
Archives of Hydro-Engineering and Environmental Mechanics
Vol. 52 (2005), No. 3, pp. 243–263

© IBW PAN, ISSN 1231–3726

Modelling of Concrete Behaviour with a Non-Local

Continuum Damage Approach

Jerzy Bobiński, Jacek Tejchman

Gdańsk University of Technology Faculty of Civil and Environmental Engineering

80-952 Gdańsk, ul. Narutowicza 11/12, Poland, e-mails: bobin@pg.gda.pl, tejchmk@pg.gda.pl

(Received April 14, 2005; revised July 07, 2005)

Abstract

The paper presents FE-results on the behaviour of concrete under plane strain condi-
tions. The material was modelled using a simple isotropic damage continuum model.
The model was enriched by non-local terms to avoid a pathological mesh-sensitivity
and to obtain a well-posed rate boundary value problem. The constitutive model was
used to simulate localization of deformation in 3 benchmark problems: a double-edge
notched specimen under uniaxial tension and a notched beam under three- and
four-point bending. Attention was laid on the effect of a characteristic length on
the load-displacement curves and strain localization. The FE-results were compared
with experiments and other numerical studies.
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1. Introduction

Concrete is a highly heterogeneous, discrete, anisotropic, brittle material with
a very complex non-linear mechanical behaviour due to the occurrence of localiz-
ation of deformation. The localization of deformation can occur as cracks (mode I)
if cohesive properties are dominant or shear zones (mode II) if frictional prop-
erties prevail. As a result of strain localization, material softening takes place
and a significant reduction of the material stiffness during cyclic loading-occurs.
An understanding of the mechanism of the formation of localization is of crucial
importance since they act as a precursor to ultimate fracture and failure.

To describe the behaviour of quasi-brittle materials, different models have
been developed: continuum ones within fracture mechanics (Bazant and Cedolin
1979, Hilleborg 1989), damage mechanics (Dragon and Mróz 1979, di Prisco and
Mazars 1996, Chen 1999, Ragueneau et al. 2000), plasticity (Willam and Warnke
1975, de Borst 1986. Pietruszczak et al. 1988, Menetrey and Willam 1995, Lade
and Jakobsen 2002, Bobinski and Tejchman 2004), coupled damage and plasticity
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(Lemaitre 1985, Klisinski and Mróz 1988, de Borst et al. 1999, Ibrahimbegovic et
al. 2003), microplane theory (Bazant and Ozbolt 1990, Jirasek 1999) and discrete
ones using a lattice approach (Herrmann et al. 1989, Vervuurt et al. 1994, Bobinski
et al. 2005) and DEM (Sakaguchi and Mühlhaus 1997, Donze et al. 1999, Place
and Mora 2001).

Classical FE-simulations of the behaviour of materials with strain localization
are not able to describe properly both the thickness of localization and distance
between them. They suffer from mesh sensitivity (its size and alignment) and
produce unreliable results. The strains concentrate in one element wide zones
and the computed force-displacement curves are mesh-dependent (especially in
a post-peak regime). The reason is that differential equations of motion change
their type (from elliptic to hyperbolic in static problems) and the rate boundary
value problem becomes ill-posed. Thus, classical constitutive models require an
extension in the form of a characteristic length to properly model the thickness
of localized zones. Such extension can by done with a micro-polar (Mühlhaus
1986, Sluys 1992, Tejchman and Wu 1993, Tejchman et al. 1999), strain gradient
(Zbib and Aifantis 1989, Mühlhaus and Aifantis 1991, Pamin 2004, Sluys and de
Borst 1994, Peerlings et al. 1998, Meftah and Reynouard 1998, Pamin and de
Borst 1998, Chen et al. 2001, Askes and Sluys 2003), viscous (Neddleman 1988,
Loret and Prevost 1990, Sluys 1992, Ehlers and Graf 2003) and non-local terms
(Bazant 1986, Pijaudier-Cabot and Bazant 1987, Bazant and Lin 1988, Brinkgreve
1994, de Vree et al. 1995, Strömberg and Ristinmaa 1996, Marcher and Vermeer
2001, Maier 2002, 2003, di Prisco et al. 2002, Bazant and Jirasek 2002, Jirasek
and Rolshoven 2003, Tejchman 2004).

Another numerical technique which enables to remedy the drawbacks of stand-
ard FE-methods and to obtain mesh-independent results during the description
of strain localization is the so-called strong discontinuity approach which affords
a finite element with a displacement discontinuity (Regueiro and Borja 2001, Ver-
meer et al. 2004, Simone and Sluys 2004). However, the approach cannot describe
the patterning of strain localization and wall strain localization along structures
and does not include a characteristic length to investigate a size effect.

The intention of the paper was to analyze localization of deformations in
the form of cracks (mode I) in quasi-brittle materials (e.g. concrete-like ma-
terials) during such tension dominated problems as uniaxial tension and bend-
ing using an FE-method based on a non-local damage continuum model. Due
to the presence of a characteristic length, the law can describe the forma-
tion of strain localization (its thickness and spacing). The FE-results converge
to a finite size of strain localization via mesh refinement, and the initial and
boundary value problem becomes mathematically well-posed at the onset of
localization. The presence of a characteristic length also enables the capture
of a scale effect (dependence of strength and other mechanical properties on
the size of the specimen) observed experimentally on softening granular and
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brittle specimens. This is made possible since the ratio lc=L governs the re-
sponse of the model (lc – characteristic length, L – size of the structure)
(Tejchman 2004). The advantages of this model is extremely simple, a small

amount of material constants and consideration of the stiffness degradation. The
drawback is the lack of plastic deformations and hardening. The potential of
the model to describe strain localization was demonstrated with the FE-results
of three different tension dominated boundary value problems: uniaxial tension,
three-point bending and four-point bending. The FE-results were compared with

the experimental ones and other FE-solutions. The influence of a characteristic
length on the load-displacement curves and the related size effect were studied.

2. Constitutive Model

Continuum damage models initiated by the pioneering work of Kaczanov (1958)
describe progressive loss of the material integrity due to the propagation and
coalescence of microcracks and microvoids. They can be relatively simple, i.e.
isotropic (Peerlings et al. 1998, Geers et al. 1998, Jirasek 2004) or more complex,
i.e. anistropic (Zhou et al. 2002, Krajcinovic and Fonseka 1981, Kuhl and Ramm

2000). The simplest isotropic damage model describes the degradation of the
material due to micro-cracking with the aid of a single scalar damage parameter
D growing from 0 (undamaged state) to 1 (completely damaged state). Thus, the
stress-strain law is represented by the following relationship:

¦i j D .1 � D/ Ce
i j kl"kl ; (1)

where ¦ i j is the stress tensor, Ci j kl denotes the linear elastic material stiffness
matrix and "kl is the strain tensor. Thus, the damage variable D acts as an iso-
tropic stiffness reduction factor. It is assumed by Eq. 1 that the Poisson ratio is not
affected by damage. The growth of the damage variable D is controlled by a dam-

age threshold parameter � characterizing the maximum of the equivalent strain
measure e" (scalar measure) reached during the previous history of the material
up to a given time t :

� D max
−�t

e" .−/ : (2)

During monotonic loading, the parameter � grows (it coincides with e"/, and

during unloading it remains constant (while e" decreases). The history variable �

for loading-unloading conditions is defined by the Kuhn-Tucker relations:

ž
� ½ 0;

¾
" � � � 0;

ž
�

�¾
" � �

�
D 0 (3)

and an initial value of �o.
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To define the equivalent strain measure e", a modified von Mises definition
in terms of strains was used following de Vree et al. (1995) and Peerlings et al.
(1998):

e" D
k � 1

2k .1 � 2¹/
I1 C

1

2k

s
.k � 1/

2

.1 � 2¹/2
I2
1 C

12k

.1 C ¹/2
J2; (4)

where I1 and J2 are first invariant of the strain tensor and the second invariant
of the deviatoric strain tensor, respectively:

I1 D "11 C "22 C "33; J2 D
1

2
"i j "i j �

1

6
I2
1 : (5)

The parameter k in Eq. 4 denotes the ratio between the compressive and
tensile strength of the material. A two-dimensional representation of Eq. 4 is
given in Fig. 1 for k = 10. The curve approximately describes the behaviour
of concrete during a biaxial test (in a principal strain space). The shape of the
curve is similar in a principal stress space. The stress increment resulting due the
change of the damage parameter D is normal to each bound curve of e" (Eq. 2).
Other definitions of the equivalent strain measure e" were used for concrete by
Mazars and Pijaudier-Cabot, 1989 (using principal strains separately in tension
and compression) and by Jirasek, 2004 (using principal stresses of the Rankine
criterion).

Fig. 1. Equivalent strain definition in principal strain space for plane stress (Peerlings et al. 1998)

To describe the evolution of the damage variable D, an exponential softening
law was used to describe the concrete behaviour during uniaxial tension (Peerlings
et al. 1998), Fig. 2a:

D D 1 �
�0

�

�
1 � Þ C Þe�þ.���0/

Ð
; (6)

wherein �0 is the initial value of the damage threshold parameter � , and Þ and þ

are the material parameters. The damage evolution law determines the shape of
the softening curve, i.e. the material brittleness (Fig. 2b). The material softening
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starts when the axial strain reaches the initial threshold �0 (material hardening is
neglected). The parameter þ determines the rate of the damage growth (larger
value of þ causes a faster damage growth). For " ! 1 (uniaxial tension), the
stress approaches the value of .1 � Þ/E�0 (Fig. 2b). The shape of the curve of
Fig. 2b is quantitatively in accordance with tension uniaxial tests (Hordijk 1991).
Due to numerics one assumed an asymptotic character of this curve for large
strains. The shape of the load-displacement curve during an uniaxial compression
is similar to that in a uniaxial tension of Fig. 2b (linear up to the peak and
non-linear in a softening regime). Alternative forms of the damage evolution law
were proposed by Geers et al. (1998), Zhou et al. (2002) and Jirasek (2004).

Fig. 2. Damage model: a) damage variable as a function of � , b) homogeneous stress-strain
behaviour during uniaxial tension (E – modulus of elasticity, Peerlings et al. 1998)

3. Non-Local Approach

To preserve the well-posedness of the boundary value problem and to obtain
mesh-independent results, a non-local theory was used as a regularisation tech-
nique (Bazant 1986, Pijaudier-Cabot and Bazant 1987, Bazant and Lin 1988,
Brinkgreve 1994). A full non-local model assumes a relationship between average
stresses ¦ i j and averaged strains "i j defined as

¦ i j .xk/ D
1
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ZZZ
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and
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where xk are the global coordinates, x
0

k are the local coordinates, w denotes the
weighting function and A stands for the weighted volume:
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ZZZ

w
�

x
0

k

�
dx

0

1dx
0

2dx
0

3: (9)
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For the sake of simplicity, the local coordinates x
0

k can be replaced by the
distance r measured from each material point to other points of the body:

¦ i j .xk/ D
1

A

Z
w .r / ¦i j .xk C r / dV (10)

and

"i j .xk/ D
1

A

Z
w .r / "i j .xk C r / dV: (11)

In general, it is required that the weighting function should not alter a uni-
form field which means that it must satisfy the normalizing condition (Bazant and
Jirasek 2002). Therefore, as a weighting function w in Eq. 8, the Gauss distribution
function was used:

w D
1

lc
p

³
e

�
�

r
lc

�2

; (12)

where the parameter lc is a characteristic length. The averaging in Eq. 12 is re-
stricted to a small representative area around each material point (the influence
of points at the distance of r D 3 ð lc is only of 0.1%, Fig. 3). The characteristic
length is related to the micro-structure of the material (e.g. maximum aggreg-
ate size and spacing in concrete, pore and grain size in granulates, crystal size
in metals). It lies between 3 ð da and 5 ð da , where da is the maximum aggreg-
ate size (Bazant and Pijaudier-Cabot 1989). It is usually determined with an in-
verse identification process of experimental data (Geers et al. 1996, Mahnken and
Kuhl 1999). Recently, Le Bellego et al. (2003) presented a calibration method of
non-local models containing an internal length on the basis of four size effect
bending tests. However, the determination of one representative characteristic
length of micro-structure is very complex in concrete since strain localization can
include a mixed mode (cracks and shear zones, Bazant and Jirasek 2002), the char-
acteristic length is one-dimensional but is related to the fracture process zone with
a certain area or volume (Bazant and Jirasek 2002) and varies (mainly increases)
with changing fracture zone size (on the basis of acoustic emission measurements,
Pijaudier-Cabot et al. 2004a, b).

Other functions can also be used for the function w (di Prisco et al. 2002,
Bazant and Jirasek 2002, Ozbolt 1995, Akkermann 2000, Jirasek 2004); e.g. the
polynomial bell-shaped function reads:

w D
�

1 �
r 2

R2

�2

; (13)

where R (interaction radius) is a parameter related to the characteristic length.
It is sufficient to introduce non-locality only to one variable controlling the de-
gradation of the material (the stresses and strains remain local, Bazant and Lin
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Fig. 3. Region of the influence of a characteristic length lc and weighting function w

1988, Maier 2002, 2003, Bobinski and Tejchman 2004). To improve the behaviour
of a non-local averaging in the vicinity of the boundary of a finite body, Polizzo-
tto et al. (1998) proposed the weight distribution preserving a uniform field and
symmetry:

w0 D w.r / C

2
41 �

Z

V

w.¾/d¾

3
5 Ž.r /; (14)

where Ž denotes the Dirac distribution. This function is thus corrected by a suitable
multiple of the local value to compensate for boundary effects. The FE-results by
Jirasek et al. (2004), show that the type of a non-local averaging near boundaries
influences the peak of the load-displacement curve; the averaging with a symmetric
local correction by Eq. 14 results in lower resistance.

The FE-analyses show that the finite element size should be small enough
compared to lc (at least one third of lc/ (Le Bellego et al. 2003).

In the FE-calculations, the equivalent strain measure e" in Eq. 4 was replaced

by its non-local definition
�
" following Eq. 11:

�
" .xk/ D

1

A

Z
w .r /e" .xk C r / dV : (15)

4. FE-Data

The non-local model was implemented in the commercial finite element code
Abaqus (2001) for efficient computations. During calculations, two identical over-
lapping meshes were used. The first mesh allowed to gather the information about
coordinates of integration points in the entire specimen, area of all finite elements
and total strain rates in each element. The elements in this mesh were defined by
the user in the UEL procedure. They did not influence the results of stresses in
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the specimen body since they had no stiffness. The information stored was needed
to calculate non-local variables with the aid of the second mesh which included
standard elements from the Abaqus library. The constitutive law was defined by
the UMAT procedure. During odd iterations, the information was gathered in the
elements of the first mesh. During even iterations, the stresses in the elements
of the second mesh (including standard elements) were determined, taking into
account non-local variables and a non-linear finite element equation was solved.
Between odd and even iterations, the same element configuration was imposed.

For the solution of the non-linear equation of motion governing the response
of a system of finite elements, a modified Newton-Raphson scheme was used. The
calculations were performed with a symmetric elastic global stiffness matrix. The
calculations with a full Newton-Raphson method resulted in worst convergency
in the softening regime. The following convergence criteria were assumed:

rmax � 0:01eq and cmax � 0:011umax; (16)

where rmax – the largest residual out-of-balance force, eq – spatial averaged force
over the entire body, cmax – the largest correction of the displacement and 1umax

– the largest change of the displacement in the increment. The procedure yielded
a sufficiently accurate and fast convergence. The magnitude of the maximum
out-of-balance force at the end of each calculation step was smaller than 1%
of the calculated total vertical force on the specimen. The calculations with the
smaller tolerances in Eq. 16 did not influence the FE-results. The integration was
performed in one sample point of each element (centroid).

The calculations were carried out using a large-displacement analysis available
in the Abaqus finite element code. In this method, the actual configuration of the
body was taken into account. The Cauchy stress was taken as the stress measure.
The conjugate strain rate was the rate of deformation. The rotation of the stress
and strain tensor was calculated with the Hughes-Winget method (Hughes and
Winget 1980). The non-local averaging was performed in the current configura-
tion.

5. Numerical Results

5.1. Uniaxial Tension

The problem of a double notched specimen under uniaxial tension was experi-
mentally investigated by Hordijk (1991) and numerically analysed by Peerlings et
al. (1998) and Pamin (2004) using a second-gradient damage continuum model.
The geometry of the concrete specimen (width b D 60 mm, height h D 125 mm,
thickness in the out-of-plane direction t D 50 mm) and boundary conditions are
presented in Fig. 4. Two symmetric notches 5 ð 5 mm2 were located at the
mid-point of both sides of the specimen. All nodes along the bottom were fixed
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in the vertical direction. The top and bottom were smooth. To preserve the sta-

bility of the specimen, the node in the middle of the bottom was fixed in the

horizontal direction. The non-local parameters along all boundaries of the speci-

men were calculated without modifications. The vertical tensile deformation was

imposed by enforcing the vertical dispacement 1v of all nodes along the upper

edge (Fig. 4). The modulus of elasticity was equal to E D 18 GPa and the Pois-

son’s ratio was × D 0:2 (Peerlings et al. 1998). The following parameters of the

damage model were chosen (Eqs. 4 and 6): �0 D 2:1 ð 10�4, Þ = 0.96, þ = 500

and k = 10. The characteristic length lc was assumed to be 5 mm (Eq. 9). Three

different FE-meshes were used: coarse (1192 triangular elements), medium (1912

triangular elements) and fine (4168 triangular elements), Fig. 5. When calculating

non-local quantities close to the notches, the so-called “shading effect” was con-

sidered (Pamin 2004), i.e. the averaging procedure considered the notches as an

internal barrier that was shading the non-local interaction.

Fig. 4. Geometry and boundary conditions of a specimen with a notch under uniaxial tension
(dimensions are given in mm)

The calculated contours of the damage parameter � in the specimen are shown

in Fig. 6 for a residual state. The results are mesh-independent, since the width

of the damage region in the mid-region of the specimen is always the same. The

width of the localization zone was approximately 22 mm (4:4 ð lc/.

Fig. 7 presents the nominal stress–elongation tensile curves for all meshes as

compared to the experimental curve (Hordijk 1991). The elongation Ž in Fig. 7

denotes the elongation of the specimen above and below both notches at the

height of 35 mm, Fig. 5. It was measured experimentally by 4 pairs of extensomet-

ers with a gauge length of 35 mm. The vertical normal stress was calculated by
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Fig. 5. FE-meshes used for calculations of uniaxial tension: a) coarse, b) medium, c) fine

Fig. 6. Calculated contours of the damage parameter � in a specimen under uniaxial tension for:
a) coarse, b) medium and c) fine mesh
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dividing the calculated resultant vertical force along the upper edge by the spe-
cimen cross-section of 50 ð 50 mm2. The calculated load-displacement curves of

Fig. 8 practically coincide for the different meshes. They are also in a satisfactory
conformity with the experimental curve of Fig. 7, although a deviation between
the theory and the experiment, in particular before the peak (due to the lack of

hardening) and after the peak, takes place.

Fig. 7. Calculated stress–elongation diagrams for a specimen under uniaxial tension with different
FE-meshes compared to the experimental diagram (Hordijk 1991)

Fig. 8. Calculated stress–elongation diagrams using different characteristic lengths lc for
a specimen under uniaxial tension

In addition, the influence of the characteristic length lc of micro-structure
on the specimen behaviour was investigated. The FE-calculations were per-

formed with lc in the range of from 2.5 mm up to 10.0 mm. The obtained
load-displacement curves are presented in Fig. 8. The larger the characteristic
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length lc, the higher the maximum tensile stress. The inclination of all curves to
the horizontal after the peak becomes smaller with increasing lc (the material
becomes more ductile). The width of the localized zone was 12 mm (4:8 ð lc for
lc D 2:5 mm), 22 mm (4:4 ð lc for lc D 5 mm), 34 mm .4:5 ð lc for lc D 7:5 mm)
and 44 mm (4:4 ð lc for lc D 10 mm), Fig. 9.

Fig. 9. Calculated contours of the damage parameter � in a specimen under uniaxial tension for
fine mesh: a) lc D 2:5 mm, b) lc D 5 mm, c) lc D 7:5 mm, d) lc D 10 mm

The load-displacements curves are in a good accordance with the FE-results
by Peerlings et al. (1998) and Pamin (2004).

5.2. Three-Point Bending

The problem of a notched beam under three-point bending was experimentally
studied by Kormeling and Reinhardt (1983) and numerically simulated by Jirasek
(2004) using a non-local damage continuum model. The geometry of the beam
with a depth of t D 100 mm is shown in Fig. 10 (length l D 450 mm, height h D 100
mm). The deformation was obtained by imposing the vertical displacement 1v to
the top at the mid-span of the beam. The elastic properties were: E D 20 GPa
and × D 0:2. The following damage parameters were chosen: �0 D 1:2 ð 10�4,
Þ D 0:96, þ D 200, and k D 10 (Eqs. 1–5). The characteristic length was lc D 5 mm.
The calculations were carried out also with þ D 500. A coarse (2120 elements)
medium (2300 elements) and fine (4380 elements) mesh was used.

The calculated contours of the damage parameter � at residual state are
shown in Fig. 11. The results are mesh-independent. The width of the localiz-
ation zone is approximately equal to 23 mm (4:5 ð lc/. In turn, Fig. 12 presents
the calculated load–displacement curves for different meshes which are almost
indentical and match well with two experimental curves (Kormeling and Rein-
hardt 1983) – they lie between them – for the parameter þ D 200. The effect
of þ on the load-displacement diagram is strong. The larger the þ, the smaller
the beam strength. The results with different characteristic lengths lc (lc = 2–10
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Fig. 10. Geometry and boundary conditions of the beam under three-point bending
(dimensions are given in mm)

mm), indicate that the beam strength increases with increasing lc (Fig. 13): Thus,
a pronounced size effect caused by the ratio lc=L (L – specimen size) occurs.
With increasing characteristic length, the behaviour of the material after the peak
becomes more ductile. The Fe-results are very similar to the FE-results by Jirasek
(2004).

Fig. 11. Calculated contours of the damage parameter � near the notch of the beam under
three-point bending for: a) coarse, b) medium and c) fine mesh

5.3. Four-Point Bending

The problem of a notched beam under four-point bending was experimentally
investigated by Hordijk (1991) and numerically simulated by both Pamin (2004)
with second-gradient plasticity and Simone et al. (2002) with a second-gradient
damage model. The geometry of the specimen is given in Fig. 14 (length l = 450
mm, height h = 100 mm). The beam had a 5 ð 10 mm2 notch at the mid-span. The
thickness of the beam in out-of-plane direction was t=50 mm. The deformation
was induced by imposing a vertical displacement 1v in two nodes at the top in the
central part of the beam. The modulus of elasticity was E = 40 GPa and the Pois-
son’s ratio × = 0.2. The remaining material parameters were: �0 D 0:75 ð 10�4,
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Fig. 12. Calculated load–displacement diagrams for a beam under three-point bending with
different FE-meshes compared to the experimental curves (Kormeling and Reinhardt 1983)

Fig. 13. Calculated load–displacement diagrams for different characteristic lengths lc (beam under
three-point bending)

Þ = 0.92, þ = 200, k = 10 and lc = 5 mm. The FE-analyses were carried out
with a coarse (2152 elements) medium (2332 elements) and fine (4508 elements)
mesh.

The calculated contours of the damage parameter � are shown in Fig. 15.
The obtained results do not depend on the mesh size. The width of the loc-
alization zone is approximately equal to 26 mm (5:2 ð lc/. Fig. 16 depicts the
load–displacment curves for various FE-meshes which are almost indentical. They
are also close to the experimental curve (Hordijk 1991). In addition, the influ-
ence of the characteristic length in the range of lc = 2.5–10.0 mm was analyzed
(Fig. 17). The results of Fig. 17 show that the effect of the characteristic length
on the load-displacement diagrams is pronounced.

The load-displacement diagrams are quantitatively close to the solutions given
by Simone et al. (2002) and Pamin (2004).
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Fig. 14. Geometry and boundary conditions of the beam under four-point bending
(dimensions are given in mm)

Fig. 15. Calculated contours of the damage parameter � near the notch for a beam under
four-point bending for different FE-meshes: a) coarse, b) medium and c) fine mesh

Fig. 16. Calculated load displacement diagrams for a beam under four-point bending for different
meshes compared to the experiment (Hordijk 1991)
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Fig. 17. Calculated load–displacement diagrams for different characteristic lengths lc (beam under
four-point bending)

Fig. 18. Relationship between the calculated normalized strength P=E�0tbt (uniaxial tension)

(a) and Pl=E�0h2t (four-point bending) (b) and ratio h= lc compared to the size effect law
(Bazant 1984)
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Fig. 18 shows the calculated size effect expressed by the normalized strength

P/E�0bt (uniaxial tension) and Pl/E�0h2t (four-point bending) against the ratio

h/lc. The normalized strength decreases almost linearly with the size ratio h= lc in

the considered range. The relationship can be approximated by the Bazant’s size

effect formula (Bazant 1984), wherein two required parameters were calculated

using a linear regression.

6. Conclusions

ž The FE-calculations show that a non-local damage continuum model in

spite of its great simplicity is capable of modelling strain localization in

quasi-brittle materials during uniaxial tension and bending. The obtained

FE-results do not suffer from the mesh sensitivity. Satisfactory agreement

between numerical simulations and experiments was achieved.

ž The greater the ratio between the characteristic length of micro-structure

and the specimen size, the higher both the bearing capacity and ductility of

the specimen.

ž The thickness of the localized zones increases with increasing characteristic

length of micro-structure. It is about 5 times the characteristic length.

ž The size effect is more pronounced during beam bending than during uni-

axial tension.

ž The greater the value of the parameterþ, the faster the damage growth. For

uniaxial tension, the most realistic value of þ is 500. In turn, for bending,

the most realistic value of þ turns out to be 200.

ž The calculated size effect decreases almost linearly with decreasing ratio

between the specimen size and characteristic length in the considered range.

It is in agreement with the size effect formula by Bazant.

ž A non-local model can be implemented in commercial finite element codes.

ž The numerical calculations of strain localization in concrete with a non-local

continuum model will be continued. To include plastic deformation and

hardening, the damage model will be combined with an elasto-plastic model

(Bobinski and Tejchman 2004) according to the proposal by Pamin and de

Borst (1999). Afterwards, a damage model will be enriched by anisotropy

(Zhou 2002). The FE-calculations will also be performed with reinforced

concrete elements by taking into account the slip bond between concrete

and reinforcement (Pamin and de Borst 1998). The results will be checked

again by experiments and simulations with a discrete lattice model (Bobinski

et al. 2005).
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H.-B. Mühlhaus et al.), A. A. Balkema, Rotterdam/Brookfield, 321–333.

Polizzotto C., Borino G., Fuschi P. (1998), A thermodynamic consistent formulation of nonlocal
and gradient plasticity, Mech. Res. Commun., 25, 75–82.

di Prisco M., Mazars J. (1996), Crush-crack – a non-local damage model for concrete, Mechanics
of Cohesive-Frictional Materials, 1, 321–347.

di Prisco C., Imposimato S., Aifantis E. C. (2002), A visco-plastic constitutive model for granular
soils modified according to non-local and gradient approaches, Int. J. Numer. Anal. Meth.
Geomech., 26, 121–138.

Ragueneau F., Borderie Ch., Mazars J. (2000), Damage model for concrete-Like materials coupling
cracking and friction, Int. J. Num. Anal. Meth. Geomech., 5, 607–625.



Modelling of Concrete Behaviour with a Non-Local Continuum Damage Approach 263

Regueiro R. A., Borja R. I. (2001), Plane strain finite element analysis of pressure sensitive
plasticity with strong discontinuity, Int. J. Solids and Structures, 38, 21, 3647–3672.
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