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Abstract: This paper is concerned with adaptive stabilization
of two coupled viscous Burgers’ equations by nonlinear boundary
controllers. Under the existence of bounded deterministic distur-
bances, the adaptive controllers are constructed by the concept of
high-gain nonlinear output feedback and the estimation mechanism
of the unknown parameters. In the controlled system the global
stability and the convergence of the system states to zero will be
guaranteed. It is shown that the theory can be generalized to the
systems with higher-order nonlinearity.
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1. Introduction

The Burgers’ equation is a simplified fluid flow model which nonetheless exhibits
some of the important aspects of turbulence. It is often referred to as an approx-
imation to the one-dimensional Navier-Stokes equations. It is also referred to a
model of traffic flow (Farlow, 1982, Haberman, 1977). The Burgers’ equation is
a natural first step towards developing methods for control of flows. While many
recent papers (Burns, Kang, 1991, Byrnes, et al., 1998, Henry, 1981, Ito, Yan
1998, Temam, 1997, Van Ly et al., 1997) have investigated local stabilization
and global analysis of attractors, the problem of global asymptotic stabilization
has been investigated in (Kobayashi, 2001, Krstic, 1999, 2000a, 2000b, 2000c).

One of the most important applications of feedback is to achieve regulation
and servoaction, that is, to obtain a stable closed-loop system that rejects a
given class of external disturbances and tracks a given class of reference signals
with zero asymptotic error. The advantage of the adaptive control is that good
control performance can be automatically achieved even in the presence of var-
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classes of distributed parameter systems (Kobayashi, 1987, 1988, 1996, 1997,
2000c, Logemann, Martensson, 1992, 1997, Luo et al., 1999, Béhm et al., 1998,
Wen, Balas, 1989).

This paper is concerned with adaptive stabilization of two coupled viscous
Burgers’ equations by nonlinear boundary controllers. Under the existence of
bounded deterministic disturbances, the adaptive controllers are constructed by
the concept of high-gain nonlinear output feedback and the estimation mecha-
nism of the unknown parameters. In the controlled system the global stability
and the convergence of the system states to zero will be guaranteed. It is shown
that the theory can be generalized to the systems with higher-order nonlinearity.

2. System description

Consider the viscous Burgers’ system

u(z,t) = €1uz(2,t) - arulz, t)us(z,t) + plw(z,t) — u(z,t)],
z€(0,1),¢>0 (1)
W (I: t) = ezw::(ml t) - azw(n:, t)wr(zs t) + p[ﬂ(:{:, t) - W(l', t)]n
z€(0,1),t>0
uz(0,t) + biu(0,) = —fi(t) — 0Tv(t), uz(1,t) = fa(t) } @)
wz(0,1) + bow(0,t) = —g1(t), wz(1,t) = ga(t)
y(t) = [u(0,8), u(1,t), w(0, 1), w(1, )", ©)

where €, €2 and p are positive constants, ay,as,b; and by are constants, fi(t),
fa(t), g1(t) and go(t) are inputs and y(t) is the output. We assume that the
disturbance vector function v(t) bounded and known, but 6 is the l-dimensional
unknown constant vector. For example, we shall consider v(t) such that

1
v(t) = | |sint|
cos 2t

It should be noted that the elements of v(t) are not necessarily assumed to
satisfy a linear, time-invariant, finite-dimensional differential equation. We can
consider signals such as a periodic rectangular pulse.

The objective of adaptive contro! design is to construct the control input
f1, f2, g1, g2 such that the closed-loop system will be globally stable when the
system parameters €1, €2, p, @1, G2, by, by and @ are unkonwn.

The proof of existence and uniqueness of solutions is nontrivial for nonlinear
partial differential equations, especially if the boundary conditions are nonlinear
too. The well posedness of the closed-loop system has been considered for the
Burger’s equation (Liu, Krstic, 2000a, 2000b, 2000c). In the paper we shall
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3. Regulator design (non-adaptive case)

In this section we consider non-adaptive regulator design for the system (1)-(3)
in the case where €1, €2, p, a1, a2,b1, by and @ are known.
We start from the Lyapunov function

1
V(t) = %/0 [w?(z,t) + w(z, t)]dz. (4)

The time derivative of V(t) along the solution of system (1)-(3) is
) 1
V() = / (vus + ww,)dz
0

1
= / [u(ertze — aruug)+pu(w — u) +w(eawer — aaww;)+pw(u — w)ldz
0
1

1
= ey u(l, t)us(1,t) = equ(0,t)u.(0,t) — 61/ ulde - (;—1 (u3).dz
0 0

1
+ew(l, t)ws(1,t) — ew(0, )wz(0,2) — € f wzdx-%i (0®)dz
0

1 1 1
-—p/ uz—p/ w2d:c+2p/ uwdz
0 0 0
= &1 f2(t)u(1,t) + e1b1u?(0,) + €1 f1(t)u(0, ) + €167 v(t)u(0,t)
1 1 1
-elf ulds — a—lua(l,t) + ﬂ153(0, t) — p[ u® + 29] vwdz
0 3 3 0 0
+ €292 (t)w(1, 1) + e2b2w?(0,8) + €291 (t)w(0, 1)
1 1
- 52[ wldz — Ew"‘(l,t) + Ewa({), t) - p/ w?.
0 3 3 ! 0
Here, because

u(z) = u(0) + /: U dx,

it holds that
1

T 2
u?(z) < 2u?(0) + 2(/ u;da:) < 2u%(0) + 2/ uldz.
0 0
Thus
1 1
/ u?dz < 2u%(0) + 2/ uldz. (5)
0 0

Using this relation and

~ ~
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we obtain

V() < —%/luzdm +eu(l, t) [fg(t) - ;Tlu2(1,t)]
0 1
+e1u(0,t) [f;(t) 4 0Tv(t) + (by + 1)u(0,t) + ;—;uz(o, t)]
1
= %2/0 wdz + eaw(1, ) [gg(t) - ;T";wz(l,t)]

+ eqw(0,t) [gl(t) + (b2 + 1)w(0,t) + %wz(ﬂ,t)] . (6)

If we apply a control law

fi(t) = —k1u(0,t) =0T v(t) — (b1 +1)u(0, t)—g%u?(o, t), K10,

fa(t) = —kou(1,t) + ﬁ%uz(l,t), Ko > 0,

g1(t) = —raw(0,t) — (ba + 1)w(0,t) — %wz(o, t), ks >0, (7)
g2(t) = —kqw(1,t) + %wz(l,t), kg > 0,

then we obtain

1 1

V(t) < —6—1/ u’dz - 5—2/ w?dz = —min{e, 2}V (t). (8)

2 Jo 2 Jo

This implies that V(¢) will be bounded and exponentially converge to zero. The

equilibrium u(z) = 0 and w(z) = 0 is globally exponentially stable in L2(0,1).
The following theorem holds:

THEOREM 1 The controller (7) globally exponentially stabilizes the system (1)-
(3) in L? sense.

In the case where the boundary conditions are
uz(0,8) + b1u(0,t) = —f1(t) — 0: T (t), us(1,t) = fa(t) } 9)
wz(0,1) + bow(0,t) = —g1(t) — 91Tvz(t), wz(1,t) = ga(t)

we can exponentially stabilize the system by a similar control law.
However, it follows from the relation (6) that the system with boundary

conditions

ug(0,t) + byu(0,t) = — fi(t) — 017 ve(t), u(l,8)=0 (10)

w(0,t) =0, w(l,t)

Il
o
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4. Adaptive regulator design

In this section we construct an adaptive regulator for the system (1)-(3) in the

case where €1, €2, p,a1,a2,b1,b2 and @ are unknown.

Firstly, in place of the controller (7), we shall consider an adaptive controller

fl(t) = —ky(£)u(0, ) — ka(t)u2(0,8) - B() v(t) - e (t)u2(0,1),
Fa(t) = —ks(£)[u(1, ) + w*(L, )] — aa(t)u’(L, ),
91(t) = —ka(t)w(0,t) — ks()w?(0,¢) — as(t)w 2(0,2),
92(t) = —ko(t)w(L,) + (L, 1)] — ca(t ) 2(1,1),
where
(t) =ru 2(0 t) Al(O) >0, r >0, ]
(t):r 4(0,1), k2(0)>0 ?‘2>0
ks(t) = ra[uz(l t) +u4(1,2)], k3(0) >0, r3 >0,
k4(t)=r 2(0, t) k4(0) > 0, 74 > 0,
():r 4(0,t), k5(0) >0, 75 > 0,
6(t) = rg[w?(1,t) + w(1,t)], ke(0) >0, 76 >0, ¢

(t) = Pu(0,t)v(t), P : positive definite matrix
an(t) = ‘hua(os t), 1 >0,

do(t) = g2u®(1,1), g2 >0,

as(t) = gsw?(0,t), g3 > 0,

ay(t) = Q4w3(1,t), qq > 0. )

Then, from (6), the time derivative of V(£) becomes
v <-5 Ll w2dz — e [kx(2) — (b + 1)]u2(0, ) — exka(t)ud (0, )
—af0t) - 6 v(t)u(0,) — & [al(t) - %] w(0, 1)
—erks(®)[u2(1, 8) + ut(1,8)]) — &1 [ag(t) X ;Tll] W31, ).
- 01 wldz — eky(t) — (ba + 1)]Jw?(0,t) — €2 ks(t)w?(0,1)
— [a) - 2] w00
— eakis(t)[w?(1,t) + wi(1,8)] - €2 [a4(t) 4 -3%] w(1,1).

Here we introduce another non-negative function E(t) by

Fray ovriay o Sl by e o a2 . €1 y9.0 0 E1 S04

(11)

(12)

(13)
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s lka(®) = (oo + 1)+ 32 3(E) + 5T RE(E)

+51[§( _ o P 9]+—[ (t)__‘].l_]2+e_1[az(t)+ﬂ]2

3¢, 2q2 361
€2 az 2 €2 2 y
b 8 = S =2 14
+ 2Q3 [0'3(3) 362] * 2(]'4 |:ﬂ4(t) + 362] ( )
Using (12), (13), we can estimate the time derivative of E(t)
E(t) < —min{e1, 2}V (2). (15)

It follows from this that E(t) < E(0), and then k;i(t) < o0,i = 1,2,---,6,
16(t)]| < o0, |a;(t)] < o0, j =1,2,3,4 for any ¢ > 0. Thus, by (12) we obtain

u(0,t) € L?(0,00) N L4(0,00), u(1,t) € L2(0,00) N L*(0, o), } (16)
w(0,t) € L%(0,00) N L4(0, 00), w(1,t) € L*(0,00) N L*(0, o).

Next we shall show the convergence of V(t). Put €min = min{e1,€2}. From
(13), using the Gronwall lemma (Curtain, Zwart, 1995), we have

V(t) < ezp(—€mint)V(0)

—61/(; ezp|—€min(t — )] {[k;('r) — (b + 1)]Ju(0,7)
+ ka(1)u*(0,7) + [B(r) 9] )u(0,7) + [ () = ﬁ] 3(0,-;)} dr

3e;

- /0 expl—emin(t — )] {ks()[2(1, ) + u4(1L, )]
+ [az(f) + :Tll] u"(l,f}} dr

~er [ caplemin(t = T} {alr) - G2 + D0, 7)
+ ks(T)w?(0,7) + [aa(‘r) - :;%] wa(O,f)} dr

- ez‘/(; exp[—€min(t — )] {ke()[w?(1,7) + w(1,7)]
+ [04(1') + ;TZ] wa(l,'r)} dr

< ezp(—€mint)V(0) + €101, maz /02 ezp[—€min(t — 7)) {ui’([], ) +u4(0,7)
+ |u(0,7)| + |u3(0,7)| + w2(1,7) + wt(1,7) + [L3(1, 'r)]} dr,

+ exp(—€mint)V(0) + €2C2 max /Dt exp[—€min(t — 7)) {wz(ﬂ, 7) + w?(0,7)
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where we take the supremum on ¢ > 0 and

C1.maz = Maz {sup£k1(t) ~ (b1 + 1)|,5up [ka(t)|, sup |(B(2)

a a
t) - 3| suplla(@lsup oa(t) + 71},

C3,maz = maz {sup|ks(t) — (b2 + 1)|,sup |ks(t)|, ,

ay(t) ;:2 } ;

sup

sup

,sup |ke(t)|, sup

a2

as(t) — —
3( ) 362
We shall estimate each integral terms. First

/ﬂ ezp|—€min(t — 7)|u?(7)dr

£ t
S/ ezp[—€min(t — 7)ul(r d'r+/ exp[—€min(t — 7)Ju(r
0 2
t

— 6] u(t)],

)dr

< ] eop(—eminT U (E = T)dr + ] exp(—emin(t - 7)u(r)dr

2 2
t

< ezp (-——E”‘T""t) /é u(t = 7)dr

+mazsc <, (e:cp[—fmin(t—"')])/% u*(r)dr

< exp (— En;" t) /0 u?(r)dr + L u?(7)dr.

When u(t) € L*(0, 00),

t
/ exp|—€min(t — 7)Ju?(r)dr = 0 as t — oo.
0
In a similar way for u(t) € L*(0, 00), we obtain

t
/ exp[—€min(t — T)|Ju*(T)dr — 0 as t — co.
0

(19)

(20)

Next, using the Cauchy-Schwartz inequality we can have the following rela-

tions

/ expl—€min(t — 7)]lu(r)dr
0

<[ [ eopt-emintt -] % [ copleeminte = e :

3
< (—L\ . [- [t exD—€minlt — rﬂuzfﬂd-r-l

213
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and

f ezp[—€min(t — 7)]|u(r)|dr
0

¢ ir gt 3
< [/ ezp|—€min(t — r)]uz(‘r)dr] [/ eTp[—€min(t — 'r)]u“('r)d'r] .(22)
0 0
For u(t) € L*(0,00) N L*(0,00) it holds that
/: ezp[—€min(t — 7)]|u(r)|dr = 0 as t — oo, (23)
0
/t exp[—€min(t — 7)]|ud(7)|dr — 0 as t — oo. (24)
0
From (17), (19), (20), (23) and (24) we can show that
/l[ug(m, t) + w’(z,t))dz — 0 as t— oo. (25)
0

The following theorem holds:

THEOREM 2 If the adaptive control low (11), (12) is applied to the system (1)-
(8), then the resulting closed-loop system will be globally stable, the equilibrium
u(z) = 0 and w(z) = 0 will be regulated to zero in L%(0,1) and the signals

ki(t) (1=1,2,---,6), 8(t), a;(t) (7 =1,2,3,4) will be bounded for any t > 0.

REMARK 1 In order to globally stabilize the system (1)-(3), we can also apply
the adaptive control law such that a(t) = a;1(t) = —as(t) and

&(t) = q[u?(0,t) — v*(1,1)], ¢ >0

in the control law (11), (12).

5. System with mixed boundary conditions

In this section we shall consider the Burgers’ system (1) with the following
boundary conditions

ua:{{])t) 25 blu(lut) = _fl(t) = HTU(t): u;(l, t’) = fz(t) } (26)
we(0,t) + bow(1,t) = —g1(t), w=(1,t) = ga(t)

The time derivative of V(&) = 1 [/ (u? +w?)dz along the solution of system (1),
(26) is

: 1
VIiHy — f (o, 4 anan Vel



Nonlinear boundary control of coupled Burgers’ equations 253

1
/ [u(€1uzz — arutg )+ pu(w — u) +w(e2Wer — G2wWW,)+pw(u — w))dz
0

1 1
= eru(l, t)ug(1,t) — e1u(0,t)u (0,t) — el/ ulde — %1-/ (u?)zdz
0 0

1 1
+ eaw (1, t)wz(1,t) — eqw(0, t)wy(0,t) — 62/ widz — %2— / (w?)pdz
0 0

1 1 1
—p/ uz—-p/ wzd:c+2p/ uwdz
0 0 0

= e1 fa(t)u(1,t) + erbyu(0, t)u(l,t) + €1 f1(t)u(0,t) + e18T v(t)u(0, t)

1

—el/ud:c—?ua(lt)ﬁ- 2 u3(0,t) - /u+2p/ uwdz
0 0

+ €2g2(t)w(1,£) + e2bow(0, t)w (1 t) + e291(t)w(0,1)

1 1
—62/ widz - %ws(l,t) w3(0,t) — p/ w?. (27)
0 3 3 0

Here, since
1 1
u(1) = u(0) +/ uzdz < u(0) + / uldz,
0 0
1
w(0)u(1) < u3(0) + [u(0)| / e
0

2 v,
<1 + 2—2) u“(0) + 7/0 uzdz (28)
for any v > 0.
On the other hand, using the relation

u’(z) = [u(O) + /0I uzd:z:J2 < u2(0) + 2|u(0)] 1//01 u2dz + /01 ulde

we have for § > 0

1 1 1
/0 uldz < (14 6%)u?(0) + (1 + 52) /0 ulde,

which implies that

1 52 1
/ uldz > 7 /0 uldz — 6%u?(0). (29)
0
From (28)

5]
Erhra(0. 1 4 — 64 / w2 dr



254 T. KOBAYASHI, M. OYA

1 2 albi? !, . 2
<€ (1+2—V§) |b1]u (O,t)+——2— 4 uzdz — € A uzde

£ gy (1 - "’—1211’5) '/1 wlds + € (1 + 5:3) 1B142(0, 1), (30)

0
Thus, using (29) and (30) in (27) we obtain

. 2 2 1
V(t) < -ﬁzlfrl (1- “’12| )/ﬂ wldz + equ(l, ) [fg(t)—- %uz(l,t)]
+€1u(0,t) [f;(t) +0Tu(t) + (1 + 2%) |b1|u(0,t)
2
+ 62 (1 - '3%”—) u(0,t) + %uz({]. t)]
52 bo |12 1
B (1- | 22“‘ )/0 wldz + equ(l, ) [gg(t)— %wz(l,t)]

+ ng(o, t) [gl (t) + (1 + 2—;2) [b2|w(0, t)

2

+682 (1 - @) w(0, ) + =2 (0, t)] . (31)
2 3eq

Since there exist v > 0 and u > 0 such that 1 — [by|v?/2 > 0, 1 — |b2|u?/2 > 0,

the adaptive control law (11), (12) can globally stabilize the system (1) with

the boundary condition (26).

6. The system with higher-order nonlinearity

In this section we shall show that we can generalize the theory to the following
system with higher-order nonlinear terms (Farlow, 1982, Haberman, 1977) for
positive integers m and n

ue(z,t) = €1Uzz(z,t) — aru™ (2, t)uz(z,t) + plw(z, t) — u(z,t)],
wt($| t) = E21‘”::!:(£1 t) — aw" (I, t)wz(:r, t) T p[u(:c, t) = w(a:, t)ls (32)
z€(0,1),t>0

u5(0,t) 4+ byu(0,t)
we (0, t) + baw(0,1)

—fi(t) = 0To(t), uz(1,t) = faft)
—-1(t), we(1,¢) = ga(t). } (33)

For this system the time derivative of V(t) = § fol(uz + w?)dz becomes

V(t) < —'%fo u2d$ +€1u(1,t) [fg(t) - 61( 1 um+1(1,t}]

m + 2)

ko, 2% rr fav 0 ATy 1 (he L 1Yl #) L ___”L_um“rn ﬂ]
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€2 ) 2 az wH
_ ?/D I [gz(t} i, t)}
+ eaw(0, 1) [gl(t) + (ba + Dw(0,¢) + ” (::: 2 w™ (0, t)] . (34)

We apply the following adaptive control law to the system

Fu(t) = =k (£u(0, ) — ka(tyu™+2(0,8) — B(2) u(t)
— an(tyumH(0,2),
—ka(t)[u(1,1) +u2’"+1 1,1)] — a2 (t)u™(1,

where

%1“) — nuz({], t), k],(ﬂ) >0, r; >0,
kz(t) = Tzuz(m'i'l)(o t) k2 (0 ) >0, ro >0,

k;;{t) = r3[u 1,t) + «2m+1(1,¢)], k3(0) > 0, 3 > 0,

k‘;(t) = T4W ( ) k‘4(0) >0, 14 >0,
ks(t) = rsw?{“ﬂ)(o t), ks(0) >0, r5 > 0,

t), (35)

fa(t) =
9i(t) = —k4( Jw(0,) — ks(t)w 2"“(0 t) - as(t)w™+(0,1),
92(t) = —ke(t)[w(1,t) + w1 (1,1)] — cs(t)w™t(1,1),

ke(t) = re[w?(1,t) + w ™+ (1,¢)], ke(0) >0, 76 >0, ¢ (36)

8( ) = Pu(0,t)v(t), P : positive definite matrix
a1 (t) = qu™**(0,t), @1 > 0,
aa(t) = QQum+2(1.t}, gz > 0,
dS(t) = Q3wﬂ+2(0! t): g3 > 0,
d‘l{t) = Q4wﬂ+2(1vt)1 qs > 0.

Then the time derivative of V(¢) can be estimated by

0 / l u?dz — ey[ky(t) — (by + 1)]u?(0, ) — exka(t)u®™+1(0,1)

—a0) - 0] 0(0)u(0,1) - € [aa(:)——ﬁ‘—-] £™2(0,1)

e1(m+2)

— erks(t)[u?(1,8) + v (1,8)] — & [az(t) + o

a1 m+2
P m+2):|u (1,¢).

= % . w?dz — ealky(t) — (ba + 1)]w?(0,t) — €2 ks(t)w ™+ (0,t)

0

— €2 [aa(t) p ez(:z- 2)] w™+2(0,1)

— eaks(B)w(L, ) 421, 6)] — [a4(t)+ =

Here we introduce another non-negative function E(t) by

€2(n+2)

]w““‘?'(l,t). (37)

W4 — XFfsy 1 €1 e rax PE i AN1e €1 ;2,1 , €1 ,92/
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+ 25_2[;;4@ (b + 1)) + = K2(t) + —ks( )
T4 T5

105 Lo g o €1 a ?
+ 5 [6(t) - 6] P7'[B(t) - 6] + 5 [m(t) - —‘)]

€1(m+2
2
€1 a
ol t ST S
* 2Q2 [Uz( ) + e;(m+ 2)]

2 2
€2 g €9 as
— t) - ———— — )+ —| . 38
g 2q3 [03( ) ea(n + 2)] + 2qq [m( o ea(n + 2)] (58)
Using (36), (37), we can estimate the time derivative of E(t)
E(t) < —min{e, &2}V (2). (39)

It follows from the above that E(t) < E(0), and then k;(¢) < 00,i=1,2,---,6,
[16(2)]] < o0, |aj(t)] < o0, § =1,2,3,4 for any ¢t > 0. Thus, by (36) we obtain

u(0,t) € L?(0,00) N L2m+1)(0, c0),
u(1,t) € L*(0,00) N LA™+1)(0, 00),

w(0,t) € L2(0 00) N L2"+1)(0, 00), (40)
w(1,t) € L*(0,00) N L¥"*+1)(0, c0).
For u(t) € L*(0,00) N LAm+1)(0, 00) we have
t
[ exp[—€min(t — 7)]u’(r)dr = 0 as t — oo, (41)
0
t
[ exp[—€min(t — T)u2™ D (r)dr = 0 as t — oo. (42)
0

Moreover, from the Cauchy-Schwartz inequality we can have the following re-
lations

/ exp[—€min(t — 7)) |u(r)|dr
0

el 2 : lea:p[—em,-n(t—'r)}uz(?)d*r% (43)
o) LU )

€min

and

/t exp(—€min (t — 7)) |u™2(7)|dT
0

< [/ot exp|—€min(t — T)]”Q(T)dr] 3

ff il s I _\1.,2(m+1)(._\.b_-|2 (AAN
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Thus for u(t) € L2(0,00) N L2m+1)(0, 00) it also holds that
t
/ exp[—€min(t — 7)]|u(7)|dT — 0 as t — . (45)
0
t
/ st il Pl 410 a8 v, (46)
0

From (37), (40), (41), (42), (45) and (46) we can also obtain that
1
/ [u?(z,t) + w¥(z,t)]dz = 0 as t — co. (47)
0

The adaptive controller (35), (36) can globally stabilize the system (32), (33).

7. Conclusion

We have investigated the adaptive stabilization of two coupled viscous Burgers’
equations by nonlinear boundary controllers. Under the existence of bounded
deterministic disturbances, the adaptive controller is constructed by the concept
of high-gain nonlinear output feedback and the estimation mechanism of the
unknown parameters. In the controlled system the global stability and the
convergence of the system states to zero is guaranteed. We have also shown that
the theory can be generalized to the systems with higher-order nonlinearity. It
should be noted that any finite number of coupled Burgers' equations can be
handled with the method of the paper.
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