

i.e. the function f(-) is strongly /5(-)-paraconvex. Therefore it is uniformly
approximate K-paraconvex. [ ]

As a consequence of Propositions 2.5 and 2.6 we get
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EXAMPLE 2.1 Let Q be an open convex set in a real Banach space X. Let f(-)
be a convex function defined on §2 with values in the Banach space Z ordered by
a convex pointed cone K with non-empty interior. Suppose that f(-) is differen-
tiable on Q and that the differentials of f’x are uniformly continuous function
of x in the norm topology. Let g(-) be a differentiable function defined on
with values in the space Z. Suppose that the differentials of g’m are uniformly
continuous function of x in the norm topology. Then the sum of the functions
f¢) and g(+), f(-) + g(), is uniformly approzimate K-paraconver.

There is a natural question whether every uniformly approximate K-para-
convex function is a sum of a convex and uniformly differentiable functions. It is
not so. We shall present another class of uniformly approximate K-paraconvex
functions, based on the following Theorem.

THEOREM 2.2 Let ) be an open convex set in a real Banach spaceY . Let f(-) be
a Lipschitz uniformly approximate K -paraconvex function defined on 2y with
values in the Banach space Z ordered by a conver pointed cone K with non-
empty interior. Let Q1 x be an open convex set in a real Banach space X. Let o
be a mapping of a Qx into Qy such that the differentials of J|m are uniformly
continuous function of x in the norm topology. Then the composed function
f(o(+)) is uniformly approzimate K -paraconvex.

The proof is based on the following

LEMMA 2.1 (Rolewicz, 2007, 2009) Let Qx ( Qy) be an open convex set in a
real Banach space X (respectively Y). Let o be a mapping of a Qx into Qy
such that the differentials of 80’1; are uniformly continuous functions of = in
the norm topology. Then there is a function B(-) mapping the interval [0, +00)
into the interval [0,+00) such that

lim —ﬂ(t)
tl0 1
and such that for all x,y € Qx and 0 <t <1

=0, (2.1)5

lo(tz+ (1 = t)y) — [to(@) + (1 — Do)l < minft, (1 = D]B(le —yl). (2.17)

Proof. of Theorem 2.2. Let k be an arbitrary element of the interior of K,
k € Int K. Since f(-) is a uniformly approximate K-paraconvex function, there
are a nondecreasing function «(-) mapping the interval [0, +00) into the interval
[0,4+00) such that

a(t)

1%1 - = 0 (2.1)

and C} > 0 such that for all y;,y2 € Qy and 0 <t <1
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f(tyn+(1—t)y2) <k tf(y1)+(1—1)f(y2)+Cr minft, (1—t)]o(|ly1 —y2 k. (2.18)

Let z1,29 € Qx. We put y1 = o(z1) and yo = o(z2). Then by (2.18)

fto(@1) + (1= t)o(w2)) <k tf(o(z1)) + (1 —t)f(o(22)) + Ci
min(t, (1 = t)]a(llyr = yal))k- (2.18)

Recall that f(-) is a Lipschitz function. We shall denote the Lipschitz con-
stant by M. Thus by Lemma 2.1

1 (o (w1 + (1= )22) ) = £ (to(@)) + (1 = o (w2)) |

< M| (o(ter+(1—t)z2)) —to(z1)+(1-t)o(22)|| < M min[t, (1-1)]B([Ja1 ).

(2.19)

Since the cone K has non-empty interior and k € Int K, there is C}, > 0

such that for each element z of norm r, ||z|| = r, the element z belongs to
K — C}rk. Thus,

flo(ter + (1 = t)z2)) <k f(to(z1) + (1 = t)o(x2)))
+C. M minlt, (1 —t)]8(||z1 — 22| ) k. (2.20)

Since o(-) is also a Lipschitz function, denoting its Lipschitz constant by L,
by (2.18’) we get

flo(trr+(1=t)22)) <g tf(o(x1))+(1=1)f(0(22))+Cr minft, (1=t)]a(|ys —y2[)k

+CMminft, (1 = 1)]B([|z1 — 22|k <k tf(o(21)) + (1 =) f(o(22))
+(Crminft, (1 — t)]La(||lz1 — 22||) + C,.M min[t, (1 — )] 8(||z1 — z2[)) k. (2.21)

It is easy to see that the function a4 (u) = CyLa(u)+C) M [((u) satisfies (2.1)
and that by (2.20) the function f(o(+)) is strongly o (-)-paraconvex. Thus, it is
a uniformly approximate K-paraconvex function. ]

As a consequence of Proposition 2.6, Example 2.1 and Theorem 2.2 we get

EXAMPLE 2.2 Let Y be a real Banach space. Let Qy be an open convex set
in a' Y. Let f(-) be a Lipschitz convex function defined on Qy with values
in the Banach space Z ordered by a convexr pointed cone K with mon-empty
interior. Let Qx be an open convexr set in a real Banach space X. Let g(-)
be a differentiable function defined on Qx with values in Z. Suppose that the
differentials ofg‘x are uniformly continuous function of x in the norm topology.

Let h(-) be a real-valued Lipschitz convex function defined on Qy with values
in Z. Let o be a mapping of a Qx into Qy such that the differentials ofa’z are
uniformly continuous function of x in the norm topology.

Then the sum
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u(-) = f() +9() +h(o()) (2.22)

18 uniformly approximate K -paraconvex.

Let (X, || -]) be a normed space. Let f(-) be a function defined on a subset
Qx C X with values in the Banach space Z ordered by a convex pointed cone
K. We say that the function is vector bounded (vector upper bounded, vector
bounded from below) if there is k € K (respectively k, € K, k, € K ) such that

—k <k f(x) <k k (2.23)

(respectively
f(z) <k ku (2.23,)
—k‘b SK f(x)) (2231))

PROPOSITION 2.7 Let X be a real Banach space X. Let f(-) be a bounded
function defined on Q0x C X with values in the Banach space Z ordered by a
convex pointed cone K with non-empty interior. Then f(+) is a vector bounded
function.

Proof. Since the function f(-) is bounded, there is M > 0 such that for all
r e Qx
1f ()] < M. (2.24)

The cone K has non-empty interior and k € Int K. Thus, there is C}, > 0
such that for each element z of norm less than M, ||z|| <x M, the element z
belongs to (K — C|,Mk) N —K + C;,Mk). Hence

—C.MEk <k f(z) <k C,.Mk (2.25)
i.e. f(+) is a vector bounded function. [

PROPOSITION 2.8 Let X be a real Banach space X. Let f(-) be a vector
bounded function defined on Qx C X with values in the Banach space Z or-
dered by a convex pointed cone K with bounded basis. Then f(-) is a bounded
function.

Proof. Since the function f(-) is vector bounded, there is k € K such that for
all z € Qx

—k <k f(x) <k k. (2.23)
The cone K has bounded basis. Thus, there is M > 0 such that

[(K—k)N(-K+k)] c{zeZ:|z|} <M
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So for all x € Qx
[ f(z)|| < M, (2.24)

i.e. f(-) is a bounded function. u
Let (X,| - ||) be a real Banach space. Let f(-) be a function defined on
a subset QQx C X with values in the Banach space Z ordered by a convex

pointed cone K. We say that the function is vector Lipschitz if there is k € K
(respectively k,, € K, ky € K) such that

—llz —a'llk <k f(z) = f(2') <k llz —2'||k (2.26)
for arbitrary z, 2’ € Q.

PROPOSITION 2.9 Let X be a Banach space X. Let f(-) be a Lipschitz function
defined on Qx C X with values in the Banach space Z ordered by a convex
pointed cone K with non-empty interior. Then f(-) is a vector Lipschitz func-
tion.

Proof. Since the function f(-) is Lipschitz, there is M > 0 such that for all
x, ' € Qx.
1f (@) = f@)] < Mz — 2| (2.27)

The cone K has non-empty interior and k € Int K. Thus there is C}, > 0
such that for each element z of norm less than M, ||z|| <x M, the element z
belongs to (K — C;.Mk) N —K + C;,Mk). Hence

—CiM|lz — 2|k <k f(z) = f(2') <k CpM||lz — 2"||k (2.28)
i.e. f() is a vector Lipschitz function. [

PROPOSITION 2.10 Let €2 be a set in a real Banach space X. Let f(-) be a
vector Lipschitz function defined on Qx C X with values in the Banach space
Z ordered by a convex pointed cone K with bounded basis. Then f(-) is a
Lipschitz function.

Proof. Since the function f(-) is vector Lipschitz, there is k € K such that for
all z,2' € Qx
—k <k f(z) - f(@') <k k. (2.29)
The cone K has bounded basis. Thus
[(K— MEk)N —K+Mk:)] Ccl{zeZ: |z < M}.

So, for all x € Qx
1f(@)]| < M, (2.24)

ie. f(+) is a bounded function. [
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3. Localization

In this section we shall investigate localization of the notions of uniformly ap-
proximate K-paraconvex functions and strongly «(-)-K-paraconvex functions.
Let X be a real Banach space. Let f(-) be a mapping defined on an open
subset 2 C X with values in the Banach space Z ordered by a convex pointed
cone K. We say that f(-) is locally uniformly approximate K-paraconvex if for
all zo € Q there is a convex open neighbourhood U, of g such that the function

f(-) restricted to Uy,, f (), is uniformly approximate K-paraconvex. In
other words, a function f(-) is locally uniformly approximate K-paraconvex
if for all o € 2 there is a convex open neighbourhood U, of zp such that
for arbitrary € > 0 there is 6 = d(e,U,,) such that for z,z € U,, such that
le — xo|| < ¢ and ||z — zo]] < 6 and 0 < ¢ < 1 and every k belonging to the
relative interior of K, k € K there is C} such that

[tz 4+ (1 —1)z) <g tf(z) + (1 —t)f(z) + Creminft, (1 — t)]||lz — 2||k. (2.6)

The class of all locally uniformly approximate K-paraconvex functions de-
fined on Q shall be denoted U ACE°¢(Q).

Basing on the definition of locally uniformly approximate K-paraconvex
function and Proposition 2.3 we can easily demonstrate

PROPOSITION 3.1 Let (X, ||.||) be a real Banach space. Let §2 be an open subset
of X, Q C X. Then, UACL¢(Q) is a convex cone.

Proof. Take any f € UACE*¢(Q) and any A\ > 0. Take arbitrary zo € Q. By

definition there is a convex open neighbourhood Uy, of z¢ such that the function

f(+) restricted to Uy,, f (+), is uniformly approximate K-paraconvex. Thus,
Uso

() is uniformly approximate K-paraconvex, too.
zQ

Therefore \f € UACL(Q).
Take any f,g € UACE¢(). Take arbitrary zg € Q. By definition there are
convex open neighbourhoods U/, of 2y and UY, of ¢ such that the function f(-)

restricted to UJO, f

by Proposition 2.4. Af

(-) and the function g(-) restricted to U , g Uo () are

x
U“{O E0)

uniformly approximate K-paraconvex. Let Uy, = UJ{O NUZ . Thus by Propo-

sition 2.4. (f 4+ g) () is uniformly approximate K-paraconvex. Therefore,
Uao

(f +9) € UACE(Q). n

Let X be a real Banach space. Let a(-) be a nondecreasing function mapping
the interval [0,4o00) into the interval [0, +00), satisfying (2.1). Let f(-) be a
mapping defined on an open subset 2 C X with values in the Banach space Z
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ordered by a convex pointed cone K. We say that f(-) is locally strongly a(-)-K-
paraconvex if for all ¢ € 2 there is a convex open neighbourhood Uy, of 2 such

that the function f(-) restricted to Uy,, f . (+), is strongly a(-)-Kparaconvex.

x

The set of all locally strongly «(-)-paraconvex functions defined on 2 shall be
denoted aPC°¢(Q)). In a similar way as in Proposition 3.1 we can demonstrate

PROPOSITION 3.2 Let «(-) be a nondecreasing function mapping the interval
[0, +00) into the interval [0, +o00) satisfying (1.2). Let (X, ||.||) be a real Banach
space. Let Q be an open convex subset of X. Then aPCL°¢(Q) is a convex
cone.

Let (X,] - ||) be a normed space. Let f(-) be a function defined on an open
subset 2 C X with values in the Banach space Z ordered by a convex pointed
cone K.

We say that a function f(-) is locally bounded if for any xzo € €, there is
a convex neighbourhood U, of the point zy such that the restriction of the
function f(-) to the set Uy, f|v,, (+) is bounded.

We say that the function f(-) is locally vector Lipschitz if for any xo € €,
there is a convex neighbourhood Uy, of the point ¢ such that the restriction of
the function f(-) to the set Us,, f|u,, (+) is vector Lipschitz.

Repeating the considerations of Jourani (1996) we shall prove

PROPOSITION 3.3 Let (X, || -||) be a normed space. Let a function f(-) defined
on an open subset ) C X with values in the Banach space Z ordered by a
convex pointed cone K be locally strongly a(-)-K-paraconvex and locally vector
bounded. Then it is locally vector Lipschitz.

Proof. Let zy € Q be arbitrary. Since f is locally bounded, there are k € Int, K
and r > 0 such that for any y € Q such that ||y — z¢|| < r we have

—k <k f(y) <k k. (3.1)

Let x, u be two arbitrary elements of Q2 such that ||z —xzo|| < %, |u—x0o| < 5.

Let € be an arbitrary positive number, let § = ¢ + || — u|| and let

v=ut %(u—x). (3.2)
Observe that

r roor |l —ul
— o < Jlu— —u—z|< s+ ———— <
o =20l < =0l + g5u—al < § + 5t <7

and so

—k <k f(U) <K k. (3.11,)
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Let A = % Observe that u = Av + (1 — \)z.

Since the function f(-) is strongly «(-)-K-paraconvex, there is a constant
C > 0, such that

fw) =f(v+ (1 =Nz) <g Af(v) + (1 =N f(z)+ Cra(||lz —v])k. (3.2)

Thus,
fu) = (@) <k AM(f(v) = f(2)) + Cra(||z — vl (3-3)
Since A||v — z|| = ||u — |, we get
Flu) — 1) <x MF@) — £(2)) + Ora( 1y (33)

Recall that 0 < A < 1 and thus
f(u) = f(z) <x AM(f(v) = f(2)) + Oha([lz —v])k <k X2+ Cal2r))k
28

< = (20+ Ca(2r))k < Liz + ||lu— 2|k, (3.4)

where L = 2(2a + Ca(2r)).
By exchanging the roles of z and u we get
f(@) = f(u) <k L(e + [lu—z|)k. (3.6)
Thus
—L(e + |u—zlDk <k f(u) = f(2). 3.7)
By (3.4) and (3.7) and the arbitrariness of € we obtain

—Llju—z|[k <k f(u) = f(z) <k Llju— ||k (3-8)

PROPOSITION 3.4 Let (X,| - ||) be a normed space. Let a function f(-) defined
on an open subset 2 C X with values in the Banach space Z ordered by a convex

pointed cone K with non-empty interior be continuous. Then it is locally vector
bounded.

Proof. Let xg € Q. Since the function f(-) is continuous for every € > 0, there
is a neighbourhood U,, of the point zy such that for any x € U,

1f(x) = fzo)|| <e. (3.9)

The cone K has non-empty interior for any k € Int K. Therefore there is
Cj}, > 0 such that
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—Crek <k f(z) = f(z0) <k Cyek (3.10)
and simultaneuosly
—Cllf (@o)llk <k f(x) = f(x0) <k Cllf(wo)lk. (3.11)
Finally,
—Cr(If(@o)ll + &)k <x f(z) <x Ci(llf(zo)ll + &)k (3.12)
n

Without the assumption that K is open, Proposition 3.5 does not hold as
shown by the following simple example.

EXAMPLE 3.1 Let X = [0,1]. Let Z = R? and K = {(0,t),t > 0}. Then the
function f(t) = (t,0) is continuous but it is not locally vector bounded.

By Propositions 3.3 and 3.4 we get

COROLLARY 3.1 Let (X,||-||) be a normed space. Let a function f(-) defined on
an open subset 2 C X with values in the Banach space Z ordered by a convex
pointed cone K with non-empty interior be continuous and locally strongly
a(+)-K-paraconvex. Then it is locally vector Lipschitz.

Basing on Theorem 2.2 and Proposition 3.3 we can prove

PROPOSITION 3.5 Let Qx (Qy ) be an open set in a real Banach space X (respec-
tively Y'). Let f(-) be a locally Lipschitz uniformly approximate K-paraconvex
function defined on Q)y with values in the Banach space Z ordered by a convex
pointed cone K with non-empty interior. Let 2x be an open convex set in a real
Banach space X. Let o be a mapping of a {2x into 0y such that the differentials
of O’|I are uniformly continuous function of x in the norm topology. Then the
composed function f(o(-)) is locally uniformly approximate K-paraconvex.

Proof. Take arbitrary x € Qx. Since f(-) is a locally uniformly approximate
K-paraconvex function, there is a convex neighbourhood U, ;) of o(x) such that

the restriction of f(-) to the set UU(I), f o

(+), is uniformly approximate K-
o(z)
paraconvex. Without loss of generality we may assume that that the restriction

of f() to the set ﬁg(m), S (+) is a Lipschitz function, since each uniformly

Uo(a)

approximate K-paraconvex function is locally Lipschitz.

By our assumptions the differentials of U‘x are locally uniformly continuous
function of x. Thus, there is a convex neighbourhood U, of x such that the
differentials of U’UT are uniformly continuous function of its argument on U,.
Without loss of generality we may assume that
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o(Uy) C Uy(a)- (3.13)

Thus, by Theorem 2.2 f ’ (o(+)) is uniformly approximate K-paraconvex func-

tion. Therefore, by deﬁnimtion, f(o(4)) is a locally uniformly approximate K-
paraconvex function defined on Qx. n

Using Theorem 2.1 we can obtain

THEOREM 3.1 Let Qy be an open convex set in a real Banach space Y. Let
Z be n-dimensional Banach space ordered by a convex pointed cone K with
non-empty interior. Let f(-) be a locally uniformly approximate K-paraconvex
function function defined on 2y with values in Z. Let Qx be an open convex
set in a real Banach space X. Let o be a mapping of a Q) x into )y such that the
differentials of 0’35 are uniformly continuous function of x in the norm topology.
Then the composed function f(o(+)) is:

(a). Fréchet differentiable on a dense Gs-set provided X is an Asplund space,

(b). Gateaux differentiable on dense Gs-set provided X is separable.

Proof. We denote by D the set of points of {2x for which the composed function
f(o(+)) is Fréchet differentiable in case (a) and Gateaux differentiable in case
(b).

By Proposition 3.5 the composed function f(o(-)) is locally uniformly ap-
proximate K-paraconvex. Recall that by Proposition 3.3 each locally uniformly
approximate K-paraconvex functions is also locally Lipschitz.

Therefore, there is an open covering ={U,},v € T of Qx such that for
each v € T, the restricted function f (J‘ () is uniformly approximate K-

U

.
paraconvex and vector Lipschitz.

Therefore, as a simple consequence of Theorem 2.1, we get that the set
DNU, for which the composed function f(o(-)) is Fréchet differentiable in case
(a) (see Rolewicz, 1999, 2002, 2005) and Gateaux differentiable in case (b) (see
Rolewicz, 2006) is a Gs-set.

This means that D is a local Gg-set.

Hence, by the Michael theorem (Michael, 1954) D is a Gs-set. L]

4. Differentiability of locally uniformly approximate K-
paraconvex functions with values in finite dimensional
spaces on Cy"-manifolds

As an application of Theorem 3.1 we get a result concerning differentiability of
locally uniformly approximate K-paraconvex functions on manifolds with values
in finite dimensional spaces.
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Let E, F, be real Banach spaces. We say that a function ¢ : E — F is of
the class C’]{ﬁ, if it is continuously differentiable and, moreover, that differential

0| is locally uniformly continuous as a function of x in the norm topology. Of
xr

course, if ¢ € C]{:’f{,, then 1 belongs to the class of continuously differentiable
functions, ¥ € C]}?”F.

If E = F we denote briefly Cgg = Cg".

Now we shall determine C]{:’u—manifold in the classical way (compare Lang,
1962).

Let X be a set. An C]{:’“—atlas is a collections of pairs (U, ¢;) (i ranging in
some indexing set) satisfying the following conditions:

AT 1. Each U; is a subset of X and {U;} covers X,

AT 2. Each ¢; is a bijection of U; onto an open subset ¢;(U;) of the space
E, and for all 4, j, ¢,(U; NUj) is an open subset of the space E,

AT 3. The map qﬁj(bi_l mapping ¢,(U; N U;) onto ¢,;(U; NU;) is of the class
Cy" for all i, 7.

Each pair (U, ¢;) is called a chart. If x € U, then the pair (U;, ¢;) is called
a chart at x.

Observe that AT 3 implies that (gzquS;l) L qSZ-QS;l € C}E’“.

Suppose now that X is a topological space and let U be an open set in X.
Suppose that there is a topological isomorphism ¢ mapping U onto an open set
U’ € E. We say that (U, ¢) is compatible with the Cé’“—atlas (Ui, ¢;) if for all
i the maps ¢;¢~! and ¢¢; ' belong to C]{:’". We say that two C]{:’u—atlases are
compatible if each chart of one is compatible with the other C]{:’u—atlas.

A topological space X equipped with Cé’u-atlas (Ui, ¢;) shall be called Cé’“-
manifold.

DEFINITION 4.1 We say that a function f(-) defined on a Cé’“—manifold X with
values in the Banach space Z ordered by a convex pointed cone K with non-
empty interior is locally uniformly approximate K -paraconver on X if there is a
Cy"-atlas (Uy, ¢i) such that for all i the function f(¢; () is locally uniformly
approzimate K -paraconvex on the set ¢;(U;) C E.

As an immediate consequence of AT 3 and Proposition 2.2 we obtain

PROPOSITION 4.1 Let X be topological space. Let Cé:’“—atlas (Ui, ¢i) on X. If
a function f(¢; (1)) is locally uniformly approximate K-paraconvex on U; N U;
then the function f (qb;l (+)) is also locally uniformly approximate K-paraconvex
on Ul N Uj.

As a consequence of definition of compatibility of C’é’“—atlases and Proposition
3.5 we obtain
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PROPOSITION 4.2 Let X be topological space. Let (U;, ¢;) and (V;, 1) be two
compatible C’é’“—at]ases on X. Let f(-) be a function defined on X with values
in the Banach space Z ordered by a convex pointed cone K with non-empty
interior. If a function f(-) is locally uniformly approximate K-paraconvex with
respect to the Cé;’u—atlas (U;, ¢;), then it is also locally uniformly approximate
K-paraconvex with respect to the C]{D’"—atlas (Vi 1j)-

Let X be a Cy“-manifold. Let (U;, ;) be a Cf"-atlas on X. Let f(-) be a
function defined X with values in the Banach space Z ordered by a convex
pointed cone K with non-empty interior. We say that the function f(-) is
Fréchet (Gateaux) differentiable at xo € U, if the function f(¢; '(-)) is Fréchet
(respectively Gateaux) differentiable at ¢;(zo).

Basing on this definition and Theorem 3.1 we get

THEOREM 4.1 Let X be a Cy“-manifold. Let f(-) be a function defined X with
values in the finite dimensional Banach space Z ordered by a convex pointed cone
K with non-empty interior. Suppose that the function f(-) is locally uniformly
approximate K-paraconvex function defined on X. Then it is: (a). Fréchet
differentiable on a dense Gs-set provided E is an Asplund space, (b). Gateaux
differentiable on a dense Gs-set provided E is separable.

Now we shall determine C’é’“—submanifold in the classical way (compare Lang,
1962).

Let X be a C}l,:’u—manifold. Let Y be a subset of X. We assume that for
each point y € Y there exists a chart (V,4) in X such that V3 = ¢(V NY) is
an open set in some Banach subspace E; C E. The map v induces a bijection

Yr: YNV =N (4.1)

and, moreover, 1 € C’élu
The collection of pairs (Y NV, 1) obtained in the above manner constitute
the atlas for Y. We shall call Y’ C]é’f‘—submanifold of X.

THEOREM 4.2 Let X be a Cg“-manifold. Let Y be an its Cé’lu—submanjfo]d.
Let f(-) be a function defined on X with values in the finite dimensional Banach
space Z ordered by a convex pointed cone K with non-empty interior. Suppose
that the function f(-) is locally uniformly approximate K-paraconvex function

defined on X. Then the restriction f ’ is locally uniformly approximate K-
Y

paraconvex function defined on Y.

Proof. By our assumption the function f(x~!) is a locally uniformly approx-

imate K-paraconvex function on (V). Thus, its restriction f(x~1)| (-) =
Y

f(7 () to Vi is also a locally uniformly approximate K-paraconvex function

and by definition f| is locally uniformly approximate K-paraconvex function
Y
defined on Y. =
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As an obvious consequence of Theorems 4.1 and 4.2 we obtain

THEOREM 4.3 Let X be a Cg“-manifold. Let Y be an its Cé’f‘—submanifo]d.
Let f(-) be a function defined on X with values in the finite dimensional Banach
space Z ordered by a convex pointed cone K with non-empty interior. Suppose
that the function f(-) is locally uniformly approximate K-paraconvex function.

Then the restriction f| 1is:
Y

(a). Fréchet differentiable on a dense Gs-set provided E; is an Asplund space,
(b). Gateaux differentiable on a dense Gs-set provided E; is separable.
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