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Abstract: In this paper we develop a general convergence the-
ory for nonmonotone line searches in optimization algorithms. The
advantage of this theory is that it is applicable to various step size
rules that have been published in the past decades. This gives more
insight into the structure of these step size rules and points to several
relaxations of the hypotheses. Furthermore, it can be used in the
framework of discretized infinite-dimensional optimization problems
like optimal control problems and ties the discretized problems to
the original problem formulation.
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1. Descent methods

In this paper, we consider the generalization of step size rules for unconstrained
optimization problems in Hilbert space.

Let f : X — IR with Hilbert space X and inner product (-, -) be given and let
f be Fréchet-differentiable where the derivative f/(z)v of f at € X is denoted
by the gradient Vf(z) € X as

f(@v =(Vf(z),v)
for all v € X. The minimization problem is formulated as

mig fx) or find z, such that f(z.) < f(z) forall ze€ X.
S

Algorithms for finding x, are often based on the following concept.
Given z3, € X we call di, € X a descent direction, if (Vf(xy),dx) < 0. In
a descent method the next iterate is determined by

Tht1 = T + apdy
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with an appropriate step size a; € (0,00). It is obvious that a sufficiently small
step size ay combined with the descent direction yields a decrease in function
value, i.e. f(xp+1) < f(zk). This yields a monotone decreasing sequence f(xy)
and is often a building block in a subsequent convergence proof.

However, it has been noted that such a monotonicity property can be a
burden from a numerical point of view, i.e. it could lead to fairly small step sizes
even when far away from the minimum. Therefore, several papers have appeared
in the past, where this requirement has been weakened to allow nonmonotone
behavior in the function values.

The determination of an appropriate step size rule has been the topic of
numerous research articles and books starting with the early days of numerical
optimization. Here, we concentrate on step size rules which do not guarantee
that the function value of the new point is smaller than the function value of the
original point, so called nonmonotone step size rules. Fixed step sizes given by
sequences which satisfy certain convergence properties were already considered
fifty years ago, likewise those step size rules that are fractions of the norm of
the gradients. For a general theory on step size rules see e.g. Warth and Werner
(1997). In this context we also refer to the paper by Hiither (2002).

L. Grippo, F. Lampariello and S. Lucidi (1986, 1989) published a nonmono-
tone version of the popular Armijo’s rule. Shi and Shen (2006) extended this
approach to a descent term including a quadratic term. Zhang and Hager (2004)
gave a different version of a nonmonotone Armijo’s rule. Another well known de-
scent method with a nonmonotone step size rule is the Barzilai-Borwein method
(1988). The approaches in Barzilai and Borwein (1988), Grippo, Lampariello
and Lucidi (1986, 1989) are not covered in this paper and are the topic of future
research efforts to include these also in a general theory of nonmonotone line
searches.

The goal of this paper is to develop a general framework for a convergence
theory in connection with step size rules which do not require a monotone de-
scent property and allow also for perturbed descent directions. The advantage
of such a theory is its versatility in applying it to various scenarios of step size
rules. The general setting and the convergence statement for the general case
can be found in Section 2.

As a special case, it includes the theory of a-priori fixed sequences of step
size rules which have been quite popular with a number of authors. These step
size rules lead automatically to nonmonotone behavior of the function values.
In Section 3 we show how the general theorem can be applied to this special
case of step size rules.

Armijo’s step size rule is one of the most popular and most efficient step
size rules, since its behavior is - in contrast to the rules in Section 3 - problem
dependent. In Section 4 we formulate an extension of the classical Armijo rule
which allows for a nonmonotone behavior in the resulting function values f(zy).
Again, the general convergence theory in Section 2 plays an instrumental role
in the proof of convergence of the gradients.
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Another version of step size rules is based on the step size being a fixed
portion of the norm of the current gradient. Also this rule cannot lead to a
necessarily monotone descent property for the function values. In this case, we
can apply the general theory and interpret this rule in Section 5 as a special
case.

Zhang and Hager (2004) considered a nonmonotone version of Armijo’s rule
which can be interpreted as a rule taking the average of previous function value
iterates into account as a reference instead of the function value of the last
iterate. It is interesting to see that also here the general convergence theory,
when specialized appropriately, leads in Section 6 to a convergence statement
similar to the one stated in Zhang and Hager (2004).

In the final Section 7 we give some comments on how the perturbation term
in Armijo’s rule introduced in Section 4 can be interpreted as a discretization
error for a discretized problem. If the discretization is refined in the course of
the iterations, this can lead to a convergence statement for a sequence of iterates
in the infinite dimensional setting.

2. General setting and convergence theorem

Before we start with nonmonotone line searches, let us quote an elementary
Lemma, which will be used in the sequel.

LEMMA 1 Let sequences {ar} and {ei} be given with

o0
ak > Gmin ex > 0, E e < 00.
k=1

Assume that

ap+1 < a + €g,
then there exists as > Qmmin With

klg{)lo ar = Q-
A proof can be found, e.g., in Kaplan, Tichatschke (1994, Lemma 4.1).
Let us start with a general theorem on the convergence of function values.
In the assumptions the usual conditions on the descent properties of the search
directions are relaxed. The theorem deals not only with the convergence of
the function values, but yields also a convergence statement, the Zoutendijk
condition, about a forcing function

c: X —> R

which will be specified more precisely below. The most common example of a
forcing function is o(-) = ||V f(-)|| such that the convergence of o(zx) to zero
forces the gradients of f also to converge to zero.
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Note that the condition (1) which relates the descent direction and the fore-
ing function o(-) contains a perturbation term A. Even more important is the
fact that equation (2) does not require a descent property, even if the term
(Vf(x),dr) is negative. Even in this case, the perturbation term v allows for
nonmonotone behavior in the function values.

THEOREM 1 Let f : X — IR be Fréchet-differentiable and let f be bounded from
below on X. Furthermore, let o : X — IR be given.

Assume that the sequences xi,dyr € X and ag, \i, Vi € IR satisfy ag, Ag,vp > 0
and

Tht1 = T + oy d,
with
MNe = (Vf(zk),dx) > o(zr) >0 (1)

and for some ¢ > 0

f(@rg1) = flox) < 0 (Vf(xk), di) + v (2)
If

Z)\kak < oo and Zl/k < 00, (3)

k=1 i=1

then there exists f. € IR with
lim f(xk) = fy

k—o0

and we have for the forcing terms
> ok o) < oo (4)
k=1

Proof. Let f,, denote the lower bound of f on X.
From (1) and (2) we obtain

(f(@r+1) = fm) = (f(@k) = fm) = f(h41) — f(ak)
< oap(Vf(a),dr) + vk < 0o A\ + vy

We choose ar, = f(xk) — fm, €k = 0 ar A\x + v and use assumption (3) in

o0 o0 o0
ZEk:Q ZakAk+ZVk<OO
k=1 k=1 k=1
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so that Lemma 1 yields the convergence of the function values f(zr) — f«.
The inequalities (1) and (2) imply

apo(xr) < aphy — ap(Vf(zr), dp) < adp + (f(2r) — f(@rs1) + )/ 0.

Summation over k

and passing to the limit gives the estimate (3)

Zako(zk)§Zak)\kJrlZl/kJrl(f(xl)ff*)<oo. [ ]
k=1 k=1 2= ¢

3. Predetermined sequences of step sizes

One of the oldest step size concepts are those, where the step sizes are pre-
determined sequences which have to satisfy certain summability requirements.
Those schemes are independent of the underlying function f to be minimized
and therefore do not necessarily yield a descent in each iteration. Our general
framework is set up in such a way that it covers this scenario also as a special
case.

In comparison with classical convergence statements in this case, we allow the
descent direction dj to deviate from the steepest descent —V f(xzx) by a vector
quantity r,. We give conditions in (7) which still guarantee certain convergence
results as shown below.

THEOREM 2 Let f : X — IR be Fréchet-differentiable and let f be bounded from
below on X. Furthermore, let V f(x) be bounded and Lipschitz-continuous on
X with Lipschitz-constant L.

Assume that the sequences xy,dp, i € X, ) € IR satisfy ax > 0 and

Try1 = Tk + oy, dy,
with

dr = =V f(xk) + rx (5)
with

Zai < 0o (6)

k=1

and

o0
Sanlmll <oo, el < 7 7
k=1
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Then there exists f, € IR with

Jim f(zy) = f. and ;ak IV (zp)* < co. (8)
Proof. Note that with
Ne = [V [f(zx),m)] and  o(z) = [[Vf(2)]? (9)
together with (5), we obtain
Ae = (V). de) = [{(Vf(@r),me) | =(Vf(zr), =V f(zr) + i)
> ||V f(zn)|? = o(ar) 2 0. (10)
To determine the perturbation vy estimate
1
flare) = fla) = flar + ondy) — f(ar) = / (Vf(zk + Tondy), ondy) dr
0
1
= Oék<Vf(ﬂCk), dk> + / <Vf(£L'k + Takdk) — Vf(l’k), Oékdk>d7'
0
L
< 0<k<Vf(ﬂfk),dk>+§Qi|\dk||2~ (11)
By assumption, we have numbers g., 7. such that
ldill < [IVF (@)l + 7kl < g + 7. (12)
Hence, (2) is satisfied with
o=1, v = Laglldkl*/2
and, moreover, by (6)
[ee] oo [ee]
S v < S Ladldil?/2 < Lig, +7.)2/2 Y a? < oo.
k=1 k=1 k=1
Likewise, it is satisfied by (7)
Y M =Y al(Vf(zr),mi) < g Y anlirll < oo, (13)
k=1 k=1 k=1
Since (3) is satisfied, we deduce from Theorem 1
(oo}
. _ 2
Jim f(zx) = fi, D |V (@)|* < oo l

k=1

If we also assume a lower estimate on the step sizes, then we obtain the

convergence of the gradients to zero.
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COROLLARY 1 In addition to the assumptions of Theorem 2 let

Z Q= 00. (14)
k=1

Then
lim [ f(1)| = 0.
k—o0

Proof. First, we show

liminf |V f(zx)] = 0. (15)
k—o00

If (15) does not hold, then there exists € > 0 such that |V f(xy)| > ¢ for all
k > ko and hence

Yl V@) > Y are® = oo,
k=1

k=ko

a contradiction to (8).
In order to show V f(zr) — 0 we assume, on the contrary, that there exists
a subsequence xy; such that

V()] = e > 0.
From (15) it follows that for each j there exists a smallest I; > k; with
€
19 £l < 5.
ie.
IV f ()| > % for k=kj,...,[;—1. (16)

Using the Lipschitz continuity of Vf(-) and (12) we get

g g
5 = £ 5 SIVFA@)l = IVl < IV fzk;) = V)]
< Lk, — 2yl =L Y oxdil| S LY onlldill < Lge +72) Y o
k=k; k=k; k=k;
and hence
lj—l c
>——— >0. 17
2 gy (a7)
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For the function values we obtain using (10), (11) and (12)

~
|
—

) = Flan) < S (Flawns) — fn)

b
=
<

~
[

< Y (@l (), ) + odldel)

=
o
<.

~
[

J

L
< (*OékHVf(IL'k)HQ‘FOLk)\k*F5(9* +T*)2ai).
=k

b
<)

We use (17) to estimate

fla) = flag;) < = min [V f(ap)]?

ki <k<l;—

&
2L(g« + 1)

o0

o0
L
+ kzk. oA + 5(9* +7,)? ,g:, oz

<

Since the function values are converging, see (8), and the series (13) and (6) are
convergent, we obtain for j — oo

€
0< -1 i 2
= ek kel 1 Vil 2L(gs + 1)
and therefore
1. . 2 —_ 0
i in IVf (@) :
a contradiction to (16). L]

4. Nonmonotone Armijo’s rule

One of the most popular step size rules is Armijo’s step size rule or the back-
tracking rule. Here, we give a version which allows also for an increase in the
function value from one iteration to the next.

Nonmonotone Armijo step size rule
Let 3,0 € (0,1) be fixed and zp € X, dj, € X with

(Vf(zr),de) <0 (18)
be given. Furthermore, let v} be a sequence of non-negative numbers and
QUmaz > 0.

If

f(l'k + amaa:dk) - f(xk) § Qamaa:<vf(xk)v dk> + Vi (19)
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set
Ak = Omaz,
otherwise find the smallest [ € IN with
F(@k + QmaxB%di) — f(2k) < 00maz 8™ (V f (xk), di) + vk (20)

and set
k
ap = amazﬂ L

If the perturbation quantity vy is set to zero, the usual Armijo step size
rule is as listed above. Note that in the case vy > 0, although dj is a descent
direction, the value of f(zx + ardy) does not need to be smaller than f(zy),
leading to a nonmonotone line search.

LEMMA 2 The nonmonotone Armijo’s rule is well defined, provided V f is Lip-
schitz-continuous.

Proof. 1f (20) does not hold, then there exists a subsequence Iy, — oo such that

f(xk + amaxﬁlkj dy) — f(xk) > Qamaxﬁlkj <Vf(Ik), dk> + Vg
> Qamawﬁlkj <vf($k)adk>

If L is the Lipschitz constant, Taylor’s expansion yields
(V@) domar™ + 2 (et [del)? > ot oman™ di) — fai)
> 00man3" (Vf (@), di).
A division by ' and taking the limit for j — oo lead to the estimate
Wmax(V f(2k), di) > 00maz(V f(zk), di).

From this and ¢ € (0,1) we conclude that (V f(xg),dr) > 0, contradicting the
assumption (18). L]

In the following theorem we prove that we obtain the same convergence estimates
as for the original Armijo rule, if we assume that the perturbation parameters
vy form a summable series.

THEOREM 3 Let f be bounded from below by fn, and let V f be Lipschitz conti-
nuous. Furthermore we assume

o0
E v < 00
k=1
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and let rpy1 = xp + agdy satisfy the nonmonotone Armijo rule. Then there
exists f. such that

lim f(xx) = fs

k—o0

and

min{—(Vf(xk),dk>, (W) } —0. (21)

Proof. Since V f(-) is Lipschitz continuous, the nonmonotone Armijo rule is well
defined according to Lemma 2 and we have the following inequality for all &k

f(wrr1) = f(wr) < 0an(V f(xr), di) + V.

If we set A, = 0 and o(x) = —(Vf(zk),dr) we see that the assumptions (1)
and (3) in Theorem 1 are satisfied. The conclusions of Theorem 1 are the
convergence of the function values f(xy) to some limit f. and

Zak(_<vf($k);dk>) < 00. (22)
k=1

If the case (19) is satisfied, we have
ar(—=(Vf(xr), di)) = —maz(V f(2k), di). (23)

Otherwise, due to the choice of I we have for % = QmazB* 1 the reverse of
(20)

Flan + %dw — flay) > g%wf(xk),dw +op > g%wf(xk),dw.

As usual, Taylor’s expansion yields

S VS + 5 (G 1) > 0 G (V). d)
and finally

— T 2
ar (—(Vf(xr),di)) > (1 - o) %( <Vﬂnglvdk>) .

Together with (23) we obtain

(V1) di)) > min{ —tman (V (24 i), (1—g) 22 <M) 1> 0

L 1|

where the left side tends to zero due to (22) and (21) is true. ]
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The following three corollaries illustrate some of the choices for descent direc-

tions.

COROLLARY 2 Let dy = =V f(xy). Then

COROLLARY 3 Let dj, be such that ||di|| =1 and for some ¢ >0

(V) di) < = c [V ()l
be given. Then we have

Vf(xx) —s 0.
Proof. Note that

—(Vf (@), di) = cl|V f (i)

and

(Vf(zx), di) ’ 2 2112
(B2t > 19l

hold. From (21) follows the convergence of V f(zx) to zero.

COROLLARY 4 Let di be such that for some ay,as >0

(Vf(@r),di) < —ar[VF@)l?,  lldill < a2l Vf ()]

Then we have
V f(xr) — 0.
Proof. Note that
—(Vf(zx), di) > ar||[V f(2)]?

and

(V@) i) @
N A

which shows the convergence of V f(xy) to zero using (21).

Conditions on the relation between the gradient V f(z)) and the descent direc-
tion dy in Corollaries 3 and 4 as well as in the subsequent Theorems 4 and 5 are
closely related to conditions on the boundedness away from zero of the angle

cos(—V f(xg),dr).
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5. A gradient norm based step size rule

In some applications, function evaluations are quite expensive. In such a case,
an iterative procedure to determine a proper step size like Armijo’s rule can be
quite time consuming. A possibility to avoid such an iterative procedure is the
choice of a step size as a fraction of the norm of the gradient. Convergence for
such a rule can be proven, if the Lipschitz constant of the gradient of f is known.
We show that this case is also covered by the general approach we outlined in
the second section of this paper.

THEOREM 4 Let f(x) > fm and let V f be Lipschitz continuous with Lipschitz
constant L. Choose 0 < a_ < at < %c with some constant ¢ > 0. Let dj, be
descent directions satisfying

ldill =1 and (Vf(zr),dr) < —c[Vf(zp)]]

Set

Tht1 = T + apdy
where

o =0,V (zp)ll, k€ a-, aql. (25)
Then

lim f(zx) = f« and lim |V f(zy)| = 0.
k—o0 k—o0
Proof. Taylor’s expansion and the assumptions on dj yield

Fanm) — Fan) < an(VF(ae)di) + 2 o ||de?

2
= o (VF(n).di) + 5 T [V ()]
< op(Vf(xr),di) (1 - g Qg %)
< a(Vi(m),de) (1— g oy %)

Hence (2) holds with v, = 0 and o = 1 — Zay € (0,1]. We choose Ay = 0
and o(zx) = ||V f(zk)] ¢, such that (1) holds. Then Theorem 1 yields the
convergence of the function values f(zx) to some value f, and by (4)

oo > Zaka(ack) = ZakHVf(xk)H c
k=1 k=1

=c) @ IVf@l? =cas ) [VF(z)l?

k=1 k=1

and we have ||V f(xy)|| — 0. L]
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The main disadvantage of Theorem 4 is the fact that an explicit knowledge
of L is required in order to estimate ay.

6. Nonmonotone step size rule by Zhang and Hager

In a recent paper, Zhang and Hager (2004) derived some results for nonmonotone
line searches in connection with a modified Armijo’s rule or Wolfe’s rule.

In the case of Armijo’s rule the setup is identical with the one in the Armijo’s
algorithm outlined in the previous section. The difference is related to the
parameter vg. In Zhang and Hager (2004) it is assumed that the iterates xy
and directions dj, satisfy the descent condition (Vf(x),dr) < 0. If amar > 0
satisfies for some o > 0

f(l'k + amaxdk) § Cr + 0 Omax <Vf(l’k), dk>a

then set ap = Qunaes, otherwise find the smallest [, € IN such that for ap =
Omaz B we have

fxrpt1) = flag + and) < ek + 0 ax (Vf(zk),ds). (26)

The sequence ¢y is updated according to the rule

chr1 = (Meaqrer + [(Trt1))/Qrsr, Qr+1 = MRqr + 1, (27)

where Mk € [Mmin, Mmaz] With numbers 0 < i < Nmaqz. As initial values we
choose ¢y = f(z0) and gy = 1.

Note that, if i = 0, the classical Armijo-rule occurs as a special case. On
the other hand, if n; > 0, then ci41 is a convex combination of ¢ and f(zx41).
Since ¢, is also constructed as a convex combination, cx4+1 can be regarded as
a convex combination of all previous function values f(xg41):

cer1 =0 f (o) +y1f(x1) + oo + Vo1 f(Tht1)-

Note that in (26), in comparison with (2), the value of f(xy) is replaced by
¢, thus allowing for a nonmonotone behavior of the function values.

It is obvious that by setting vy = ¢ — f(zx) we are in the framework of
Section 4. Then the following theorem can be proved based on the results from
the previous section. For Armijo’s rule it coincides with the result in Zhang and
Hager (2004, Theorem 2.2).

THEOREM 5 Let the assumption on the function f of Theorem 3 hold. If, in
addition, for the sequence xi11 = xk + apdy produced by Zhang and Hager’s
Algorithm there exist constants ay,as > 0 such that

(VF(xr), di) < —ar||V f ()%, [dill < a2V f ()|l (28)
and if Mmaz < 1, then
klim Vf(xx) =0.
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Proof. We can easily apply Theorem 3 and Corollary 4, if we can prove for the
quantities v, = ¢ — f(x) that Z;ozl v, < 0o holds.
Using (28) we obtain from (26) that

f(@r41) < ok (29)

holds.
We obtain from (27) that

_ MkGrCE + f(Trt1) _ (@r+1 — Deg + f(zrg1) _— f(@rg1) — G (30)

qk+1 qk+1 gdk+1

Ck+1

With (29) we have

Cr — x
o< e f@y) o

dk+1
Using a telescope series argument and (29) again we obtain

2 Ck — Tk
0< ZM =Co — Cn+1 SCO—f(xn+2) SCO_fm- (31)
k=0 k1

On the other hand equation (30) implies

>0

i )

J(er—f(wrt1)) = (Qk+1—1)w
qrk+1 dort

Vi1 = Cpy1—f(Try1) = (1—

because g, > 1 by definition and ¢ > f(zk+1) as shown in (29). The sequence
of ¢ is bounded, because N < N < 1

1
Qa1 = Dhs + 1< N + 1< e SOEEL 00+ F 1S :
— Nhmax
From (31)

o0 o0 o0
0< Zyk _ Z(Qk _ 1)Ck—1 - f(Ik) < - ﬁmaa; Z Ck—1 — f(fk)

=1 b1 qk Nmax =1 qk

< ltmag (co — fm) < 00. =
1- Tmax

7. Discretization of optimization problems

The here developed theory can also be applied to finite-dimensional discretiza-
tions of infinite-dimensional optimization problems. A whole class of examples
are PDE-constrained optimization problems as outlined in Troltzsch (2010). In
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order to indicate some potential applications, we take a quick look at an ideal-
ized situation:
Consider a problem in Hilbert space X with f: X — IR
miy fx).
Let X,, be a sequence of nested finite-dimensional subspaces of X

XiC..CXp, CXpp1C...CX. (32)

For functions f™ : X,, — IR we can consider a sequence of finite-dimensional
optimization problems

min f"(x).

Xy,

Suppose that we refine the meshes as the iteration progresses, i.e. we have a
sequence n(k) — oo for k — co. If we choose a fixed predetermined step size
rule, it would yield the same sequence of numbers «y, for all levels of discretiza-
tion. Then the implementable finite-dimensional version of a steepest descent
method is given by

Thi1 =Ty — apV " (zy).

For each fixed discretization level n, the standard theory would yield some
convergence statement of the type Vf™(z}}) — 0 for £ — oo and n fixed. It
would be more meaningful to have a statement, where the original gradients
tend to zero, like Vf(acz(k)) — 0 for k — oo.

We see below how this can be achieved as a simple application of the general
theory developed above.

THEOREM 6 Let f: X — IR, f* : X,, = IR be a family of functions defined
on a sequence of nested subspaces X,, of X as in (32). Let n(k) be a sequence

with n(k) — oo for k — oo. Define a sequence :Ez(k) € X,k through a steepest
descent method where the discretization is refined at each step

2™ = af® — v O @), (33)
Let the family of functions satisfy the estimate
V5 () — Vf(z)|| < 7 for all x €S, (34)

where S C X contains all iterates. If the sequences oy, T are chosen such that

o0 o0 o0
Zai < 00, Zak = 00, Zakrk < 00, (35)
k=1 k=1 k=1

then
V™) -0 k- oo (36)
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Proof. Due to the nested subspaces, we can consider the sequence x
sequence in X. Then from (33)

n(k)
L asa

Izgﬁﬂ) =2y fapdy,  dp =~V O @7 H),

This is the setting of Theorem 2, where by (34)

Considering assumption (35) we see that in Theorem 2 the assumptions (6) and
(7) are satisfied. Hence the conclusions are true and since the assumption (14)
in Corollary 1 also holds, we obtain its conclusion, which is exactly (36). [

Usually, the discretization is parameterized by a mesh size parameter h and
for the gradient errors one might have 7, = O(h%) for some p > 0. A typical
choice for the step sizes would be o, = 1/k such that (35) is satisfied if

o0
Z aph} < oo
k=1

holds.

A typical application of such a theorem is shown in the following situation.
If we can extract a convergent subsequence zZ;kj )

(36) yields immediately V f(xz,) = 0, the stationarity of x, for the original
infinite-dimensional problem.

— x4, then the statement

8. Conclusions

We consider a general setup for nonmonotone step size rules which allows to
show global convergence in the sense that the gradients of the objective functions
evaluated at the iterates converge to zero. We show how this can be applied
to various instances of nonmonotone step size rules. In particular, this yields
a new proof of an Armijo-type step size rule developed by Hager and Zhang.
Furthermore, the potential application in discretization schemes of optimization
with PDEs is indicated.
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