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Positioning with Interactive Navigational Structures Implementation

INTRODUCTION

A rapid growth of merchant fleet tonnage after the II World War entailed
a considerable rise in a number of ships collisions. The above circumstances became
then a reason for the seaside countries governments to take their interest in the
problem of navigation safety. Therefore the search for new types of navigational
signs and new positioning methods became focused on increase of the navigation
safety level. Till now the basic assignment for the maritime administration
authorities has been a continuous rising and upholding the adequate navigation
safety at the subordinated water areas. The most important and valuable factor for
solving the above issue appeared to be the prompt development of technique.
In consequence, for the last fifty years a sharp progress in the existing navigational
signs system reliability has taken place. Designing new radio-navigational systems,
as for example DECCA, TRANSIT, LORAN (A and C versions), OMEGA, BRAS,
MARS enabled heightening accuracy in determination of vessels proper positions.

However, the most significant improvement of maritime navigation quality

happened at the time of putting into service the satellite positioning system (GPS)
and also its differential version (DGPS). High accuracy and frequency
in determining positions, also the system reliability, are only some of a long list
of the system advantages. Common usage of the system would not be possible,
but for the fact that a sudden electronic computing development has turned out.
Extensive implementation of computers, miniaturization thereof as well as low
prices, have been the main reasons for using satellite survey techniques. Maximal
shortening of a time, required for determining positions of vessels at sea with
adequate accuracy level, is for every navigator one of priorities on watch.
In fact, the techniques development has contributed to a procedure of providing
navigating bridges with the “one — man — bridge” type aids. At present, automation
in positioning a vessel at sea is based on, first of all, radio-navigational systems,
mainly of the satellite type.

Satellite systems for objects positioning appeared indispensable for
performing basic tasks of maritime navigation. Navigation, understood as safe
and effective conducting a vehicle from one point to another, within a specific
physical-geographical environment [Kopacz, Urbanski, 1998]. However, the
systems have not solved the problem of accessibility to reliable and highly accurate
information about a position of an object, especially if surveyed toward on-shore
navigational signs or in sea depth. And it’s of considerable significance for many
navigational tasks, carried out within the frameworks of special works performance
and submarine navigation.

7/2004 5



Krzysztof Czaplewski

In addition, positioning precisely the objects other than vessels, while executing
hydrographical works, is not always possible with a use of any satellite system. The
problem is, for example, to locate precisely floating signs along the state borders at
sea. Difficulties with GPS application show up also while positioning such off-lying
dangers as wrecks, underwater and aquatic rocks also other natural and artificial
obstacles. It is caused by impossibility of surveyors approaching directly any such
object while its positioning. Moreover, determination of vessels positions mutually
(mutual geometrical relations) by teams carrying out one common tasks at sea,
demands applying the navigational techniques other than the satellite ones. Vessels’
staying precisely on specified positions is of special importance in, among the
others, the cases as follows:
e surveying vessels while carrying out bathymetric works, wire dragging;
e war ships while searching for submarines, minesweeping, performing common
artillery and rocket tasks;
e special tasks watercraft in course of carrying out scientific research, sea bottom
exploration etc.

The problems are essential for maritime economy and the Country defence
readiness. Resolving them requires applying not only the satellite navigation
methods, but also the terrestrial ones.

The condition for implementation of the geo-navigation methods is at present
the methods development — both: in aspects of their techniques and technologies as
well as survey data evaluation. Now, the classical geo-navigation comprises
procedures, which meet out-of-date accuracy standards. To enable meeting the
present-day requirements, the methods should refer to well-recognised and still
developed methods of contemporary geodesy. Moreover, in a time of
computerization and automation of calculating, it is feasible to create also such
software, which could be applied in the integrated navigational systems, allowing
carrying out navigation, provided with combinatory systems as well as with the new
positioning methods. Whereas, as regards data evaluation, there should be applied
the most advanced achievements in that subject; first of all the newest, although
theoretically well-recognised estimation methods, including M-estimation (currently
being under development in many research centres, which carry on studies on the
observational data evaluation subject). Such approach to the problem consisting in
positioning a vehicle in motion and solid objects under observation enables an
opportunity of creating dynamic and interactive navigational structures.

6 Annual of Navigation



Positioning with Interactive Navigational Structures Implementation

1. AIM AND SCOPE OF THE WORK

The main subject of the propositions suggested in this work and the detailed
theoretical and empirical analyses, is the Interactive Navigational Structure (here in
after called /ANS). In this paper, the Structure will stand for the existing navigational
signs systems, any observed solid objects and also vehicles, carrying out navigation
(submarines inclusive), which, owing to mutual dependencies, (geometrical and
physical) allow to determine coordinates of this new Structure’s elements and to
correct the already known coordinates of other elements.

Interactivity, or mutual influence in the presented Structure, consists
in a possibility of continuous intervention of a navigator (observer) into its
formation. Thus, it has been assumed that, depending on necessities, one remains
capable to develop optionally the Structure and to change its configuration as well.
Apart of the above, there is also an opportunity of selecting the positioning methods,
limited only with the activity sphere and the Structure elements type.

If it concerns IANS, the most essential is to define the transmitting and
receiving elements, and also quantities joining them together. Therefore the
transmitting elements include any sorts of navigational signs, which can be used
in a process of determining or correcting positions of any other Structure elements.
On the basis of their proper definitions, the navigational signs have their specific
place in space (two or three-dimensional space). Navigational signs include also the
elements of optical and radar navigational signing and on-shore stations of radio-
navigational and satellite systems (i.e.: reference stations). A place of their
foundation is defined with coordinates, generally defined in the two-dimensional
system. On the other hand, the receiving elements are these of the navigational
structure elements, positions of which were just determined or previous
determinations were updated (corrected). They may also be the observed solid
objects, additional navigational signs, which complement the existing navigational
structure, the signs having positions already corrected and vehicles, the proper
positions of which were just determined. The transmitting and receiving elements
are connected either with geometrical quantities (bearings, distances) subject to
survey, or sometimes with physical quantities (velocity and frequency
of electromagnetic waves, the parameters changes etc.).

Determination of solid objects foundation coordinates, carried out at other
observational stations is a geodesy domain, whereas maritime navigation deals with,
first of all, surveying location of proper positions of vehicles, with an observer
on-board. Anyhow, there are many special navigational tasks, which require
determining a position of an object, remaining under a navigator observation.
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The tasks are, among the others, as follows:

e positioning maritime obstructions, danger for navigation, having no chance
to approach them,;

e positioning objects sunk in sea depth;

e verification of navigational signs positions, carried out from the ship with
no need of any navigational service assistance;

e establishing additional inaccessible navigational signs.

One of IANS tasks is precise positioning of submarines. Travelling deep
in the sea eliminates a possibility of continuous using the GPS system for
determination of the vessel’s proper positions. Also a lack of any navigational signs
systems located at the sea bottom, indicates a necessity of designing any
“substitutive navigational systems”, internally coherent and assigned for positioning
objects in the sea depths. Literature on the above mentioned subject matter is rather
insufficient [Sea technology 2003, Saclantcen 2002, Kaniewski 2003a,b].
In that paper, [Sea technology 2003], the joint American and British teams have
presented the main results of the practical tests, discussed on the subject on issue.
They informed that an autonomous submarine vehicle had travelled a fairly short
distance, provided with aids offering an opportunity of determining its proper
position. However, neither the navigation method, nor the achieved accuracies have
been revealed. The work [Saclantcen 2002] presents also results of theoretical
studies, carried out in scientific research centres of Italian Navy. On the other hand,
contents of the work performed in France [Kaniewski 2003a,b] are results
comprising the efforts, connected with construction of a self-propelled submarine,
equipped with a navigational block, operated on the basis of Kalman’s filter and its
mutations.

In the available Russian literature no such research results are shown,
however, according to the author’s opinion, it gives no evidence that the problem
is out of the Eastern scientific centres interest. It is also confirmed by the fact that,
in the whole world, the problems referring to positioning vehicles and any external
objects within the sea depth are included in the Navies’ activities scope. In Poland
the preparatory research aimed at undertaking the subject, were carried out in the
Naval University of Gdynia. The research was focused on integration and joint
processing navigational data, obtained using acoustic techniques and classical
sensors, such as gyroscopes, magnetic gauges or accelerometers, having made the
assumption of knowing an initial and final positions (draught and emergence),
measured applying satellite techniques. An advantage of acoustic measurements
may be taken for comparison with a sea bottom map or, through correlation
of pictures, obtained at very specific moments, for determination of the object
movement components in reference to the sea bottom. The research results were
published in the works [Migsikowski 2002; Meller, Waz 2003; Praczyk, Waz 2003].

The basic rules of constructing the Interactive Navigational Structure have
already been a subject of previous works of the author. Mainly they were of
recognizable character and comprised usually some problems connected with such
structure, but standing apart.
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Among the other studies, there were carried out investigations concerning the ways
of positioning new navigational signs while coastal navigation proceeding.
On searching the optimal values of those signs coordinates in coastal navigation,
there were applied the sequential estimation principles.

Such a task, carried out with a use of gyro bearings and distances (on the basis
of the vertical angle measurement and a given height of an object), has been
presented and resolved in the works [Czaplewski 2002b, Czaplewski, Wisniewski

2002]. The existing navigational signs K, and a characteristic on-shore field
object M, which played a part of an additional signing, were the points, subject to
observations. Its optimal coordinates were determined sequentially at positions
P, P,, P, of the sailing vessel (Fig.1.1, basing on the work [Czaplewski 2002b]).

Fig. 1.1. Navigational task considered in [Czaplewski 2002b]

7/2004 9
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In the work [Czaplewski 2002a], applying the sequential method, on the basis
of optical bearings, there has been determined the lattice mast K (here in after called
the station K ). Positions F,..., P, of the vessel, from which the observations were
carried out, were determined basing on optical bearings taken toward the
navigational signs L,,...,L, (Fig.1.2., on the basis of the work [Czaplewski 2002a]).

" ievffagem periodicaly lostd for navigation andsiseeng) |

way of ship
I stage
IT stage
III stage
IV stage

Fig. 1.2. Navigational task considered in [Czaplewski 2002a]

In the Navigational Structure being under development, there is also
an opportunity (under some certain conditions, resulting from accuracy nature)
of taking advantage of a vessel’s route vector elements. The elements, by joining

positions P,P,, may “consolidate” (strengthen) the obtained structure, mainly

in respect of its reliability (sensitivity to inadmissible survey errors).
Such consolidation of the navigational structure was applied in the works
[Czaplewski, Wisniewski 2003b; 2003c], also in [Czaplewski 2004a; 2004d].
The navigational structure, evaluated in the work [Czaplewski 2004b] is displayed
in Fig. 1.3. (Z-navigational signs, R-the point complementary to the navigational
system, P-proper position, determined basing on bearings toward signs Z).
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I stage — — — -
II stage —-—-—-
[1I stage — = — - =
IV stage ——

Reszalln

Fig. 1.3. Navigational task considered in [Czaplewski 2004d]

In the works [Czaplewski Wisniewski 2003b, 2003c] there was undertaken
a trial of supplementing the set of observations with the DGPS observations.

The position P coordinates of a vessel, determined in this way, have been treated

in the sequential process of the navigational structure adjustment as pseudo-
observations characterized with the established covariance matrix [Czaplewski
Wisniewski 2003b] or only as the initial data in the structure development
[Czaplewski Wisniewski 2003c]. The navigational structures analyzed in the

mentioned papers are presented in Fig. 1.4 (.S, -the navigational systems stations,

R, T -the signs supplementary for the systems, P, -the proper positions of the vessel

determined on the basis of bearings toward the stations and on the basis of DGPS
measurements).

The essential issue, even so not evaluated in this paper, is an optimization of
navigational signs number and location, carried out from the viewpoint of the this
way developed navigational system accessibility and the required navigation
accuracies. The problem can be resolved applying the methods presented in the
papers [Czaplewski 1999; Czaplewski, Wisniewski 1999a,b]. The complex
methodology, referring to optimal installation of navigational systems’ stations,
(following the example of the Quotient Navigational System), advised in the above
mentioned publications, enables a possibility of finding out a required number and
location of such stations, necessary for navigation of the vessels, positions of which
have to be determined in conformity with the defined positioning accuracy
requirements.
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b) based on [Czaplewski Wiews 2003c]

Fig. 1.4. Considered navigational tasks

Annual of Navigation



Positioning with Interactive Navigational Structures Implementation

Introduction of integral calculus and the simplexes method [Czaplewski
2000a, 2002c] in the designing works connected with arrangement of navigational
marks indicates a way how to make optimal selection of new signs in the suggested
navigational structure.

Another, extremely important problem of present-day navigation at sea
(highly automated), is an eventuality of occurring gross errors biased observations in
sets of observations. The errors, not containing in the intervals, admissible for
random errors, are in literature of the subject called usually gross errors, and the
observations biased with such the errors — outliers. [Kadaj 1984]. Sources of such
errors are generally the errors, which occur upon identification of navigational
signings, faults in data transmission, momentary disturbances in survey aids
operation etc. In the instructions of international organizations, first of all in the
resolutions of the International Maritime Organization (IMO) it is stated, that gross
errors biased positions should be rejected and the concerned survey - repeated.
However, due to the vessel continuous displacing, it is not possible to take the
measurements again at the same, for some reasons significant point.

In such situations, aimed also at improvement of reliability of the IASN under
development, in working it out, there should be applied the methods of robust
estimation, coping with gross errors. A class of the coping- with- errors methods of
robust adjustment is “generated” by, among the others, M -estimation, formulated
applying specifically selected attenuation functions. Application of the so-called the
function of attenuation (ex-potential) in radar navigation, was suggested in the
works [Czaplewski 2003, 2004b,c,d; Czaplewski, Waz 2004; Czaplewski,
Wisniewski 2003a]

Literature referring to the subject, also the briefly reported above results of the
author’s studies, prove raising the following possibilities in the present-day
navigation:

e determination of proper positions by taking advantage of non homogeneous
observations obtained on using various navigational systems jointly
(i.e. DGPS, optical, radar observations etc.) and with consideration to the route
vector elements as well;

e optimization of such positions (with accuracy evaluation) applying the
contemporary estimation methods, the robust estimation (M -estimation)
inclusive;

e development of the navigational structure in the fundamental navigation
process;

e optimization of new points in this structure with applying sequential estimation
(including the one, coping with gross errors).

The advanced navigation enables to determine the proper position
of a vessel with a use of non homogeneous observations, obtained with different
navigational systems. Thus, in the paper [Czaplewski 2004d] there was presented
the opportunity of using jointly the observations obtained with DGPS and optical
bearings, considering at the same time also the sailing vessel movement elements.
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Besides, a try of exercising jointly the various navigational data (DGPS,
optical and radar observations) in multi-variant navigational structure being subject
to development, is contained in [Czaplewski, Wisniewski 2003b,c].

The above indications have been the basis for the further propositions
and generalizations, which stand for the main contents of this work and refer to, first
of all, rules governing structuring and working out the geometrical survey structures
of geo-navigation, supported with DGPS surveys. The suggested generalization
of the geometrical measurement structure, developed on navigation process,
is (as said before) the Interactive Navigational Structure. The descriptive
and functional definition of this structure, mutual relationship between its main
elements and basic principles of /ANS development are presented in Chapter 2.
As for reasons of the general assumptions made as concerns survey conditions,
the /ANS is a complete structure, a choice of its real variant, adjusted to a certain
navigational situation, is made with a use of the decisive function. General
assumptions connected with the function, treated as a specific case of the attenuation
function applied in robust estimation, is this Chapter contents as well.

In Chapter 3 there has been formulated and resolved the adjustment task,
concerning the Interactive Navigational Structure element. The element
is constructed with stations (signs) of the navigational system, proper position of the
vessel, newly determined points, complementary for the navigational system
(or other points of navigational importance), as well as sets of terrestrial
observations (e.g. of radar system) supplemented with DGPS measurements.
The adjustment task has been formulated basing on the functional-decisive model of
IANS element, the survey results covariance matrix model, in robust resolution
substituted with an equivalent model (applying with decisive-equivalent weights
matrix) and the target function of the least squares method. The adjustment task and
its solutions are referred to the basic principles of robust M-estimation, capable
to cope with survey gross errors. Due to a decisive character of the functional model,
the equivalent weights matrix, applied in this estimation, was substituted with the
decisive-equivalent matrix. Decisions on selection of the functional model’s variant
have been at this point realized by the decisive matrix, whereas robustness, it means
capability of coping with gross errors has been obtained by applying the attenuation
matrix. The product of the mentioned matrixes is the decisive-attenuation matrix,
which makes a basis for, the advised in Chapter 3 function of the robust-decisive
adjustment task target of the /ANS chain element. The described Chapter has been
finished with evaluation of special cases of the obtained general solution. In this
evaluation there has been indicated also, which of them and in what cancellation,
were a subject of the previous works of the author.

Two elements of /ANS, connected with mutual observations (in the simplest,
specific case they may be the route vector elements), create the /ANS module.
Formulating the decisive-functional model of such module, the decisive-equivalent
statistic model and the resulting therefrom adjustment task (with its solution) is the
basic contents of Chapter 4 in this work.
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The solution presented in this Chapter is not only a theoretical basis for
development of the /ANS chain, is also determines technological conditions of such
navigational task. Two elementary situations have been distinguished within this
subject matter. In the first of them the /ANS is developed by a singular watercraft,
whereas insufficiently accurate elements of the route vector are neglected. instead,
in the second case, the task is executed by two vessels which, apart from the
principal surveys (supported with DGPS measurements), carry out the mutual
observations as well. Then, for the final evaluation of the /ANS parameters, the
watercraft should exchange information about the values of the partial evaluations
(carried out by stages). A range of such evaluations and a way of obtaining thereof
are contained in Chapter 4 as well. Besides, there have been specified also the
special cases of the achieved solution; the subject had been of the author’s interest
previously.

A result of developing /ANS is the new signs which, in some certain
situations, can become an intrinsic basis for objects navigation. Such signs positions
are determined with no physical contact therewith, what may lead to mistakes in the
signs descriptions. A user may get provided with such mistaken descriptions
of other, similar and situated nearby objects, instead of navigational signs.
In difficult conditions of navigation, as, for example, of submarines navigation,
one may also expect mistaken identification of the products, even if no mistakes
occur in their location. Referring to such extraordinary situations, however possible
in practice, in Chapter 5 of this work there has been advised the object positioning
method, in which not only the outlying observations are considered (gross errors
biased survey), but also “outlying” (misidentified) adjustment points. The theoretical
bases for this method are the principles of free, robust adjustment, supplemented
with the decisive-equivalent observations weights matrix. In such a sense,
the suggested solution may conventionally be treated as hybrid M-estimation.

The work is finished with Chapter 6, in which some numerical tests have been
presented. Mainly they concern (not exhausting the entire set of eventual practical
situations) those variants, which have not been a subject of evaluations carried out
by the author before. The tests should be treated, first of all, as illustrations for the
theoretical solutions described in the work. It seams that practical realization of
IANS requires further analyses, especially of empirical character, anyhow including
also the practical experiments. Nevertheless such sort of tests has not been a subject
of this work, as its character remains mainly theoretical (still with consideration of
the practical implementations).
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2. INTERACTIVE NAVIGATIONAL STRUCTURE.
THE BASIC ASSUMPTIONS.

The suggested Interactive Navigational Structure - if considered from the

geometrical point of view - is created by a set of points 2 = {Z jij= 1,..,,nz} with
coordinates given in a certain configuration (e.g. (X Y )), also subsets of determined
points &P = {PI = 1,...,np} and R = {Rl = 1,...,nk}. The % set can be created

by optical navigation systems’ signs, radionavigation systems’ stations, elements
of radar navigation systems, reference stations of DGPS system or stations of other
navigation systems, known in the navigation theory (e.g. of the quotient navigational

system). The determined points &P are specific positions P of a watercraft

in motion or positions of a group of crafts, which carry on a common navigation task
(e.g. hydrographic survey sweeping, fighting vessels task force formation etc.).
The R subset is created by the points, determined throughout P points, which, after
fulfilling the settled requirements (especially within the accuracy scope) are to
complement the set of adjustment Z.

Let’s assume that within a certain navigational area and within a conventional

stage (k) a set of points =®) is available. For some reasons, (for example other
navigation tasks or widening the water area where navigation is carried out etc.) the
set is insufficient to carry on navigation within the next following stage (k+1).

Basing on the () set, there are determined the specific 9’(k)positions, and
throughout them, the coordinates of new R (k) points. Thus, within the (k+1) stage

k) _ J=®) @ B L (or possibly fill up

there is available a set of adjustment points =l
additional systems stations).

A chain of Interactive Navigational Structure may have many links, unless at
each of them the settled accuracy criteria are fulfilled). Generally, the relations
between the elements of such chain are presented in Fig. 2.1.
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~(4)/\L (m)_ =) (,,(/)1/\ »(A<z)7{ (k+1) 4‘,(m)}

\ NG \\ @ )
‘(P(/HZ)

P(/+1

Fig. 2.1. Conception of the Interactive Navigational Structure.

The sets and subsets discriminated above, are joined into a common
observational arrangement by the geometrical quantities, which are subject to survey
and, for some navigational systems, also by the physical quantities (for example —
for the quotient navigational system — a run time of carrier wave in water
environment).

Let us assume that determination of a specific position P. (element of ¢ set)
is carried out through bearings NR and distances d from the point P, to some points

of Z set (for example with a use of radar and gyroscope systems). The position P,

may also be determined (intrinsically or parallel to the survey described above),
basing on the satellite navigation systems, as, for example, DGPS. Moreover, with
expectation that from the position P, there is to be carried out a bearing of point R

(or several such points covered by R point) and a distance thereto is measured, there
is achieved an observational arrangement (Fig.2.2) which stands for intrinsic, basic
IANS element.

DGPS
VA

Fig. 2.2 Basic /ANS element.

7/ 2004 17



Krzysztof Czaplewski

The interactive character of a navigational structure including, first of all,
an assumed possibility of ,transferring” points R to Z set, is demanding creation
of such observational arrangement, which, on one hand, meets the stipulation
concerning /ANS area development and on the other hand, enables carrying out the
obtained determinations control. A singular /ANS element fails to meet those
requirements. In such an arrangement the points R are, at the utmost, uniquely
determinable, thus unable to carry out reliable estimation of its positioning accuracy.
The IANS element, as an intrinsic navigational structure, is also slightly robust
to significant survey errors (rejection of one observation because of that reason, may

result, in some cases, in non determinability of point R or even P position).

A solution which considerably eliminates such sorts of inconvenience is connecting
basic elements into the /4NS chain. The observations to connect are in such case the
observations, which refer to the R points‘coordinates and the elements in two
vessels arrangement, also mutual bearings and mutual distances. A fragment of the
Interactive Navigational Structure chain is presented in Fig. 2.3.

Fig. 2.3 Interactive Navigational Structure Modulus

The Navigational Structure, presented in this study, is of interactive character
and apart of the above, integrates different types of available information (bearings,
distances, path vector elements, DGPS measurements). One should expect that only
some variants of mutual connections of Z,P,R sets’ elements will be used

in practical application. It is also predicted, (as described in the part of the study
below) that even if any of the observations are practically executed, due to biasing
thereof with major errors, they should also be rejected or attenuated applying any
justified way. Thus, in general, let’s accept that ¢ functions, assuming values

of <0;l> interval, are subordinated to the observations and coordinates of the points.
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The functions assume the extreme values when the observations (coordinates)
are not taken into the commonly worked out observational arrangement (t = 0)

or a part thereof is full (t = 1). However, if from some reason the observations are

only damped, then (0 <t< 1). The ¢ functions, of such the general properties,

in reference to the robust estimation principles, are called in the subject’ literature
the attenuation functions (e.g. [Hampel, Ronchetti, Rousseeuw, Stahel 1986; Yang,
Cheng, Chum, Tampley 1999]). A particular case of the attenuation function ¢ may
be a such double value decisive function t, that (more detailed relations between
the functions ¢ and t are presented in chapter 3):

1 . .
(s) = { if s is acceptable
0 if s is rejected

where: s — is an optional element of the points or observations set.

Description of the suggested Interactive Navigational Structure will simplify
~ DGPS

generalization of the decisive function t¢. The subsets of 2,2 ,9 points and
subsets of the observations discriminated above are the arguments for this
generalization. Let’s assume that 07 is a subset of the observations carried out from
the points 9 towards the adjustment points % (aimed at determining positions 9*
of the points &), 0% is a subset of mutual observations between the points &

DGPS

(for example: the path vector elements), O is the set of the observations DGPS

DGPS
(on the basis thereof there are determined alternative or intrinsic positions &
of 9 points), whereas OF is a set of the observations carried out at the points &
towards newly determined points R . It is assumed that generalization
of the function t having s argument proceeding through the elements (subsets)
of the following set:

DGPS

with, in general, & = % ,9P , is a function
5 (S) _ {1 if in the subset s the acceptable elements does exist
(s)=
0 if s is an empty set or all its elements are unacceptable
pty p
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It is worth to add, that & is a set which corresponds to the complete
(in accordance with the assumptions made as yet) structure; however it enables
to select one of its variants, adjusted to a specific navigational task.

An example thereof based on the adjustment points % and observations ©7,
positions 97 of the points &, is shown in the logical diagram presented in Fig. 2.4.

Fig. 2.4. The selected variant of the decisive function application in JANS

In the example, a condition of determination of the position &9 Z of the points
¢ 1is acceptance for the sets Z and o* (or at least some elements of these sets,
sufficient for determination 9% , elements of these sets). The situation when
s (:) =0 or J (@Z ) =0, is forcing to choose an alternative way. According to the
assumptions made in this work, the starting point for this path is a set of reference

DGPS

stationsZ . Its accessibility, also technical ability for execution of the set

DGPS

of observations O . allows to develop IANS, to achieve the form presented
in Fig. 2.5.
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5E)=0

Fig. 2.5. The possible JANS development in (k ) stage
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conditionff(fR)zl, the points, in the successive stage(k+1), will become

complementary for the previous (for k& stage) set of the adjustment points. A diagram
of such development, which at the same time is a supplement for the logical diagram

Let’s presume at this moment, that according to the assumptions made before,
IANS is still developed through newly determined points R . After fulfilment of the

set up criteria, what in convention of the function

presented in Fig. 2.5., is shown in Fig. 2.6.

22

ANS (k+2) |
I

,,,,,,,,,

Fig. 2.6. Possible /ANS development in (k + 1) stage
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3. BASIC ELEMENT OF JANS

3.1. Basic Assumptions and Models

Let us assume, that at the P, €9 position of the vessel, starting to create

IANS, the sets of points Z cZ and reference stations of DGPS

DGPS

systemz, C =" are available. The bearings and distances to the points Z;, and

additionally to the points R,,...,R, , which form the set R, =R , are carried out

nR
at the point P.. After the settled criteria are fulfilled, the above mentioned points

shall become complementary for the previously formed set Z, supporting the further

DGPS
process of navigation. Let us also assume, that on the basis of the set Z,  and the

DGPS
results of O DGPS survey (however with the set’s structure details omitted), the
PS DGPS

DG
coordinates X P LY, P of the point P; are known as well. The undertaken,

elementary navigational situation is displayed in Fig. 3.1.

~ DGPS
=i

Fig.3.1. The first stage of creating /ANS within the i moment
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And now let’s assume that the navigational structure, described above, corresponds
with the following sets of observations:

O =2 N;1.N; s N,y oy digsed

i g, o Ping,
~ VS, ~ ~ Y ~
bearings to Z; - points  distances to Z; - points

o*0) —) NRW NRW  NRY 4R 4rE) 4Rl
i B2 VG D ooy VIG5 QG S QUG e QLG

— A _J
v v

bearings to R; - points  distances to R; - points
from P; - position from P; - position

Basing on the above sets, the following survey results vectors can be created:

) i’"Z,- >

T
xzi{zvi,l,zvi,z,.. Ny odisdyynd }

T
xgi) = |:NR1'(,i1)aNRi,iz),...,NR(i) ,dR(l) dRi(,iz)""’dR'(i)R:|

i,nR

(in some navigational systems the vectors x,. ,xg_) stand for the basis for creation

of pseudo-observation vectors in the quotient system e.g. [Czaplewski 1998,
Kotaczynski 1995]).

According to the assumptions made previously, each of the observations set

elements O, =<0°,0" ) is an argument of the two-value decisive

function t(s),s € O;. A set of this function values can be presented in a form of the

following diagonal decisive matrix:
5(x) = Ding|5(x, ) 5(x!) |

where:

5(x,) = Diag{l/ (N, ) [,(Ni,nzl ) (dy oo L(diwnzl )}
I(xz)= Diag{i (Nl»’1 )""’{(Ni,nzi )t(di’1 )""’{(dl)nzi )}
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In the discussed navigational task, the elements sought are coordinates
T T
X, = {Xp.aYp} of the point P and coordinates X, = {XRI ’YRl v Xp Y }
[ [ [ i nR; nR;

(the coordinate system (X ,Y ) is adopted to simplify further considerations,
accepting thereby transformations of systems, required in such situations). Let’s

T
assume, that X p = l: X S YP':I is an estimator of the coordinates X, . Whereas the

T
vector X :{ X0 y0 %0 pl) } is an estimator of the coordinates X,
R; RUTR O Ry 2 R, :

of the points R = {Rl,...,an }, obtained basing on the observations, carried out

at the position P,.

Moreover (e.g. [Baran 1999], [Wisniewski 2000, 2002]:

le:le"'ng VZ, :le—th
%
(1) — 500) 4 20 i) — =0 _ 0
xRi _xRi+gRi VRi _xRi—xRi
where: V. = _éz,- , Vg_{ ) = —égf ) are estimations of survey errors vectors,
1 1

(k) . -
£z,» €R,~ - corrections vectors, whereas X - a vector of true measured

quantities values,

X - an estimator of X vector.

Then if
”_CZ,‘ - FZi (XPi ’XRi )
x) = ng)(X 5oXe)
SO
v, =F, &)Xy —x, o
VSRIRDRD -

which is an a posteriori model” o fan adjustment task in an elementary navigational
problem.

* Due to the solutions applied below (sequential estimation) in functional models notation and related
adjustment tasks, instead of X parameters there will be used their estimators X (a posteriori models).
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Due to the non-linear character of the vector functions’ elements F, andF,,

(bearings and distances are the quantities measured) we may expand them into
Taylor’s series, limited to the first (linear) terms. Upon carrying on these resolving

within the neighbourhoods (Ai(;() , (Ai(;() of points X% R XY, we obtain as follows:
P R; i i

F (X%‘)’ X(}éi)) =¥, (XOPi ’ X%i )+ aXPi K, (XOPf ’ X(I)zi )d(’?P,- * aXRi ¥, (XOPz' ’ XORi )d()é)Ri 3.2)
FYKY, XE) =FOx, . X5 ) + Ox,, FYX),, X5, )&(Qpl_ +0x,, FY(X),. X5, )&(QR[_

(elements of the vectors X%, ,X%j are approximated coordinates of the points P,

and ;). Through implementation of the following designations:

Ox, Fz, X%.X3)=A,p € Moy, 2) Oxy Fz, X%, X3)=A,, € My

nZi ’2nRi )

Ox, FYX5, X5) = Ay €90(oy, ) Ox, FY (X5, X5 ) = A, €90,

an, ,2an,)

the model (3.1) can be presented in the following form:

V, =Agpdd) +A, 40 4L,
. i e , (3.3)
Vi =Ag, dQPi +ARiRid(X)Ri +LY)

where:
LZi - FZi (X%‘ ’ X%i )- Xz,
i w0 w0 i
L(R)i - F](ei) (XPi > XRi )- xgei)
are the vectors of free terms (N, ;- the set of real matrixes of a X b dimensions).

The equations system (3.3) is a functional model of an adjustment task
in elementary navigational problem, in the paper considered to be as an autonomous
IANS element. However, it is not a complete model in the situation when the

DGPS DGPS

RS i

coordinates ( X, ) of the point P, are available. Let us make the most

GPS

DGPS 2l
general assumption, that the result of handling data © referred to the set 2, s

DGPS DGPS

. DGPS
a vector of coordinates X .~ =| X
B B 'R

T
:l of the point P, of the covariance

DGPS
matrix C . As it has been previously assumed that & is an argument of the
X

DGPS
i
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.o . . _ DGPS . .o . .
decisive function i, so the vector X, is also an argument of the decisive matrix
1

DGPS

S(X P ) The coordinates X;GPS , as in the study [Czaplewski, Wisniewski 2003b]

and in conformity with the basic principles of sequence adjustment (e.g. [Sikorski
1979, 1991]), shall still be treated as a pseudo-observation of the weights matrix:

-1
P DGPS = Q DGPS (3'4)
X Xj
where QXDGPS - is the cofactors matrix, represented in the model:
2
CleGPs =0y QXpuPs (3-5)
DGPS A

of the coordinates covariance matrix X, . Thus, in case X, is an ultimate
1 i

estimator of the point P (in /ANS element) coordinates vector, which is a function

DGPS
of both — the direct observations x; and coordinates X P then the non zero

residuum is to be expected:

(X%) =XPi +VXiDGps):>VXiDGPS :X%)_XP,' | (3.6)
but because X%_) = X% +&()?),Ji » SO
Vs = 5‘% +X5 - X, (3.7)

By complementing the system (3.3) with the equation (3.7), the complete (in
relation to the general assumptions adopted in the chapter 2) functional model of the
adjustment task in /ANS element is obtained in the form as follows:

V, =Az, dePi + AZiRid()?Ri ‘L,

Vi) =Agpdl +Agedl) +L) (3.8)
(i 0 DGPS

VXiDGPS = d(X)P, +XP[ _XPz

To each of three system equations (3.8) there is subordinated the respective decisive
matrix. Process of acceptance or rejection of one of them (as a whole or only of
some of its equations), from the functional model viewpoint, is to be treated as
multiplying the equations by the matrix J , it means
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g(xzi)' (Vzi - AZ;'P:'&(?Q)P,- +AZ,'R,'&(32)R,- +LZ[)
5. (VO ~Aydl) <Al a0 1) (3.9)
J (Xlécp.v),(vxm = a()’()P ~I—X0 X;lcpsj
or
s Ve =gl -alag, oL,
DGPS . l DGPS (3 * 1 0)
S(Xl h )'(VXDGPS = d(;()P +X0E _XPI’ )
where:
vz, Azp
Vx' = il G‘G)nn.l Ap. — ifi Egﬂn,z
, {ngi)} (1) : [A% 2)

i) AZiRi G T T '
= A(i) € ‘m(ni,ZﬂR,«) in = LZi LRi
RiR;

n; = 2(71 7, T g, ) - a number of observations
r; =2+2ng - anumber of unknowns
1

The following statistical model (covariance matrix model) is being
subordinated to the functional — decisive model (3.10):

-1
C ZQ 2p-1 x,- _GOQ _O-OP x; G.11)
) =0 i) =0 i = )
xgei) ‘ xgei) ‘ x%i) C peps — O-()Q pers — Gg _LGPS
Xi Xi Xi

_ 52 _ 1
CXIQGPS - O-O Qxf)GPS - O-() PXD(,PS

where:

Q,, = Diag[sz. ,Q ‘”j = Diag[Pxé ,P‘(li)J =P,
i xR !

i *R;

Quasi-diagonal character of Q x; and P;i " matrixes results from the assumed mutual

independency of the observations, which belong to different sets O .
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It’s worth to consider that in the statistical model (3.11) there has been
introduced a coefficient 002 , common for all the covariance matrixes. According to

the idea presented, among the others, in the papers [Wisniewski 1989, 1999] it is
possible also at this point to apply local variances coefficients, subordinated to
specific, discriminated covariance matrixes. Then

C, 2 (ile )Qle = 2 x%-l Cx[ :GQx[ :GP—I 312
)% “o(xafz)"x%z 1€ = T R = g P
Cgpars = Ffpors Rigpors = Tpfpon Pgpon
where:
G = Diag ag(xzi)l(hzi )’Gg(xlg)jl@”lz)
i

I(a) € 9ﬂ(a’1) - unit matrix.

3.2. The Function of Target

On forming the target function of the adjustment task (adjustment criterion),
let’s refer to the above assumed functional —decisive models, statistical models
(models of covariance matrix of (3.11) form and the basic principles of estimation
carried out with the least squares method. The optimization criterion, resulting from
the assumptions and the principles made, can be presented in the following form:

i

mgn{d)(d(xl ,d(QLi ): o, (d(xl d(xL )+ D s (d(x; d(XL )} -

_VTP V +V xDGPs DGPSVX_DGPS’ (313)
-y, .ay, )
where:
vipv, =0 (@0 40 ) (3.14)
r 10 g0 )
VXII)GPS PXI{)GPSVXI)GPS ¢DGPS (dXPi ’dXR,' (315)
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Taking into consideration the decisive character of the functional mtjdels (3.10)

in components (3.14) and (3.15) of the function of target ¢((A1XP. ,(Ai()? | we obtain
as follows:
Vv, =5(x)-V, >0 (@0 d0 )= [S'(xi )V } P.5(x)V, =
‘ ‘ ‘ : ‘ " (3.16)
=V!5(x,)P, 5(x,)V, =V/P V.
VXDGPS = S(XiDGPS ) ’ VXDGPS - (D DGPS (a()il ’&()i)k ):
- {S(X,DGPS )vxm} P s SV s =
: : : (3.17)
= V:DGPS 3'()( iDGPS )PXpGPs 3'()( iDGPS )VXDGPS =
= V):DGPS PX_DGPS VX_DGPS
where:
le- =3 (x; )le-g(xi) (3.18)
~ DGPS DGPS
PleGPS = S'(Xl )PXZDGPS S(Xl ) (3 1 9)

Let’s assume that in the set of observations O, one of them is not accepted.
Let the observation be corresponded to by /-t element of the observation vector X;

of the following weights matrix:

Pll Pl,l—l Pl,l Pl,l+1 Pl,n
Pz—1,1 t P1—1,1—1 Pl—l,l Pz-1,1+1 "' Pl—l,n
Px,- =| Bu o B B B - B,
Pl+1,1 t Pl+1,l—1 PZ+1,Z PZ+1,Z+1 "' Pl+l,n
L Pnl Pn,l—l Pn,l Pn,l+l Pn,n ]

As in such situation, a form of the decisive matrix J(x;) is as follows:
F(x,) = Diag(l,...,1,0,,1,...,1)

(0, - zero at [-th position), so
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I Pn t P1,1—1 0 P1,1+1 o Pl,n
Pz-1,1 t Pl—l,l—l 0 Pz-1,1+1 "' Pl—l,n
P =3(x)P 5(x)= O - 0O 0 O - 0
P1+1,1 t P1+1,1—1 0 P1+1,1+1 U Pl+1,n
L ])nl Pn,l—l 0 Pn,l+l Pn,n |

In case the observations are the mutually independent elements quantities, then:

Px, :Diag(in-’Pl—l,l—laPl,laPl+1,1+1=P )

n,n

Thus
j(xz' )le- = Diag(Pl | EAAAS) Pl—l,l—l ’0’ P1+1,1+1 > P, ) = lN)

n,n X;

P.3(x;)= Diag(PH seees B0, By g1 B ) =P,
The relation existing for the independent variables

P, =5(x,)P, 5(x,) =P, 5(x,)=5(x,)P, =5(x,)P, (4.20)

has direct reference to the robust M-estimation principles (for independent
variables). According to the above principles, the original weights matrix P_

should be substituted with the following equivalent matrix (e.g. [Yang 1994,
Wisniewski 2002]

P, =T(V, )P, (3.21)

The matrix:
T(Vxl_)=Diag{t(vl Vo)t )}

is an attenuation matrix, whereas t(v, ) € <0;1> is the attenuation function, mentioned

already in chapter 2, (v, - [-th element of the correction vector V. ).

Let’s assume that the attenuation function t(v) is characterized with the
following general properties:
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tv)=1 for  veA]
e< t(v) <l for |v| eA;
t(v) <e for |v| eA,

where e is a numerical boundary of the attenuation function “zero adjustment”. With
A, there have been marked the following intervals (Fig.3.2):
A! - interval admissible for corrections, which represent the random survey errors

A’ - interval permissible

[

A, - interval of corrections which represent the gross survey errors

A )

0

A A A

v

Fig. 3.2. Graphic interpretation of intervals for corrections v

Moreover, in case it is assumed that:

+
veA,

if | | . ¢ then the observation x, corresponding to the correction v, is accepted
vleAq,

if |1)| € A, then the observation x, corresponding to the correction v, is rejected

thus the function of attenuation

{t(x):o}g(u)g{t(x)zl}

thereby the attenuation matrix

{S(Xi) = 0} < T(in )< {S‘(x[) = I(n)}

are to play, at the extreme cases, which are of our interest, a similar parts as the
decisive function and the decisive matrix.
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Carrying on the same generalization is possible for the independent variables
as well; as in the paper [Yang, Song, Xu 2002] it is displayed that in such situation,

in relation to the matrix P_ , the equivalent weights matrix form is as follows:

YiuP1g Y12P12 : V1.0 P
13x,- _ Y21P21 V22P2n Y YonPon (3.22)
7n,1pn,1 }/n,2pn,2 7n,npn,n

where: ¥, =7V i
(Lk=12,.,n).
Bifactors y,,,7,, are the attenuation function values:
7 =t) v =tlo)

Therefore, assuming that
T, (V,,)= Diag{\/t(vl) Aiv,) ,...,\/t(vn) } (3.23)

for the dependent variables it may be written that

P, =T (V,) P, T (V,) (3.24)

As J(x;) =3, (x;)=Diag \/[,(xl) ,\/lf(xz) ,...,\/[,(xn)

(the decisive function assumes the values 0 or 1 only), so

P =5(x) P -5(x)=9,(x) P -9 (x) (3.25)

sqr

The carried out analysis proves, that in a general case, it means in such a case
when not only acceptance or rejection are assumed, but also justified attenuation of
their influence on the final results of the work, the function of target

@x(a(z‘) av )zvfig(xi).Pxi F(x,)V,, ZV;- .f)xi v,

Xp 2" Xg;
can be replaced by the function
ofa 49 )=vIT (V)P T (V,)V, =V P -V, (3.26)

XPI 4 XRi sqr sqr
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There is no objection in carrying out the same substitution also for the function

o, 9.4, )

X P °
Then
R0 qo oy P -
QDDGPS (d Xp ? dXRi )— VleGPS T,W (VXIDGPS ) PXIDGPS qu/‘ (VXIPGPS )VX,PGPS B (3 27)
= VTDGPS f) DGPS V DGPS
Xi Xj Xi

where

PXIDGPS = T;q,- (VXIPGPS )PXIDGPS Tsm‘ (VXIPGP S ) (328)

DGPS
We assume at that point, that the function of attenuation t(v ) satisfies similar

properties as the function t(z)) , and that

T, (V) = Diag \/t[vx,ﬁ) ,\/r[vy,. )

where

T
DGPS  DGPS

vx, Dy, = Voors

Making an assumption concerning independence of DGPS coordinates; the weights
matrix (3.28) is taking the following form:

PXIQGPS = T\‘,, (Vxlpum )PXID(}PS T,.q,, (VXZ_DGPS ) =
= TW (VXI[)GPS )T;,,,r (VXI{JGPS )PXPGPS = T(V DGPS )PXl{JGPS

i

(3.29)

where:
(V) =T, (Vg )T, (V) = Diag{z[vx; o ]}

Due to the form of the equivalent weights matrix lﬁ’x‘ and PXQGPS

(their dependence on corrections vectors) a process of searching &g‘()P ,&g?R :

A

m&ndﬁR(d(Qﬂ,d(,Q )-or(a) .40 )-ora? a0 )of (d(X)Pd(X)R) (3.30)

R; Xp R; Xp R; DGPS
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(Q = (d()i() ,dg? )J is of iterative character. It means that especially in such, basically
b Ri

multi-step process, the corrections which correspond to unaccepted observations,
tend to the intervalsA , subordinated thereto. Thus, finding out which of the

observations is unaccepted is an a posteriori process (after adjustment).

However, in practical problems of navigation there is a possibility to indicate,
yet before carrying out an adjustment, (a priori) such elements of the set O, which
should not affect the ultimate determinations (e.g. the identified false radar echoes,
toward which automatically the bearings were carried out; therefrom their presence
in the observations set). According to the assumptions made in this work, such the
observations are corresponded by zero values of the decisive function. Substitution
of the decisive function with the more general attenuation function in the robust
adjustment process leads finally to the required results. Anyhow, in circumstances
when information about unaccepted observations is available a priori, there may be
suggested another, from the practical viewpoint more rational solution. A basis for
such the suggestion is composing the decisive function (a priori object) and the
attenuation function (a posteriori object). Thus we can obtain the following decisive-
attenuation function:

tN(x,v) = L()C)-t(u) (3.32)

of the general properties as follows:

t

~ t(v) for x participating in the adjustment
(x.0)= -
0 for x unaccepted a priori

The decisive—attenuation function can be a basis for formulation the following
decisive—attenuation matrixes:

T, (x,V,)=5,(x)T, (V,)=5(x)T,(V,) (3.33)
and
T, (X .V e) =5, (X T, (V, pors) = 5(Xp, T, (V, prs) (3:34)
with
qur (x,,V, )T W (X, V) =3(x )3 (x )T, (VT (V, ) =
=3 (x)T(V.)=T(x,,V
-~ DGPS DGPS (x zGPS( ) ) DGPS(-xl ) ) (3'35)
qu, (X P DGPS )T,q. (X XDGPS ) 3,_()( )S(X )qur (V DGPS )qu, (V DGPS ) -
- S'(P( - )T(VX_DGPS ) T(X - xPars )
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Whereas basing on the decisive — attenuation matrixes there are obtained the
following, equivalent weights matrixes:

P =T (x,V,)P.T (x.V,)

PXDGPS = TW (Xl s Vv DGPS )PXII_)GPS TV,,- (Xl s VleGPs ) (3 3 6)

1 1

and at the same time

P, =5(x)T, (V)P 5(x)T, (V,) =5(x)T, (V, )P, T, (V, )S(x,) = (3.36)

~ ~"

=3(x;)P, 3(x; ~
(x,)P, 5(x,) P
and
P =5 YT (Voo P oS, YT (Ve ) =
Xi Xi Xi Xi (337)
_ S(Xim,m )]T)XPGPS S_(Xin(,/’.s )

In case the observations are mutually independent (Px,- = Diag(Pxi J] , then

P, =3(x,)P, I(x,)=5(x,)T(x;)P, =5F(x,)P, =
=5(x))T(V, )P, =T(x,,V, )P,

(3.38)

DGPS DGPS
Similarly, with neglecting mutual dependence between the coordinates X P> Y, P

the following is achieved:

DGPS DGPS

f, = S(Xi[)GPS )laxp(;ps S~()(, ) = S(Xl )f)XPGPS =

X (3.39)

'S

= S-(Xl )T(Vxlpz;.vs )PXI(IGPS = T(X, > VX?GPS )PX?GPS

By substitutions of the equivalent weights matrixes f’xi, (PoPs
i

in components of the function@®” (&()’()P ,(Ai()?R ), with matrixes fxi,ISX,JGPS ,
[ i i

the following function is obtained:

01000, )00 i, 0, Jeo 60 40 )
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where:
¢XD_R (a()l(),)l ’a()i)R,- ): V; 13x,- Vxl- = Vfl 3'(xi )laxis.(xi )Vxl- =
=VI5(x)T, (V, )P, T, (V,)5(x,)V, = (3.41)
- VTTW (x;,V, )P, TW (x,V, )V,
and

p-r(30) A(l-)) o3 _
ds (dXP; ’dx VXD(M XD(;I’SVX;)(}PS -

DGPS

_VT S(Xg : )P p(;[)ss‘(X[;- )V pGl’S =

X7 (3.42)
= Vib(’lﬁ S‘(X )T (V DGPS‘ )P D( 'PS T (V D( 'PS )S‘(XP )VXDG['S =
= VXDGPS TW (X Pz B VXiDGPS )lepoPs TW (X Pz B VX[DGPS )VXiDGPS
For the independent variables we may write:
N (&(") .dv ): VIP. V. =VIS(x)P. V. =
x Xpi XRi Xt xp X X; ( l) X; U X; (343)
=VI5(x)T(V, )P, V, =VIT(x,,V )P V.
and
D-r|% A (1) ) T =~ DGPS  ~ _
¢DGPS (dXP,- ’dXR VXDGPS PXIDGPS VXIDGPS XDGPS S‘(XP )P DGPS XDGPS -
(3.44)

= VXDGPS S‘(XIJI )T(VX]DGPS )PX]DGPS VXFGPS =

XDGPS T(X > VXII_)GPS )PXFGPS VX]DGPS

The function (3.40) of the components (3.41), (3.42) (or their version for the
independent variables) is the target function of the decisive-robust Interactive
Navigational Structure chain’s element adjustment task.
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3.3. The Adjustment Task and its Solution

By joining the functional models in the form (3.10), the statistical model
in the form (3.11) and the function of target PP R (Ai(")',(Al(") ), the following

Xp * U Xp,
adjustment assignment can be obtained:
V, =A,dY +A%Y L
i i Xp R, i .
) o rone Sfunctional models
Vs = A5, +X§ - X2
C, =0;Q, =oP, C, =oiP;! (3.45)
s 2 - = 23 (statistic models
fo);;rs - O—O QXI[;;;PS - O-O ngﬂ’s ngws - O-() x}))[(ms
minqﬁD’R(d(Q .a¥ ): @D*R(&g? .aY ): VIP V. 4Vl P V.,
Q P R; P; R; Xt Xp X XPI' XPi XPI'
o=l 4
With the equivalent covariance matrixes C X = a§ 13;1 ! , éxum = 3 f);})aps .
b 5
With the following designations:
. ()
v - Vx, ) P ASQ) ~ Lx, i - dXP,
iSly AT o P xo x40 |
X} @ n=Xr, X

éi :Diag(Cx, ,é ij’ 131- =Diag(f’xl,l3 DGPSJ
i X i XP

the assignment (3.45) can also be presented in the form as follows:

V,=Ady +L,
C, =0 i‘l (3.46)
min®” " (ay,)=@"*(dy )= V7PV,

The classic form of the above allows for presenting (without unnecessary
derivations) the following solution (e.g.[Baran1999,Wisniewski 2000, 2004]:
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axi :_(AiTlaiAi) AiTlaiLi (3.47)
Moreover, in case a row (A?EAJZ@ (as in classic solutions), then

~ - ~ -1
(AI-TPI.AI-) :(AI-T PI-AI.) . Instead, the variance coefficient estimator can be

determined applying the formula [Wisniewski 1999, Yang 1997]:

1 ~
— 7V[-T PV, (3.48)
i
where:
fi=n+2-1= nZ +ng, +2 2(1+nR ) 2n,
number of direct number of
observations pseudo-observations T
~ A \T [~y \T
The estimator of the vector covariance matrix dy. = {(d(;() ) ,( (;() ) } and
1 Pl Ri
thereby the estimator of the adjusted coordinates covariance matrix
0 (i) i
o oo a XS AN, | XY
Xl =Xi +Xm = XO a(l) = )"((il)
R Xg; R;
takes the following form [Yang 1997 |:
A ~ -1
Cy = ag(A,.T P[A,.) =63Qy, =GPy, (3.49)

(if only we accept the equivalent covariance matrixes models éxi and C

DGPS
Xp

~ -1
presented in (4.45) and existing [AIT Pl.Al-] ). Taking into consideration a structure

of the matrix A, and 13[ , the interesting for us weights matrix Py = of the estimator

X, can be expressed as follows:
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PX-:Q;(I-:AITPI'AI': : -
l ’ 0 p N SN
a9V, ¢ WDfPAY | (550
P, B0
P . P,
KX &)

The process of resolving the task (4.46) (already mentioned) is of an
iterative character. A start-step of the process is the classic adjustment applying the
least squares method with the decisive weights matrix a priori

0 13 B 5
Pi( ) _ Dlag(Pxi , le’?GPS ] =P, (3.51)

Every following step

P(l+1) _ Diag[P(Hl) P(l+1) J

x; s leGPs
where:

i qr Xi i

P(l:Gl}?S = T [X;QPS ’V(chps jP(ZI)JGPYT [X:)‘GPS ’V(ZgCPSj
X * ! Xp ) Xp ! X5

B i b

P =T (x,.,v(’) j PUT (x,.,V@ )

Let us assume, that the decisive matrixes (adopted before carrying out the
DGPS
adjustment) 5(x;) and J(Xp ) are not subject to modification within the iteration

process (no “information transfer” between the attenuation function and the decisive
functions). Then

P/ =5(x)T, (VHPUT (vO)s(x) =T, (vO)PUT (V)

i

(if only in the start-step / =0 the weights matrix is of decisive character (3.51)).
Similarly

(1+1) _ ()
PX - T\‘f/r (VXZDGPS )PX T\'qr (VXIQGPS )

DGPS DGPS
1 1
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The adjustment task solution (3.45) can get simplified, when interaction
between the functions t(x) and t(l)) is assumed. According to the traditional

approach, introducing correction v, (corresponding to the unaccepted
observationx;) to the interval A;/ can, in many cases, proceed relatively slowly.

It results from a character of many attenuation functions, for which the v axis

is a horizontal asymptote. Then, even if v; € A;/ , still t(l) j )> 0, what may cause

elongation of the iterative process (not applicable in case of “radical” and non
continuous functions of attenuation, e.g.: the Hampel’s, Huber’s functions
[Wisniewski 2004, Yang 1997]). The suggested interaction can be presented
in a form of the following expression:

)<} =] o )=of 17 =7 <0
{1 (xj)= O} = {t(v.il)):: 0} P f)j _ f)j(l+l) -0

In the iterative process of the adjustment task solution, the decisive weights

(3.52)

matrix is a priori P;,

converted into the decisive — equivalent form P,.

Each stepwise weights matrix P(l+1) refers to the increments vector dg?’l)

1

and the corrections vector V[-(”l). Therefore, in essence, resolving the adjustment

task consists in forming sequences.

(Pi(o) — lN)l)—) PA(IH) L)IN)

The problem, substantial for practical solving the task (3.45), is selecting

. . + + - . .. .
rational intervalsA), A,, A,. Generally, in similar cases, these intervals

are substituted with intervals AL, AJ‘% and A referring to the standardized

corrections D=

(for  example: AL = <— k, k> , Ai% = <2k,5k>

A

O-I)

and A} =<5k,oo>, for k=1or k=15,0r k=2 etc.).
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The estimator &, of the standard deviation o, of the correction v is also a root

of the respective diagonal element of the estimator CV,- of the corrections vector V,

A

covariance matrix CV[ , 1t means 0, = [CV,- ]jj . Anyhow, as (easy to prove)

n ~ ~ -1
Cy, = &g{pi —Ai(A.TP.A[j A,.T} (3.53)

o0 = G(()z) r_(z) _ A,.[A-T f:_(l)Ai)l AT } (3.54)
Ji

=01, A
where: O'(gl) —>0,

Estimation of 0'51)

, especially for several first / values is substantially deformed by
large values of the corrections, covering gross observations errors. It is caused

by a fact, that in those first steps, the weights matrix P.(l) differs significantly from

4

the equivalent weights matrix P , and consequently, to an insufficient degree, there

13

runs out” an influence of large values v(.l ) on the value of

J
(Vi(l ))[ Pi(l )Vi(l )

U(()l) = TG . The literature on the above subject matter there are

suggested various solution of the task, as for example applying robust estimation

of the coefficient o, (VR — estimation, [WiSniewski 1999]). However it is

confirmed that (what has been applied by the author in some of his previous papers)
that good results can be obtained when at every iterative step a theoretical value

0, =1 is assumed. [WiSniewski 2004]. In our situation it consists in making
an interim assumption that C, =Q, =P, ' and ancps =QXDGPS :P;GPS.
i i i

The real value of the variance coefficient O'g is then determined basing on the

formula (3.48) and on the grounds of the stabilized, equivalent weights matrix f’i .
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3.4. Special cases

A. Let’s assume that in JANS element only the observations towards Z points
were carried out and they are a basis for determination of the watercraft position.
Neither GPS survey are performed nor measurements which apply for determination
of the new adjustment points ®;. The following decisive matrixes values correspond
to such a basic task of terrestrial navigation:

DGPS

without DGPS observation N SXp )=0

. . . gy _
without observation to R, - points - J(x R; )=0

Then, taking to consideration (3.36a), (3.37) and the internal structure of the weights

matrix lz)x_ = Diag(l:’xz ,1:’ (l.)], we may obtain
t i le_

P, = Diag(fxzi ,Px(,.)j - Diag{ff(xzi )13le_ 5(x,, ),S(xg;l_bﬁxg)g(xgi))} -

1

= Diag{ff(xzi )lsxzi S'(le_ ),0} = Diag(f’xzi ,0]

=2

lecrs = S(XB ‘ )PXll}GI’S S(Xﬂ ) = 0
Thus

T T P 0fAzr T 3
X MR +PX,DGPS :|:AZiPi ARiPi:| b :|{A ”]—i_PXfGPS :AZiPiPxZ,- AZipi

RiF;

>
S i
=)l
>

VR A N L

0 0

7 =0
A |50
ARR,

iR

(having earlier proved, that A, , =0x,  F,. (X(;,i , X(I)?i ) =0), and basing on it

AL P A

zp¥x, Nzp - 0

ATPA, =
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Moreover, as

~ ~ ~

T 3 Ta 0 DGPS
ATIT;L = AP’ I(z) PXi =~ ij pGrs | = AP[ijin " X?GPS (XP’ - XPI j
i (AS;?RI y‘ 0 P

0
XPars XPI - XP,

and (considering the assumed simplifications)

i

ALP L, + f,foPS (X% -X, ) =A,,P._ L,

i b " xz;

SO
~ T =
ATPL, = {Az,-e- Pe, Lzl}

As e.g. [Rao 1982]

SO

dy ={A/PA, | AJPL, = BTz | =
0 0 (3.55)
=~ -1 =~ q(0)
d
_( giPisz,-AZiPi) 2131' xz,-LZ: = A)A(P"
0 ay
R;

~ -1
(if (Agi pPe, Azp ) only exists).
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The case described hereby, making additional simplifying assumptions:

the adjustment comprises all the o
- o7 = 3(xz) =1y, )
observations of the set O, i i

the adjustment is neutral, what —>T,(V,,)=1p,,
means that no weights attenuation T Zi

is the most simple variant of the watercraft position adjustment, determined basing
on the observations carried out toward the adjustment points Z. Practical examples
of such an adjustment are presented in the basic literature [Urbanski, Kopacz, Posita
2000; Gorski, Jackowski, Urbanski 1990; Wisniewski 2004]. Theoretical —numerical
analyses, concerning such a task, formulated on grounds of the quotient navigational
system (in that case pseudo-observations are quotients of the distances to Z points)
were the subject of publications [Czaplewski 1998, 1999; Kotaczynski 1995,
Wisniewski 2002]. An influence of the additional observations in the quotient
navigational system on improvement of watercraft position survey accuracy was
a subject of the analysis presented in the paper [Czaplewski, Wisniewski 1999b].
Solution of the basic task, with application of robust estimation, thus applying
the attenuation matrix, is presented in the works [Czaplewski 2004a; Czaplewski,
Wisniewski 2003b,c]. Making an assumption that the observations are mutually
independent, in the above mentioned works there was applied the equivalent weights

matrix, of the following form lﬁ’xZ. =T(V,, )P, , what is a particular case of the

matrix (3.38) [at[f)‘( x,)= 1(2% )j PN (T"( X, ’sz,- )= T(sz,- ))j, having been
generalized in this work. In the cited works, as the diagonal elements of the
attenuation matrix, there is adopted the attenuation function of the following form
[Krarup, Kubik 1982]:

Jor  penAt

3 1
)= {exp%(lﬂ —k)g} for  peat

(the so-called Danish Attenuation Function)
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B. Let us assume that in the /ANS element, apart from the observations
towards the points Z, there also were DGPS measurements taken; thus obtaining the

. DGPS : : 2 1
vector of coordinates X P of the covariance matrix CXPGPS = o-onpm =0, PxDG"S .
1 1

It is extremely important terrestrial navigation, essential for coasting trade,
supported with the satellite system. The general model of the /ANS element can be
reduced to the described case, through acceptance of the following decisive matrix
value:

no observations toward R, - points —9( xg)) =0

Then it remains as follows (as in the case (A)):

fxi = Diag(lgxz_ ,0)

but this time, as § (XZ-DGPS ) # 0, then also f’ s #0.

Therefore AZ_ f’x,-A pt Iﬁ’xlpm = Ag P P A zn t Iﬁ’xlpm
Tp Al
ALP Al =0

A{,PxL +Pm(x° -Xp j:AQ_P,_Ple_L Pm(x" -X,

l

and next

~ T 0 DGPS
AITiSL = AZiPi le.LZ,- + Xpors (X XP: )
0
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- ~ -1 ~ ~ DGPS
d()l()P, :—(Agipi xZiAZiPi + X?GPSJ {AgiPiPfo LZ,-+ X;)GPS(XOP’, _XPz )} (356)

Moreover, if it is assumed that

the adjustment is comprising all the
observations of O set —>3(xz,)= I(2nZl.)

that no weights attenuation

sqr

the adjustment is neutral, what means
->T (V I(ani)

N S‘(X;GPS ) _ 1(2)

DGPS DGPS

the adjustment comprises the both
coordinates X, .Y, }

, . - T, (V, Dm) I,
no weights attenuation ”

Thus solution (3.56) is a solution of a classic sequential task
[Sikorski 1979,1991, Baran 1999]. The task is presented in this paper in its most
simple version [Baran 1999] which solution, in essence, is generalization of the
arithmetic mean, thus in this case: coordinates obtained as a result of survey,
obtained on carrying out measurements towards the station Z and the coordinates

obtained applying the GPS method.
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4. DEVELOPMENT OF THE IA/NS CHAIN

4.1. The Assumptions

An intrinsic JANS element for i =1 is the one which enables adjusting only
the proper position P,. The points which are included in R; can be in this case

determined uniquely. Therefore let’s assume (according to the assumptions made in

Chapter 2) such a navigational situation, in which after dislocation of a vessel to the

position F_; there are carried out surveys towards the adjustment points %, C 2,
DGPS

also DGPS surveys based on the reference stations Z,,; < Z, surveys to the points

R, =R, determined before and surveys to the new (for the P, positions) points

Ry SR as well. We also assume that the route elements are known (a course,

distance travelled). The more interesting alternative of such situation is

an assumption, that P and F,, stand for positions of two vessels, carrying out

a common navigational task, which is consisted in developing of /ANS chain. Then
the route vector elements may be substituted with mutual observations,
characterized with accuracy as of the principal surveys.

Therefore let’s assume that in the position P, the following sets and
observation vectors are available:
e the observations carried out at the point F,; toward the adjustment points

ZCR

with weights matrix P, 1
1+
z

O —>x, €9
i+1 Z; 1 21’!24 ,1 . .. .
" ( i+l ) with decisive matrix §(x, )
i+

e the observations carried out at the point P, towards the previously determined
points R, C R

with weights matrix P,

3 R(i) (i+1) < oy ki

O” > Xg, " € Mzng 1)

with decisive matrix g( xg_”))
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e the observations carried out at the point P, toward new points R, ; € R

with weights matrix P,
QR+) _y (1) ¢ gy e
i+1 Ri+l ‘ /(anl'-%—l ,1)

with decisive matrix S‘(xglﬂl))
i+
e the route vector or the mutual observations vector

with weights matrix P

w _ Wis1
Q) 9
O — Xy € )]((”Wm 71)

with decisive matrix 3(x,, )
i+l

(especially when @Zl is the route vector n,, =2 - the course and travelled route).
i+l

Basing on the previous determinations, the following pseudo-observations are also
available:

e coordinates of the position P,

with weight matrix Pf((") = A; P Ap + P

X 1)
XPi
with decisive matrix S‘(XS’Q))
e the obtained at the position P, coordinates of the points R, = R

with weights matrix P, = (Af{) )T f’XiA(R‘i)
K
X%

with decisive matrix S(ng))

¢ DGPS coordinates of the position P,

i+l

with weights matrix PX,)GPS = Q;DGPS

Fit1 Fiv1
DGPS

P

i+l

DGPS
with decisive matrix (X P )

The accepted observational system is also explained in Fig. 4.1.
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Fig. 4.1 JANS development stage at the I + 1 moment

Let’s agree that

— O
Xp FZHI - AZi+1Pi+1 € ‘m(Z"Z,-H ’2)
. F, =A =0eM
%, =F, (X K0+ ) X(’“)) ) Xk A T P i (nz,y 208,y )
Zis) T T Zi VR TR TR o« F, =A =0e9N
Xg;,~ Zitl Ziv1R; ‘ (2"2,-+1 ,2"13,»)
j— —_— S
6XPI- FZHI - AZi+1Pi =0e ‘m(2"zi+1 ,2)
(i+1) _ o
6XPM FRH1 =A RisPay € 91((2%“ 2)
. oy, FUt) = €M
§(i+1):F(:’+1)(§((i+1) X+ xli+1) X(’”)) N XRiv1 Rint Riy1Riy gy, 20m,,)
Riti Riyg YR > TR > TR, 2R d F(i+1) —A —0e9n
Xp, "Ryt T T RaR T ‘ {2"R,-+1 72nR,-)
(i+1) _ _ 5
aXP,- FRi+l = ARHlPi =0e 9]1(2%_+1 ’2)
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(i+1) _ o
Ox,, Fr, ' = Arp, €Manp  2)
. 0y, FU A =0e9n
i) _F(i+1)(5((i+1) X)) (i+1) X(’”))_) XRiy1 R RiRiy (2ng, 2z, )
R TR P> TR R 0NR (i+1) (i+1) _ o
ox, Fr /=A% € M )
XR' Ri RiRi 2nRi ’2nRi
i+1) _ (i+1) _ G
aXPi Fp ' =Ap =0¢ My, 2)
aXP,-+1 FW[+1 - AW[+1P1'+1 € 9][(ZHWI»H ,2)
. 0 F =A =0e9n
SR &) g ) R Gy 208,
X = Wi+1( P >R PR R )= Ox F =A =0e9M
Xp; " Wi WiniR; ‘ (2”W,«+1 =2”R,«)
— o7
aXP,- FW[+1 - AW[+1Pi € mt(ZVIW,-H ,2)
and
2 _ - _ (i+1)  2@+1) _ _(i+1) (i+1)
X2 = XZi +VZ[+1’ XRi1 = YR R > XR T XR +VR1' ’

Wi = W + VWi+1

as we assume that at the position P, there also are carried out DGPS surveys

DGPS

(conducting to obtain coordinates X P of the covariance matrix
1

Co o = O'SQXWS , by way of analogy to (3.6) and (3.7) we can write down that:

Fisl Fiyl
(i) DGPS
VXPj{’S - XP,'+1 _XPM A (i+1) 0 bars 4.1
1 f— —
A (: A =V baps _dX . +XPi+I XPi+1 ( ) )
X(1+1) _ XO +d(l+1) i+1 i+1
P Fin Xp

The X P coordinates of the position P, have already been adjusted and in the
INS chain being currently worked out, they are represented by f(gi) estimator of the
. . 2 2 71 o, .
covariance matrGCX%) ZUOQX%) =0, PX%). However, the positions P and B,

are mutually related through the route vector elements (or mutual observations
of two vessels), and also, indirectly, through the points, common for the both /NS

elements, and included to R;. In this situation the )A(g) estimator is not a final
1

assessment of the earlier position P.. Let us assume that }A(g.f_”)is the assessment.
1
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Then, considering the earlier made assessment as pseudo-observation, according to
the general principles of sequence adjustment, we can state that:
o (i+1) _ (i)
R, 16+ _ g0
f =V, =dyV-dy 42
0 , A6+1) _ 50  40) X, Xp Xp,
XPI,+dXP[ —XPI-"’de[ +Vo B

b

In navigation of the singular object, the coordinates Xg*l), at the current

position P, are not of practical, serious significance, (however, basing on values

of the corrections vector VX there might be reached additional conclusions about
Pl.

navigation quality — it’s a separate problem anyway, not to be considered in this

paper). The corrected assessment of the earlier position is a result of working up

jointly all the observations, available in current situation £ . Joint working out is
necessary anyhow to obtain the best assessment of coordinates of the points R
which are of peculiar interest for us. Importance of the current X ’”) assessment
is, however, significant also from the practical point of view, in s1tuati0n when
P and P,, are positions at two vessels, which carry on their common navigational

(or hydrographic) task.
Also the assessment of X(’“) coordinates of the points R;, obtained at the F,

position we can considered as pseudo—observation. Assuming that a joint assessment
of the position P_; dimension is the vector )A(gi”) , by analogy to (4.2) we may put as

follows:

_ Ali+1)
X A(+1) _ 0, 4() :VX A _dXR,- >
r tdx, =X +dy, +V, Ri

R;

Taking into consideration the presented assumptions, the following system
of the functional-decisive models concerning the /4ANS chain, being a subject
of analysis, can be formulated:

5(xz,,) VZi+1 :A2i+1Pi a(M) +AZi+1Ri+1a(Hl) +A ZinRi d(l+l)+A 1Pd(l+l)+L Zi

Xp XRis1

S(X (i+1) ) V(Hl) =A d(Hl) +AR;+1R,+1d([+1) +A Ri1R; d(Hl) +A Ri1F d(Hl) +LR5+1

R Riyy RiviFi1 " Xp Xpii

i+1 i+1

S-(x l+1 ) V(l+1) ARP d(l+1) +A d(l+1) +AR d(l+1)+ARPd(l+l)+L(H~l)

R; XP[ 1 1 1+1 XR +1
Sy ) Vi =Ay p A 1A, @) pA, 4 ea, @it oL
Wit Wi Wb~ Xp,, WiriRiv1 ™ Xp, Wi R = Xp, WiniBi ™ Xp Wit
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DGPS _ A(l 1) 0 DGPS
IXp, ) foffs - dx;m + X ~Xpy,
IXE)- Vg, =di) -dy,
i A(i+1) A
- vy, =i,
where:
0 0
LZi+1 - FZi+1 (X”l) N xZi+l LRi+1 - FRi+1 (X”l) B xRi+l
i i+1 0 i+1 0
L(;;ir = Fg;r )(X"“) h xg;r : LWi+1 - FWi+1 X)) - XWi
and

SRR

By introducing additional designations

Zivl AZHI[;'H
(i+1) A
Riy Rit1F41
= ’ M = 9
Xitl (i+1) € H(”H—l 1) APi+l A € R(”H—l,z)’
R; RiFi4
VWi+l | AW[+1Pi+1
AZ,‘+1R[+1 AZ[+1R1‘
A A
j+1 Rin1R; j+1 Ri 1R
gm) - AHI i+l €My, ) Aggi ) = A(lﬁl)l € My, )
1 1
RiR; 11 RiR;
_AWHIRHI AWHlRi
AZi+le
A T
(i+1) _| T Rnb R |7 T ( (i+1))T T
AP[ - A i+1) € JH’(”Hl’z)’ in+1 - LZHI ’LRHI > LRj ’LWHI >
RiF,
Ay p

F(x,,,)= Diag{t?(xZM )5 (xp, )55 (xy )}
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there can be obtained the following functional-decisive model:

(X)) Vo, =Ap, A0 +A Hld(m) + AR A+ AL A0 L

X4l 1 Xpy Xi+l
DGPS A (s DGPS
5‘ X V ] — d l+l) o .
( B ) Xf_:’f’s Xp Py P (43)
_Al+) 46
TR Vg = di-ay)

(n,, = Z(nzm +np,, Mg, )+ ny. - observations number, 7, = 2(2 +ng,  +tng ) -
unknowns number).

The above model is connected with a statistical model of the following form:
2p-1
szi 1 OQ"Z + OP"Zz 1

C (i+1) GoQ (i+1) P;(lm)

R, 1 *R; 1 Rit 2 2p-1
1+ 1+ 1+ P Cx. — O_OQx oP.
C P 1 i+l i+l i+l
(i+1) O'oQ 1+1 =00k (i+)
Rl RI
2 2p-1
C =0 =o,P
Wi 0 QxWi+1 0 Wi (44)

_ 2 _ -1
CXDGPS - O-0 Qqu PS 60 Pxom PS
i+l i+l i+l

2 2p-1
Cyy vy =Py

1 1 B

_ 2 _ 2p-l
CX%I) = O'OQXSQ =0 ngt)

where:

. . -1 -1 -1 -1 -1
Qx[+1 = Dlag(QxZ -l s Q H—l ngé-H) >Qle_+l J = Dlag[PxZHl N Px(i+1) 5 Px(,'+l), Pleurl ] = Pxi+1

*Risi Ri1 Ri
(the mutual independence of the observations, which belong to different O sets
remains in force).
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4.2. Adjustment task and its solution

The decisive-robust adjustment task, concerning the /ANS chain, will be
resolved basing on the following target function:

@D_R(a(”l) a(i+l) (Ai(m) d(l+1)) PP R(dX ) CDE_R(AXI'H)—'—@D_R(aXM)—F

Xpu' Xr® Xg 70X DGPS (4.5)
D-R (]
+ ¢Pi (dxm )+ ¢Ri ( X1 )

where:
T T T T T
A A i+ A (i A (i1 A (i1
i, = ) ) o )i

The function components PPk (&Xm ) are of the following forms here:

D-R (A )_ T3
¢x dXHl - Vle Pxi+1 in+1
D-R (4 T 3
PRy )=V, P ..V
X DGPS DGPS DGPS
i+l Xl+l X1+1 XHI

) ~ (4.6)
T

V.
Xr,

These functions are resulted from substitutions

me =3(x; +1)in y e 9V5( =3 (X )V applied for the components:

R; R;
R T R (] T p
dj (d ) Vx1+1 Xi+l © X417 T ’¢Ri (dxi+1) VXR PX(’)VXRi
where:
lA)xiJrl - T.\'qr (in+1) Xitl g (in+1) ’ 13 ’) T (V )P ’ T (V )

l Rl
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Moreover, if (the same as in (3.33) and (3.34))

T (40.V,,) =5 ()T (V) =50, (V,

)

i+1

LV )= RT3 )=IRDT 0 )

i i R;

then

=)

1 - qur (xl+l ? in+l )Pxi+l qur (xl+l ? in+l )

Xit+

N

DGPS DGPS

XDGPS = qur (XPH_I B Vxlpfrs )PXDGPS qur (XPi-H ’ szl')-flps )

i+1 i+l

B, -T &Ov. . T &0V 4.7)
%) = g5 f‘a) <0 L X5, *p.)

P =T (XU = 2l)

PXSQ =T X ’VXRi )PX%,-) T (X ’VXR,. )

For independent variables (or by neglecting dependences) it may be stated as
follows:

Pxi+l =Diag[Pxi+lJ < l3xi+1 :T(xi+1’in+1 )Pxi+1

R; i i

Pf((i) = Diag[Pﬁ(i)j <~ P)“((i) = T(X%?,VXR )ngé)

~ o~

and for each of T matrixes, the equation T=T T is occurring.

r  sar
(Note, that T , the same as T and T , are diagonal matrixes).
o
Taking advantage of the above presented settlements concerning the

function of target and the formulated before functional models and statistical
models, the following decisive- robust adjustment task can be suggested:
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_ A(i+1) A (i+1) (i+1) 3 (i+1) (i+1) 5 (i+1)
A _Afmdxpl.ﬂ +ARi+ldel-+l +AR[ dXRi +AP[ pr,- +L,

_ A+ 0 P
foffs - dXPi+l +XP[+1 XPi+1
V. = d(i+1) a(l)

B Xr ki
_ (i+1) 10
VXRI. - dXRl. dXRi
_ 2p-l ~ 23l
Xit1 0 th+1 - Cxi+1 0 th+1
2p-1 -~ 251
CXDGPS = G() PXDGPS - C pGps — GOP DGPS
i+l i+l i+l i+l
C..=0Pl —>C. ., =clPl.
0 0
SR WAy
C.. =olP, —>C., =clPl
0 0
< = o0Pi < = o0Pi

= QSS_R (axm )+ ¢[[>)Q;SR (aXm )+ djg_R (axm )+ ¢1€_R (axm )

~

(4.8)

with equivalent covariance matrixes C = 0'3 P! which substitute the original

matrixes C = O'g | By introducing the designations:

_V - ) ' o ~
‘prrl APi+1 ARi+1 AS;;H) A%‘H) 0

V. - S N ~ Iy 0 0 0 XP,-HA‘()

i+ ’ i+1 — [ B _ Al
Vi, 0o 0 0 Iy dx,
V. 0 0 Ip,) O ~d
L XRi i - l N -

Ci+1 = Diag(cxm ’CX(’ffS ’Ck(i) ’C)”((i) J > l3i+1 = Diag(lﬁ’xm ’ lsx.flps ’ 135((i,)

5 Ry

the task (4.8) can be presented in the following form
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Via=Ady,  +L,

~

2541
Ci+1 - O-OPHI
min ®”R(dy )=dPR(dy )
dx Xt+1 Xt+1
i+l

Its solution is the estimator as follows

n =

i+1 i+1

or

i+1 i+1

A ~ -1 ~
dXHl :_(AiTJrlP' Az’+1j AiT+1P' L.,

if

’”a”k(AiT+113i+1Ai+1) =l = 2(2 TR, T )

i+1

~ -1
Moreover, (if (AT PiflAi +1) does exist)

A

oraz

where:

f;+1 = IIIT-'—L—W n — + 4 - ”;+1 = 2nZ[+1 + nWl*Jrl + an‘

number of direct number of pseudo-
observartions observations

In more general case, the matrix C; ~ form is as follows:

i+l
~ A2 T
C)'(l.+1 - oDi+1Qi+lDi+1

where

i+1 i+17 i+

Di+1 :[AiTHlS‘ Ai+l) AT 13
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C)‘(M = Caxm =0y (AHIPZ'HAHIJ

(4.9)

(4.10)

A.11)

(4.12)

(4.13)

(4.14)



Positioning with Interactive Navigational Structures Implementation

The weights matrix of the all adjusted coordinates, it means

0 MA(i+l)
O Taln T g
" Fit1 B+1
0 at+) (Hl)
X XO +d — Ris1 + XRHI _ Riny
i+l I a(m) - (z+1)
XR[ xRi R
ALl 1)
0 qi X(z+
XP,- 1 L% ] B
is of the form as follows
[P, P, . P o P ]
XPz‘+1 xPz’+1 XRi+1 XPMX%; ) XP,-_,.ng; )
S : P P ooy 2 P i
XRis1X Py XRi1 XR,-_HX%: ) XR,~+1X%+ )
T3 . .
PXHI - Ai+1P1+1Az+1 - : : :
P i) DOP g Py 5 Py
X, Xp XR,— XRis1 XR,- XR,- XP,-
P i) S Y COP gy ¢ P
L X, Xp XP,- XRis1 XP,- XR,- XP,- |
where:
B T ~ =
P)k},i+1 - AP;’+lPxi+1APi+l +PX}”H’5
P. =Al P. A
XRiy1 Rip1 ™ X1 R
z+1 1 S
oo = (A5 P, ALY+, %)
l
_ (Hl))r D (1+1) =
PXEEI) = (APi le_+1 P + PX(i_)
1 1
and
T T 5
P, - =P, =A
XP[+1XRi+l XRi-%—lXPi-H Pi+1 Xit+1 Ri+1
T T 3 (i+1)
P. ... =P. = P. A
XP[+1X5€’;1) X(Igl)XPH-l i i TR
T T 3 (i+1)
P. ...0o=P.c.n. =A, P_ A
XPH-IXS;,'H) XS%'H)XPH-l At xin TOh
T T 3 A1)
P. .;n=P.i. =A, P
XRMX%:I) X%:I)XRi+1 Ria ™ i1 R
T T3 (i+1)
P. .0 =P.iie =A A
XRMX%H) xg"liﬂ)xf?m R " xR
T _ (i+1)Y: (i+1)
P = Phogeon = (4% By Al
1 1 1 1
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The solution presented above may be transferred to the further stages of JANS
developing, thus for the successive k =i+2,i+3,...... The general effect of such

developments, according to the assumptions made in chapter 4, there are points R
qualified to the set Z. Let’s agree that the basic, essential (although not the only
one) qualification criterion is accuracy of the point positioning. The accuracy, when

referred to the points R, , determined in the k +1-stage, may be represented with

confidence ellipses, determined on the basis of weights matrix ka .1 - a value of the
Rje

square form V[, P,.,V,,, and accepted confidence level y (e.g.:[Baran 1999,

Wisniewski 2000, 2004]). With acceptance of some certain simplifications having
theoretical character, the qualification process may also be conducted on the grounds

of a point’s position error value. For the point R, including to the set R, and

determined at the k +1 stage, a value of this parameter can be settled basing on the
following formula:

(k1) _ r _ ¢ ~
MR];Rk _\/TF[CX%;I)L _\/[ngkﬂ)ll 1,21 l+|:CX%(kH):|21 21 o
! —Lal= ,

(Tr - matrix trace, [ ]Rz - block of the matrix, corresponding to the pointR,,

[ ]l.,l. - diagonal element of matrix).

If M 4, is a value acceptable, allowing to qualify a point to be included into the set

Z, then

(R eR,)—>= if MG <My, (4.17)

RjeRy

Non fulfilment of this criterion demands either conducting the observations
towards the point R, in the subsequent stages of IANS developing or entire

resignation thereof, as it may appear that due to the geometrical structure, survey
accuracy etc., reduction of the location error value, obtained at specific stages,
doesn’t allow to expect for fulfilment of the (4.17) condition. The detailed analysis
of the additional observations effect on the point position error can be carried out
taking advantage of the method mentioned in the papers [Czaplewski 1999, 2000a,
Czaplewski, Wisniewski 1999a, 1999b]. Even if the method presented in the above
paper referred to the proper position, the general principle remains unchanged
(sequential increments of the respective covariance matrix).
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4.3. Basic technologies of /A/YS developments;
the peculiar cases.

Let us assume that JANS development is carried out by a singular watercraft,
which, at each position, performs DGPS surveys and measurements towards
the points R . Due to low accuracies, the route vector elements are not taken into

consideration. In processing the data of stage k+1, the assessment Xg:) of the
previous, k —th position is not considered (for the optional k =i,i+1,i+2,.....).

In specific stages of JANS development, coordinates of the points R are subject to
corrections. A range of information transmitted from the position P, to B, as well

of the information obtained at the positions mentioned is show in Fig. 4.2. below.

P)'((* 1)
v (k+1) :
Xk,
/Bc+2\
/ \\\\\
/ RN
/ ~<
[
v

Fig. 4.2 The peculiar case of IANS development

The generalizations presented in this work may be brought to the described
here, basic technology of INS development through acceptance of the following
values of the decisive matrixes:

0., - empty set —>3(xy, )=0
A (4.18)
(k) — S(Xgﬁi)) =0

Assessment X, is not subject to corrections at the k + 1 stage
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Then

f)'(xkﬂ):Diag{f)'(xZH) Sl ), 5! )0}@13%' :Diag{f’xa ,13xw,),wa),0}
)(X ) 0 & P ()=0
Pk
and next (in reference to the block elements of the matrix P = A£+1§k+1 A

having (4.15) structure).

_AT B o _ T T T T =
PXP,M - APk+1 ka+lAPk+l +ngi’f - |:Azk+1Pk+l ’ARk+1Pk+l ’ARkPk+1 ’AWk+1Pk+1 :|ka+1APk+1 +

T p T T

1

+ Xi‘i’f T Zknbin Pka+1AZk+1Pk+1 +ARk+1Pk+1Px(k+l)ARk+1Pk+1 +ARkPk+1Px(k+l)ARkPk+l + xpars
Ric+1 Ry k+1
AT B | ar T T T = _
P)"(R,M _ARk+1ka+1ARk+l - AZk+le+l’ARk+1Rk+l’ARkRk+1’AWk+le+l ka+lARk+l -
0 T 0
0 0 0

_ AT b
- ARk+1Rk+1 Px("“)ARkan
Ry 41

_(Aa)Y B (k1) | D _| AT T (k+1) T 5 (k+1)
ngek,:l) _(ARk )rkaHARk +P5(g‘k) - AZI%HRk’ARkTHRk’(ARkRk)T’AWI%HRk ka+1ARk

0 0 0

5 ) ¥ o k) | p
+ PX(k) = (ASQI:RZ )TPx(H.)Agg;RZ + P)A((k)
Ry Ri+1 Ry

k) | D T T K+l T K+l
PXg(u) =( )Tka 1APk+ +PX¥‘) = AZkT+1Pk ’ARkTHPk ,(A%;Dk) ’AWI%HPI{ ka+1A£Dk+ )+P (k ) 0
/3 % 1

X
0 0 0 0 T
0
T 3 T =
Xpeo Xpey APk+1ka+1ARk+1 _ARk+1Pk+|Px(R"”)ARkHRkH
k+1
N f, A+ Z AT ; AlkD)
XPk £lk+1) Pr1” X1 Ry RiPrir b (k1) EXR Ry
+1 Ry Rk
T 3 (i+1) _
XPk+1XS%:1) APkHkaHAPk =0
S (k+1) _
PxRMx%‘k“) ARk+lka+1ARk =0
T B (k+1) _
XRka(Plk{) ARk+1ka+l Py =0

PX(“' k+' =( kH)TPXkHAkH =0
Ry
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Moreover
T = = 0 DGPS 7
APk+1 Xl Xt +ngi’;5 (XPIH—I Pk+1j
r =
r = ARA+1 Xl Xfetl
APl = ( (k+1) )[P L P ..4®
X+l Xf4l (k) XRy
(k+1) )f 5 Al
( ka+lLXk+1 PX( )dXPk
where:
T 5 T 5 5 b (k+1)
APk+l xk+1ka+l T P xzkHLZ/m +ARk+lPk+1P (k+1)LRk 1 +ARkPk+1P EekH)LRk
Ri41 k
T3 AT 5
Rit1 xk+1ka+1 _ARk+le+1P (k“)LRkH
( k+1)T ( k+l )TP k+l
xk+1 xk+1 - RkRk k“
( k+1)T _
xk+l xk+1 -
thus
dx,H1 = [Ak+1Pk+1Ak+l) Ak+1Pk+1Lk+l =
P, . P, 0] - ~
XPist XPs1 X R XPkHX%I:) T p L ]
P 0 Pl ™ Xpea1 ™ Xt
)A(Rlﬂ-l AT f) L
=—| symmetry PX(k+1) Rie1 ™ Xper1 ™ X1 = (4.19)
Ry (A(k+1))r
Ry xk+1 Xk+1
0 ]
L 0 0 0 OJ -
- -1
P, . . P, q
XPes1 X P XRes1 XPkHX%‘k”) APk+1 ka+1 ka+1 dX&H
_ | ) T A
B XRi41 0 ARk+l Xl X+l || X Ry
symmet P ( (k+1) )[ q(k+1)
i y X%‘k“) Pyl Xpy
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The determined above peculiar case (J (ka+1 )=0 and I (xgi)) =0)

has already been a subject of the previous analyses, carried out by the author.
However, in the analyses there were assumed more serious simplifications. .
Developing IANS by a singular watercraft, working up its positions

P k=i,i+1,i+2,.. with terrestrial surveys and DGPS measurements, and also,

by stages, making corrections of the point R coordinates were a subject of the works
[Czaplewski 2002a, 2003b; Czaplewski, Wisniewski 2003b,c]. The observations
towards the point R were carried out at each k —th - stage, however in these stages,
there were not generated any new points, which may extend the set R (here always
R =R remains). No possibility of attenuation of any observations weights, biased
with large errors, have also been taken into account. To such peculiar simplifications
there is referred the general theory variant, resulting from acceptance
of the following values of the decisive matrixes and also the attenuation matrixes:

I(xp,,,)=0 = = ~
Vi P, = Diag(PxZ 0P 0]
Sd(kaH ) =0 i

*Ry

S(X ) 0C>P()=0

Py

T(V,

)=o) | S

I
-l

T(V} k+1) I (41 < P Xj4l
( "Ry j

In the cited work, similarly as in other, earlier papers of the author,

there has been accepted the entire, agreed as regards initial assumptions,

observations programme. In the presented study, with the general theory there

corresponds the assumption, that J(x, )= I(nzk 1) S(x (k+1) )= I( (k+1) )

Therefore

~
=~ ~

=P
Xk+1 Xk+1 Xk+1
no attenuation
N J

no decision about observation
elimination

The more serious simplification was, however, accepted in the work
[Czaplewski 2002b]. The IANS developing vessel determines its positions basing
only on terrestrial surveys (bearings to navigational on-shore marks).
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Apart from all the previously made assumptions concerning the values of
decisive and attenuation matrixes, also the following additional assumption
corresponds

DGPS

JX, )=0 forevery k=i,i+1,i+2,..

Development of [IANS through a singular vessel leads to the simplest
technologies, from both - the practical and theoretical point of view. And even more,
if the route vector is not taken into consideration. Considering this vector’s
elements, due to its low accuracies, possible to achieve, can cause certain problems.
The problems consist mainly in a fact, that the mean errors of a course and travelled
route, in their actual measurement, can really be grosser than the mean ones of other
determinations. Due to the accepted statistical models (common variance

coefficient 002 ), demanding accuracy homogeneity of the jointly worked up

observations sets, joining the course and the route with other observations, may

result in serious disturbances of the final assessments. In spite of the above

reservations, in some previous publications, the author treated @,Zl set as elements

of the route vector [Czaplewski 2002a, 2003a, 2004a; Czaplewski, Wisniewski
2002, 2003b,c]. In reference to the general solutions suggested in this paper, the set

@,Zl can be, as said before, treated as a set of mutual observations carried out by

two vessels, commonly developing IANS. Such technology is especially interesting,
mainly because all the observations accuracies may be at his point similar, also due
to a chance for rapid obtaining good assessments of the point R coordinates.

It results from a possibility of transferring between the vessels, by radio (or some
other way), information about the effected by stages assessments of the coordinates
(with their weight matrix) we are interested in. Therefore let us assume that two

vessels, <1> and<2>, carrying out the described, common navigational task, are

generating the following observations sets:

w1l
(1): Jef,0k, ol
) oZ  qR(k+1) qR(K) oW(2)
<2> Ok+laok+1 aok+1 9Ok+1

. w1 w(2 w(l . .
with O +<1> O, +<1 ) = “,Zl (O +<1> - observations carried out at the vessel <1>

towards the vessel <2> , @,Z<12> - observations carried out at the vessel <2> towards

the (1)).
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Basing on the above sets, with application of the theoretical solutions
suggested in this paper, there are determined partial assessments (by Vessel<1> ) and

final assessments (by Vesse1<2> ). Determination of the final coordinates’

assessments made at vessel <2> (with the accuracy analysis) requires not only
carrying out suitable observations, but also transferring information about the partial
(1)

assessments of the set @Zl from vessel <l> to Vessel<2>. Moreover, taking into

consideration a fact, that in the entire observational programme, on the both vessels
the DGPS surveys are performed, and also at vessel <2> the additional

measurements @,f 41 towards the new points R,,;, the described task can be
presented in a form of the following scheme:
1
7 R »Wl DGPS I ~ k ~ k :
(Wy: jof, et orl X, b X XY P Pr

<2>: @kzﬂ’@lfe(kn)’@lfeﬂ,@lz(lz),XIL;GPS U{GIEV@) x ) ) PA(k)’Px(k)}_)

« Do) ) 1
SR XN |

_________________

A range of interactions (exchange of information) between the vessels is also
explained in Fig. 4.3.

(2) B4 o, (1)

Return information about adjustment
of vessel <1> position

‘(Rk+1 ‘CP

Fig. 4.3. Exchange of information between the vessels which commonly develop /ANS
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5. NAVIGATION BASED ON POINTS OF THE SET &
(hybrid M-estimation)

Location of some R set points may, in practice, be determined directly
on IANS developing. In spite of high carefulness, taken for physical positioning
and specification (sailing directions) of the points, due to their character,
eventualities of mistakes in later identification thereof are not out of the question.
In special cases, a point identification error not necessarily affects the survey result
(e.g. a bearing toward a point situated in a line of another point bearing). In another
cases, mistaken point identification may anyhow, throughout a change in the survey
result, suggest an effect of gross survey errors. Combining “pseudo-outlier”
observations and the observations factually biased with major errors may
considerably weaken a significance of robust estimation, defined in a classic way.
It refers to the estimation, for which attenuation of the original observations weights
is the basis (for the version accepted in this paper). An interesting conception in the
situation on issue could be elimination of an influence on the ultimate position
determinations (position coordinates estimators) not only the gross errors biased
observations, but also elimination of an influence of outlier adjustment points, in this
particular case, the points which are covered by set R . Such hybrid robust
estimation will be of special importance for navigation, carried out basing on the
points of this set only, thus basing on a set of the adjustment points, which are
especially at risk of mistaken identification.

A problem of geodetic observations adjustment, taking into consideration
the out-lying adjustment points, has been in details analyzed in the publication
[Kaminski 2000]. A basis for the analysis and the adjustment methods, suggested
in the work were rules of robust Bayes’s estimation.

A problem of identification of incorrect adjustment points and elimination
of their affecting the basic navigational positions determinations was for the first
time formulated in the paper worked out by [Wisniewski 2002]. The presented
conceptions were later verified (in respect of remark system) in the publications
[Szubrycht 2002; Szubrycht, Wisniewski 2003]. A basis of this conception
is applying the incorrect points of free adjustment in the identification process.
In such adjustment, the geometrical navigational structure is a free structure
(of non zero freedom degree value sw in relation to the coordinates system).
In such structure adjustment process, there are determined increments not only
to approximated coordinates of newly determined points (for example of the proper
position), but also to coordinates of the points, which are traditionally considered
fixed (adjustment points).
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It is assumed also that the increments to the incorrect points coordinates
(i.e. misidentified or of improper coordinates) will take the values, exceeding
the acceptable ones. Observing the principles similar to those as in M-estimation,
referred to the observations sets, such the increments (after standardization)
can be later on “inserted” to admissible intervals, thus eliminating an influence
of the outstanding adjustment points on the basic estimators values.

As said before, from the viewpoint of navigation safety, carried out basing
on the set R points, the essential is joining M-estimation, robust to survey gross
errors (as it has been till now) with robust free adjustment, creating a chance
for identification, and next, elimination of the outlier adjustment points.
The suggestion of applying hybrid (outlier observations and outlier adjustment
points), robust M-estimation, is the basic contents of this Chapter.

Let us assume, that a watercraft is carrying out navigation on the basis
of some points of the set R . Let’s accept that (only for convenience of further

]

consideration), that (k) = g les1) . { R } (at each stage of the travel, the
adjustment points set is thus the same set R ). To determine the proper positions
P, P, there are carried out observations (bearings and radar measured ranges

etc.). Moreover, assuming that approximated coordinates of the position
(for example the reckoned) and treating the points R coordinates as quantities

which may be subject to further changes, there is obtained in this way the
navigational survey structure with two degrees of freedom in relation to the
coordinates system (sw=2 if there is measured at least one bearing, which
stabilizes twisting the survey structure towards X axis), Fig. 5.1.

X

degress of
[ freedom

sw=2

pseudo-outlier
observations

mistaken
R" <— identification
R point

Fig. 5.1. Navigation based on points of the set R.
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Basing on the set of observations @kz _)ka;®1f2+1 —> Xz (as in the

example of the structure presented in Fig.5.1), according to the principles applied up
to the present, we shall form a system of two matrix corrections equations:

x; =F, (F) - vy =AZdeXR :+AZkPkdXPk +L,, 5)
XZpan :FZkH (F)—) Vi = A2k+1Rd5(R : +AZ/¢+1Pk+ldXPk+1 +LZ/¢+1
KR ,‘i’={Pk P }
where:

AZkR = 6XR FZk (ro)’ AZkPk - 6XPk FZk (FO)’ AZk+lR - aXR FZk+1 (FO),

AZk+1Pk+1 - aXPkH FZk+1 (FO)’ LZk - FZk (FO)_ X2 LZk+1 - FZk+1 (FO)_ XZka

and

: : X, =X, +d,
R R

Xz Xz Xr

= X r’=| x¢ X, =X% +d
- P, > - Py ’ B T “*P, ka

% O ~ ~

XPk+1 XPk+1 =X’
Pr+1 Pr+1 Xp

Suppose, that coordinates of the points R were adjusted before (i.e. as in
Chapter 3) and are represented by the estimator X, of the weights matrix P)”(R .
In the free adjustment, suggested in this paper, thus after “releasing” navigational
survey structure, the coordinates X, of the point R obtain an additional increment

dﬁR resulting from the postulate of optimal fitting in the survey structure
R,P%,PY,t into the adjusted structure { R, PP + (then finally

2 ~ ~ : 0 0 . .
Xp=Xp+dg, ). Coordinates X}, , X} ~ are the approximated coordinates of the

position P, and B ,,, obtained, for example, through reckoning the route,

or, determined on the basis of survey carried out towards the points R . To those

coordinates the weights matrixes P_, ,P_, should be subordinated, of values
e Pr+1

justified with the survey technology and the primary evaluation of the obtained
results accuracy.
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The system of equations (5.1) may also be presented in the following form:

V=Ady +L (5.2)
where:
T
V= {VZTk ’VZTk+1 :l ’
T
dx = |:ng ’dgl’k ’dg{l’ku ]
and

L- Lsz } _ {FFZ,( ((FFOO))] _ E’Zﬂ ~F(r°)-x (53)

The free terms vector L = F(FO )— X shall be of peculiar importance in the process

of establishing covariance matrixes, obtained in free adjustment of the estimators.
Besides, let the following designation be introduced:

A:{AZM D Agp 0

. e N, ,
Ag g i 0 A } (v)

Zi+1Fk+1
where generally:

n=4n, - atthe points P, and B, there are measured bearings

and distances to: 1, - points of the set Z =R

r=22+ng)
To the functional model (5.2) there is subordinated the decisive matrix:

J(x)= Diag{g(xzk )’t(f(-’cz,chl )}

and the attenuation matrix

T(V) = Diag{T(VZk ).T(V;, )} >T_ (V)= Diag{TW V)T (Vg )}
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Basing on those matrixes and the original weights matrix of the observations

P, = Diag[Pka ,szk+1 j
there can be established the following decisive — equivalent weights matrix:
P =T (x,V)P.T (x,V)

where (the same as before):

T (x,V)=5()T_(V)

(for the mutually independent observations: P_ = Diag(P, ) and f)x =5(x)T(V)P, )-

Due to the none-zero number of the analyzed navigational structure’s
freedom degrees (SW: 2), matrix A € 9]1,( of the model (5.2) is not matrix of

column full rank, thus:
(rank(A)=r,)<r

n,r)

(the matrix of column full rank is the system coefficient matrix, where &X =0 what

can be noticed in classic adjustment of the proper positions on the basis of so-called
elementary navigational structures, [Czaplewski 2003a,c; Czaplewski, Waz 2004]).
In the matrix algebra theory, applied for working out free geometrical measurement
structures it has been proved, (e.g.: [Pelermuter 1980; Wolf 1972, 1979; Swiatek,
Wisniewski 1983]), that in such cases, the matrix A rank is deducted by its defect

(d ) While the matrix defect is equal to a number of freedom degrees, thus:
rank(A)=r—d=r—sw=r-2=r,

Also the matrix rank A7 l3xA € M, ,)1s equal to value r, =r—d=r—-2 (if only

r’

rank(f’xj >r, )
From the property as follows

(rank(A) = rank(ATlng) = rAj <r

it results, that the estimator d x Which solves the adjustment task:
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V= A&X +L
C,=0,P,>C, =0,P, (5.4)

min " (dy )= &~ [dy)=v'Pv
X

rank(A)=ry <r
may be the vector

dy =—AinL (5.5)

where Ay is g - inverse of minimal standard in the least squares method

in relation to the matrixes M and N ([Rao 1982, Wisniewski 2000, 2004]).
Applying such g-inverse causes, that d, =—A;, L not only minimizes the function

PpPR (&X ): v 1§XV (unlessM =P, ), but also fulfils an additional optimization
criterion:

min/(dy )= wldy)=d%iNd, (5.6)
X

The additional criterion is of specific importance for identification of the outlier
adjustment points, because it results there from that in the free adjustment process,

what had been emphasized in the study [Wisniewski 2002], there are determined not
only optimal (in a sense of the criterion min (p(dx): qs(&x)) values of the
dx

corrections V , but also there occurs (in a sense of the criterion min ¥ (dX): 4 (&X))
dx

fitting in the adjusted structure into the approximated structure. As fitting
in is performed in relation to all the points, including also the points Z =R,
one may expect relatively large values of increments to the outlier points
coordinates, such as R in Fig. 5.1. Conception of the outlier points identification
on the basis of the increments values is in direct relationship with the applied
in robust M -estimation principle of identification of the outlier observations, based
on values of the corrections (with all known limitations in this range, including,
mainly, “blurring” by square optimization criterions an influence of deterministic
disturbances — survey gross errors and inadequate coordinates of the outlier points —
to values of corrections and increments.). By analogy to that estimation it is also

possible to weaken an influence of the outlier points on the estimator &X values,
including, first of all, (from the navigation safety point of view) on those
its elements, which refer to the position B and F,,,. Making the solution robust

to nonadequate coordinates of the points can be obtained by substitutian

at the N matrix occurring in the function T(&X): (AIQN(AiX , decisive-equivalent
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weights matrix (in analogy to the function PPk (&X): VTl3xV) of the following

form:

Py =T (4 0RT (.dy) (5.7
where:
Py = Diag(Pf( P, ,P, jz p , - is original, generally quasi-diagonal is matrix of
&’ XPk ’ Pr+1

0

. . A 0
the points R, P, F,; coordinates X, X , X},

The matrix T (I'°,dy) in the expression (5.7) is the following decisive-attenuation

matrix:
T (°.dy)=5C")T (dy) (5.8)

where:

5’ = Dz‘ag{ff(ﬁ,e )3 (X ),5(X3, ) }
T(&x)=Diag{ T(dg ). T(dy, ). Tdx, ) }»

Ts‘qr' (ax) - Dlag{ TW (a)A(R )’ Twr' (&XPk )’ T‘wr (aXPk+1 ) } -

= Diag \/t(c;’XRl )’\/t(&YRl )""’\/t(c’iXPkH )a\/t(éerPkﬂ )

(t(c;' ) - function of attenuation).

If justified (at least from the practical point of view), the assumption concerning
diagonal structure of the weights matrix Py (e.g. if mutual relations between the
adjusted coordinates of the points R are neglected), then:

P, = T (Fo,&X)PX’T‘W (I°,dy)=T@°,dy)Py =5(T")T(dy )Py (5.9)

In consequence of the assumptions made, g-inverse Ay to the matrix

M=P_and N= 13X has taken the following form [Rao 1982, Wisniewski 2000]:

X

t f),;l@(@f);@ijTﬁx (5.10)

P.Px
where © = ATISxA
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To determine the generalized inverse (@f’;@j_ the matrix Ae@l"((n,r)

of rank(A) =ry, "y =r—d,d =2 rank, in conformity with the general principles
presented in the paper [Wisniewski 2004], will be presented in the following block
form:

A=|:A,,€M(n’rA) DAy EM(n,d):| (5.11)

and with rank(Ar ) =7y

(because in our problem d =2 block A, is created by the last two columns of the

matrix A ). In reference to the model (5.1) and the resulting therefrom matrix A of
structure (5.3), one can notice that the two columns include coefficients which stand

at increments to the point P, coordinates. In such a form, the matrix A can also

be presented in the following, specific form:

A { Ae Az o 0 } [Ar : Ad} (5.12)
AZk+1R 0 : AZk+1Pk+1
N — AN o~ Y
A A,

Such structure of the matrix A is corresponding to the presented below vector

d x structure and the weights matrix Py ( and thereby to the matrix f’x as well):

dg . i

. R dy - P
" d r x9
d — XPk — . - Py _

X = .. -
n dy = -
X Xd XP/(+1 P 0
P41 L Pr+1 ]
PX,
Py J PXO
P41

where:

T
N | AT AT 5 N AT 5
dX, = |:de ’dXPk :| € Qli(m’l) , dxd = dXPkH € Jﬂ,(d’])
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and
er = Diag[Pf(R ’PXO J € 9H(FAJA)’ de = PXXO € &7]I(d,d)
B Pr+1
Thus
~ Q) (0]
0=A"PA=| I "
9, 0,4
and
= 0. 0
@P)zl@ — 7;}: 7m'
r ®dd
where:

0, = AfExA, € 9Ny rank(@,,, ) =7,

TATA)?
Gdd = Agf)xAd
0, = AZPxAd

0, = @,,13;@,, + Grdf);, 0! My ra)o mnk(@,r )= N

rA,rA
— =, =

®rd = ®rrPXr®rd +®rdPXd®dd

= AT p-l 51
0,=0,P0,+0,P 0,

As rank(@)l:’gl@) = rank(@,, ) =7,

and @, € M

(rary) (the matrix @,, is the full rank matrix), so the generalized
A>TA

inverse (6?’;6)7 in the version already applied in this paper is of the following

form:
_ 6# 6rd 6;;1 0
=
(o770) - _
r _
0, O 0 0
Therefore
Py e o0 ~ ==
+ " ®rr ®rd Do A)TPx _ PXrGWG)WAVPx (513)
B |9 Ou | g AR P61 AP,
d
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and next
- N - dg,
. P;'® O 'ATP L Xy d
dy=-A - L=~ ;f]r (ARG E R B Xp, (5.14)
xPX P, 0,0, A/ PL| |4 -
X ~
‘ dXPk+1

Taking into account practical applications of the suggestions on issue and the
resulting therefrom detailed structure of the matrix A, it worth to be noticed that:

Qzr+Qz.2  Qzzp

ngRPk QZkPk
Ofd = A§PXAV = [QZk+1Pk+1R E 0]

gdzie:

—A” P
QZkR - AZkRPka AZkR

_AZ p
QZkRPk _AZkRPka AZkPk

AT
QZkHPkHR - AZk+1Pk+1Pka+l AZk+1R

_ AT
QZk+1R - AZk+1RPka+1 AZ/MR

_AT P
QZkPk - AZkPk szk AZkPk

Now let it be as follows:

where:

N

p— = = T T
[GW ] = (QZkR + QZkHR )PXR (QZkR + sz+1R )+ QZkRPk Pka QZkRPk + QZk+1Pk+1RPXd sz+1Pk+1R

[6rr ] 127 (QZkR +Qyz, 1 )PXR Qzrp, T Qzirp Pka Qzn
[érr ] 2=Qzzp IA’xRQz,(RP,( +Qzn f)xd Qzn

([@ - i, j - part of matrix @,,).

rr 4
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d. ~ =
Then |, ** |=—P{'© 0O 'A’P L =
dX "
P
A, =P (Qu+Qy )& +Qy ané (5.15)
XR XR ZkR Zk+1R 1 ZkRPk 2
dy, =—P%, Q& +Qzn ) (5.16)
X‘p]‘ X‘p]‘ ZkR_Pk 1 ZkPk 2 °
and
dy =d, =-P@ O A’P.L=-P{ OQ & (517
X4 XPIH-] Xg Zrd Xt r b x ka+l Zi 1P 1 R>1 :
where

& =0, (Asz +Az R )"' 612Azkp
& =0 (Asz +Az R )"' 622Azk1>

_AT P
AZkR _AZkRPkaLZk

_ AT
AZk+1R - AZk+1RPka+1 LZk+1

Ay p=Al P

ZiPe ™ xz, LZk

The vector d X = —A% 5 L (or with more detailed developments (5.15+5.17)
xtX

is a solution of the decisive and hybrid adjustment task - from the robustness
viewpoint — taking the following form:

szangl — CX—O'SP;1
o o) oy VE =

;ﬁ l
1
S
s
0Q
=
>

=

x"d)l
(=1
=2l

0
X
Pk P+l }

7/2004 77



Krzysztof Czaplewski

The course of the solution (of iterative character) is connected with the identification
process, and next with attenuation of the influence, both the outlier observations
and, what is of special significance, the identification and attenuation of the outlier
points coordinates effect. The process, what has been mentioned before, is carried
out much easier, if standardized quantities are applied. In the suggested hybrid
M-estimation, it is necessary to determine both: the standardized corrections

(Di :[V]i)

>

>
>

and the standardized increments | d , =|dx
J
~ 62)(. AX.
dy =—"= e, j=12,.,r
o A
ax; C.
dx j

Aiming at the above it is necessary to establish forms of the covariance matrixes

CV of the corrections vector V and of the covariance matrixes C dx of the

estimator d , obtained at free hybrid adjustment.

To determine the estimator C,, of the corrections vector covariance matrix V,

we can write down as follows:

V=Ady+L=-AAL -

xtX

L+L=|1,)-AAL-  [L=ML (519

X

where M, =I(,) - AAZ -
xtX

Then, taking advantage of the covariance matrix propagation principle, the
following is obtained:

Cy=M,C, M’
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The covariance matrix C 1, of the free terms vector L. can be determined with the
relationship (5.3):

L= F(r° )-x
on assumption, that
= 251 251
~ 251
Cx =0y l)x
Thus (also on the basis of the covariance matrix propagation principle)

T
C, =arF(r°)EF0[aFF(r°) } +C,

However, because

0 S 0 0
aFF(r ): aFF(XR’XPk ’XPkH ) =A
SO
C.=AC AT +C, :ag[Af:;AT +f:;1]
Therefore

Cy=M.C, M’ = a§M+(A13,;‘A Typ! jM{ (5.20)
and there from
C. =42 SIKT o1 \naT
v —O'OM+(APXA +P, )M+ (5.21)
In classic, robust adjustment, it means when rank(A) = rank(ATlsxAj =r,

(d :O) g-inverse A%; is of the following, specific form (e.g.: [Wisniewski
xtX
2004]):
=~ -1~
pa :(ATPXA) AP,
«Px

In this specific case C;, =C, (vector I'° is then not the random one) and

_ + . T LT
M, =1,)-AL; 1, -A(ATP,A]" AP,
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Then

~ ~ ~ -1
Cy =M,C,M! =M,C M! =6;M,P;'M! =0, [P;l —A(ATPXAJ AT} =
A ~ ~ -1
= Cy =6, [P;l —A[ATPxAj AT}

what stands for the result which is well known and applied already before in this
study (expression (3.53)).

The covariance matrix C i obtained in adjustment of free geometrical survey

structures is a subject of the analyses, described in publications [Wolf 1972, 1979;
Mittermayer 1972; Swiatek, Wisniewski 1983]. Taking into consideration
(as above) in the covariance matrix of free terms vector L. of the points coordinates
covariance matrix was applied anyhow in the paper [Wisniewski 2004]. In reference
to the results and assumptions formulated in this Chapter, we may put down as
follows:

&X :_A; ~ L =
P, Py

r - ~ ’ (5.22)
=C,; =Ai: CL(Ai: ) =0 AL - (AP;ATJrP;lj(AZ: )
X PPy PPy PPy PPy
and on this basis
. 2 SIAT | o1 T
—62AL - - AL
Cax = GOAﬁxﬁx (APX A" +P, )(Af’xf’x) (5.23)

Bringing the obtained expression for the case of robust classic adjustment,

we may say that (CL =C, = Géf’;l)

~ oz o= =~ -1 = -1
5 P! xA(ATPxA) =03(ATPxA)

~ -1
C. =af(ATPxAj AT

AL~ + !
PP (Aﬁx)

what is a well known result as well.
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6. NUMERICAL TESTS

This Chapter presents two numerical tests. The tests illustrate theoretical
solutions, described in the paper. They concern those of the author’s research
elements, which have not been a subject of previous analyses. The first of them
shows a possibility of the Interactive Navigational Structure common development
carried out by a team of two hydrographical vessels. The second describes
an opportunity of using the existing navigational structure and hybrid M-estimation,
suggested in Chapter 5, in classic navigational task performance.

In the both tests the vessels are navigating basing on an optional Cartesian
coordinate system. The tasks under performance are hypothetic; therefore their
results cannot fully refer to reality. Anyhow, such simplification allows presenting
clearly the possibilities of implementing in practice the questions suggested
in this paper.

6.1. Determining objects’ positions by a team of vessels

Let us assume that a team of two hydrographical vessels is performing
a common hydrographical task or any kind of other special work of a similar scope
within a coastal water area. The team has determined the proper positions taking

advantage of the set Z and the set ,‘ZADGPS points. While analysing a number of the
navigational signs, there has been found a necessity of increasing the set Z by new
elements R (in compliance with the assumptions mentioned in Chapter 2).
Therefore INS development was decided, to be carried out on the basis of the

observed sign Z, € %, i — th proper positions (B<1>, B<2>)e ¢ and two visible onshore
objects (RpRz)E R . Positions of vessels <1> and <2> have been determined with

a use of GPS system and through reckoning. The determination tasks were divided
into two stages (Fig. 6.1.: I stage — red colour, II stage — green colour), realised
on grounds of considerations presented in point 4.3. (two vessels cooperation).
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B

Py S

True bearings

=— True bearings and distance
to land object
***** Distance between ships

Fig. 6.1. Graphical interpretation of the Test No 1
STAGE I

With a use of DGPS system, there has been carried out determination

DGPS DGPS
of proper positions [X Y ) and also the route travelled reckoning, to find

out the positions reckoned (X 0y° ) For the test purpose there was assumed that the
coordinates’ values were equal; the determinations are specified in Table. 6.1.

Table 6.1. Positions of the vessels accepted for computations of the stage I

Vessels’ positions Cartesian coordinates
P<1> 1400 [m] 800 [m]
1
p<2> 1100 [m] 800 [m]
1

Next, from both the vessels the observations toward Z, sign and the selected

objects R, R, were carried out. Simulated results of the observations are specified
in the Table 6.2. It was assumed, that the mean error of bearing determination

wasm, =0,1", and of the distance to the onshore objects survey was m, =2 [m].
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Whereas an error of survey of the distance between the vessels was my = 0,5[m].
The coordinates of the navigational sign are specified in Table 6.3.

Table 6.2. The observations obtained in the I stage of determination

Positions of vessels Observations
Ny, =196,0°
dy; =728 [m]
R NRY =239,7°
d\' =1390 [m]
NRYY| =220,5°
di}) =922 m]
N,, =172,0°
P NRY =232,0°

NRYY =203,0°

d"? =300 [m]

Table 6.3.Sign Z, coordinates

Sign name Cartesian coordinates
X Y
Z, 1200 [m] 100 [m]

For the observations obtained on vessel <1> the following observational equations

system can be formulated:
—( 1 1 1
xl< ) = F1<’1>(X§’1>’XR1 ,XR2 )= F}<,1>(X)

where ng 1S true coordinates of vessel <1> on F - position, Xp o Xp, is true

coordinates of points (R,R,)eR, however
T
0 _|v 7 el 7p0) wpl) Tpl is the measured quantities vector
% =| Nyy.dyy. NR} . dRi . NR RS 1
=T T T
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(Z\_f ;,; -J-th true bearing to the i-th navigational sign, 67, ; -J-th distance to the i-th
navigational sign, ]VRI<IJ> - j-th true bearing to the i-th object R taken from
vessel <1> , c7Rl<1J> - j-th distance to the i-th object R taken from vessel <l> ).

To this way formulated observational equations system, completed GPS
observations, there refers the following functional model (basing on (3.8)):

v, = AzI,p1<f>&Xp1<z> +A, 40 +A, dU 4L,

v = AR,,p,</>&xp,</> +A,,d0 +A, Al +L,

Vi = AR2'P1<1>&XPI<1> + ARZ‘R[&;’LI + ARZ‘RZaﬁ(’f{Z +L,,

vite +x, -x77)

The following decisive matrixes refer to the assumed observation structure
(observations toward the Z, R set elements and GPS observations):

5(x., ) =) 5 = Iy S ) =1y > (x)") = Diag{ﬁ(le ).5(x})),5(x)) )} =1

IX ) =1

With reference to the M-estimation principles we assume also the attenuation matrix,
having the form as follows:

1{v,, |- ity Jatv, v, )|

1

Then the decisive — equivalent weight matrixes assume the forms as follows:

Px1<1> = Dlag(l)le , Px<1> . Px;w J = T[Xl ,Vx§1> j Px1<1>
2

R

i; o T XDGPS VDGPS P ‘
X<1>Dops ( Pl<1>’ X§1>j X§1>Do1°s
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where: T[xlm,V () j = 3(x1<1>)T[Vx<1> j ’

M 1
T(XPI<1> ,VX§1> j = S(XP1<1> )T(VX§1> j
as a result of making adjustment in accordance with the rules presented in this paper

and binding for /ANS element determined in this way, the following estimators were
obtained:

o —o,1°
— - — - — - (1
14007 [ 0,0] [1400,0 W 0,1m) }Vzl
800| | 00| | 800,0 i 0,0° }V<l>
. . 200 |-1.2 198,8 X m R
x| 100| | 05| | 100,5 7, x| 00" | [y
800 | |=13] | 7987 X, 0,0mm | |
2
L 100) | 1of [rotof, |y | 0,0[m] }VX<1>
| 0,0[m | 1

Let’s settle an interval, acceptable for standardized corrections v : Av = <— 2,0;2,0>
(the interval corresponds with the confidence level y =0,95 generally assumed

in navigation), and let’s also determine v, =-0,54, v, =0,0, v; =0,0, v, =0,0,

A

_ _ _ _ _ v,

v =00,v,=00,v,=-05, v, =02, where: v, = —— v, :|:Vx§]>j| .
el l

It appears that Vv, : v, € Ay, thus it means that none of the simulated observations

was gross error biased (in compliance with the assumptions).

On carrying out simulation of such situation, in which one of the observations
is out-lying, let’s assume that a bearing toward Z, (the first observation) is of
N,, =210,0" value (N, =196,0" before, gross error was 14°). On solving the
adjustment task once more time, we obtain the standardized corrections’ values.
Corrections  v;,v,,vg3 are not covered by the accepted interval Av . Therefore

the adjustment process is to be continued applying the decisive—attenuation function
(we accept Danish function as the attenuation function). The above process
is of iterative character (Table 6.4).
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Table 6.4. Robust estimation results at P,

(1)

position (course of iterative process)

Step “0” | Step “1” | Step “2” | Step “3” | Step “4”
Values of standardized corrections
v, |10 5 [ 367 [ 3, -4,6 v, 2,1 v 1,9
v 0,0 v -0,1 v, 0,1 v, 0,1 v, 0,0
v, 0,0 v, 0,0 v, 0,0 v, 0,0 v, 0,0
v, 0,0 v, 0,0 v, 0,0 7, 0,0 v, 0,0
v, 0,0 v, 0,0 7, 0,0 v, 0,0 v, 0,0
v, 0,0 v, 0,0 v, 0,0 v, 0,0 v, 0,0
v, | -1378 | % | -302 | W, 0.8 | W, 20,2 v, 0,1
v | 5737 | 4,4 7, 0,2 v, 0,1 v, 0,1
Parameters of the attenuation function
1 1,0 1 1,0 1 1,0 1 1,0 1 --
g 0,2 g 0,4 g 0,5 g 0,6 g --
Values of the decisive-attenuation function
() 0,1 () 0,1 () 0,2 () 0,8 () 1
1(v,) 1 1(v,) 1 1(v,) 1 (V) 1 1(v,) 1
7(vy) 1 7(vy) 1 7(vy) 1 r(vy) 1 7(vy) 1
‘(v,) 1 ‘(v,) 1 () 1 ‘(v,) 1 () 1
[ACA) 1 [ACA) 1 [ACA) 1 [ACA) 1 [ACA) 1
(%) 1 (%) 1 (%) 1 7 (v) 1 (%) 1
[ACH) 0,1 [ACH) 0,1 ) 1 ) 1 ) 1
T (vy) 0,1 t(v) 0,1 [ACA) 1 1 (vy) 1 [ACA) 1

The final results of the adjustment carried

following values:
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800
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100

0,0
-1.2
0,5
-13
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F 0.0]
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800,0
1988
100,5
798,7

101,0

|
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According to the assumptions made in 4.3, the adjusted coordinates of the

.. 1 . : .
proper position (Pl< >) and the determined ones of the R set elements coordinates
have been transferred by radio to Vessel<2>. The weights matrixes were included

into the information transferred as well (to simplify the into transfer, the relations
between the adjusted coordinates of various points were neglected):

(0,23 003 : 0
: P 0
: o (1)
073 003 0.03 019 i 0 0 %)
X<};> = 0’03 3,34 P} Xﬁp e e cee = .
0 0 i 033 -007 0 Py
i 0 : -007 031 | 2

At the I-st stage, on Vessel<2> , the following observational equations system

can be formulated:

%7 =F (X X, X, ) =F (X)

2) . . .. .
where X§[,1> 1s true coordinates of vessel <2> on A - position, X ,Xp is true

T

coordinates of points (Rl,Rz)e R, however ;C1<2> =N, Z,JVRI@,NRﬁ, " (2) is
—= . .

T —

le XR xW

the measured quantities vector (]V ;,; - J-th true bearing toward the i-th navigational
sign, NR;@ - j-th true bearing toward the i-th object R taken from vessel <2> ,

ng<2> - distance between chips).

o . . . 2 ~(1) Al
Moreover, taking into consideration the adjustment results (dy ,d<x> ,d<x>
Al Ry Ry

with respective weights matrixes), transferred from vessel <1> and results of GPS

survey carried out on vessel <2> , also the route reckoning, for this watercraft we

obtain the following corrections equation system:
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- d ql2 q'2 12
\ _AZI,P1<2>dXPl<2> +AZlaRldXR1 +A21,R2dXR2 +AZl,P1<1>dXP<1> +L,
1
(2) i q'2 q'2 12
VRI 1 XPl<2> +AR1,R1dXR1 +AR1,R2dXR2 +AR1,P1<1>dXP1<1> +LR1
(2) _ i q'2 q'2 q'2
Vi, _ARz,P1<2>pr.<2> +AR2,R1dXR1 WLARZ,RZdXR2 +AR2,1>1<‘>dXP<1> +Lg,
1
(2) i q'2 q'2 q'2
Vi = Ay p@9x ) F Awr g T Ay, +AW1,P1<1>dXP1<1> Ly
DGPS ~ 0 DGPS
X = dx, +(Xp,<z> Pl<2>)
(2) q'2 gl
VRI dXRl XRl
(2) _ 312 gl
Vi, = dXRz Xpy
2) _ ~2) A
Vi dx iy 9

By determining for vessel <2> the decisive matrixes, corresponding with the survey

structure we obtain:

T(x,)=15(x) =150 =1, 5(x) ) =1

S 5(x\Y) = Diag{S'(le )5 ), 5 (xyy) )} S

GP:

s (X;<zs> ) =10y, SXG) =15, SX) =1

We assume, that position of vessel <l> is not to be corrected (justified from

o . 1 .
navigation standpoint). Thus, let S(Xﬁ,ﬁ) =0, what means that the last line of the
corrections equations system in further determinations becomes “ignored”.

With the covariance matrix model applied for the presented functional model and
the decisive matrixes:

~ ~ -1 ~ =~ =
C§2> = O'g (P1<2>) , P1<2> = Dlag(l) (2)» PX<2>GPS J
1

X

we obtain following solution of adjustment task (with reference to the observations
presented in Table 6.2.):
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ol
i \ ] 0,1
v 0,1
R, _ _ - 2>_
v || 00 0.0 100,07 | £
d 0,0 7(2)
’ (’i S = a<2> _ _251 X<2> _ 196,7 _ XR]
Vx§2> = D;,;; =| 0,0 x§ ) ) )2;31 1,7 A7 1022] fR
1
X dxs, -2,9 7959 | ¢
e —0.8 Ry
(2) ’ | 14] 1025 |y
VR 1,2 - T LR
(2)
L VR2 i - 155
- 0,4_

While limits of the interval, acceptable for random corrections, remain in force, we
may state, that Vv,:v, e A\7=<— 2;2>, and v,=-13, v,=08, v;=12,

v, =00,7,=02, v, =—17, 7, =-08, ¥, =08, v, =—1.2, ¥, =12.

The same as for the previous set of observations (vessel <1> ), let us assume
now another variant of observations carried out on vessel <2> , in which the bearing

toward point Z, (the first observation) is 7° gross error biased. Such disturbed

bearing is of the value N,, =165,0" (N,, =172,0" before). When the adjustment

is being carried out again, we obtain standardized corrections of the values presented
in Table 6.5. (in individual iterative steps).
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Table 6.5. Results of robust estimation - position Pl<2> (course of iterative process)
Step”0” | Step”1” | Step”2” | Step”3” | Step”4”
Values of standardized corrections
v, 68,5 v, 24,1 v, 10,4 v, 4,8 v, 1.9
v, 0,7 v, 0,8 v, 0,8 v, 0,8 v, 0,8
v, 0,9 v, 1,1 v, 1,1 v, 1,1 v, 1,1
v, -1,1 v, -0,4 v, -0,2 v, -0,1 v, -0,1
Vs 24,7 Vs 3,4 vy 0,8 Vg 0,4 vy 0,3
v 21,2 v 1,6 Vi -0,7 Vi -1,2 Vi -1,3
v, -0,7 v, 0,8 v, -0,8 v, -0,8 v, 0,8
Ve 0,7 Ve 0,8 Ve 0,8 Vg 0,8 Vg 0,8
Yy -1,0 Yy 1,5 Vo -1,1 Vy -1,1 A -1,1
Vi 1,3 Vi 1,1 Vo 1,2 Vi 1,1 Vi 1,1
Parameters of the attenuation function
1 0,6 1 0,6 1 1,0 1 1,0 1 --
g 0,2 g 0,2 g 0,2 g 0,6 g --

Values of the decision-attenuation function

TGy | 01 | Te) | 02 | Te) | 02 | 7@ | 02 | TH) 1

(V) 1 (V) 1 r(v,) 1 (V) 1 1(v,) 1
t(vy) 1 t(vy) 1 [ACA) 1 () 1 [ACA) 1
1(,) 1 1(,) 1 r(v,) 1 1(¥,) 1 r(v,) 1
[ACA) 0,3 [ACA) 0,6 (V) 1 [ACA) 1 (V) 1
[ACA) 0,4 (v,) 1 [ACA 1 T(v,) 1 [ACA 1
Tv,) 1 [ACA 1 v, 1 [ACA) 1 [ACA) 1
(V) 1 (V) 1 (V) 1 (V) 1 (V) 1
t(vy) 1 T(v) 1 1(v,) 1 1(v,) 1 T(v,) 1

(%) 1 (%) 1 () 1 (V) 1 (V) 1

The final results of the robust, sequential adjustment, introduced on vessel <2> are

as follows:
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6.8 }Vzl
-0, T
5 - i .
0,1 —>V1<e1> 0,0 1100,0] | Xg
01 |[»> VY ~0,1 7999 | |7
2 1
0,0 bors -2,0 ooy | 1968| | X,
Vo= (>4 o) = - Xj = =5
X 0,0 X1 X1 1,6 1 102,1 YR[
~071 o) -28 7959 | %,
L& 1,7 102,7] |y
L L7 L IS
~1,4 -
e
| 0,6 Ry

STAGE 11

While navigation was proceeding, the vessels reached position P2<l> and

Pz<2> (position coordinates are presented in Table 6.6). The second stage (marked
in Fig. 6.1. green) consists in correcting the determinations obtained in stage I based
on new observations included to elements of the set Z, R and on the grounds of

DGPS
DGPS set Z . Therefore, apart from determining DGPS position on the both
vessels, there have been carried out observations toward the navigational sign and
R objects under observation. There has also been taken measurement of the distance

from vessel <2> to vessel <l> .
Results of those observations are specified in Table 6.7.

Table 6.6. Positions of the vessels accepted for computations at stage 11

Positions of the Cartesian coordinates
1 DGPS DGPS
vessels ¥ y
pl) 700 [m] 800 [m]
2
P<2> 400 [m] 800 [m]
2
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Table 6.7. Observations obtained at stage 11

Positions of the Observations
vessels

Nz = 145,0°
A NRY =215,5°
2 o

NRYY =172,0

N1’4 = 13 1,00
PP NR =196,0°

NRY) =150,0°

2" =300 [m]

We assume that the same as at stage I, the bearing toward the point Z, are gross
error biased. The simulated survey results are specified in Table 6.7., while their

gross error biased values, equal to 15° and 14° are N, ; =130,0° and N, , =145,0°

respectively. With the computations carried out in accordance with principles
suggested in this work (developing I4ANS by two vessels) and applying the decisive-

attenuation function, the same way as at stage I, the following final results were
obtained:

[699,8 ]
800,0

<o _|1940| o _[025 -003] . [072 003
- P

B103,7| 7RG [-0,03 0,24 [ X 0,03 0,25

Ry

793,2
| 104,4

—[m]

hS

Information transferred to vessel <22 at stage
2

)

(400,17 Xp,

800,3 7

g _|1923| _| Xy
B1104,7 v
Ry
790,5 b

Ry

[1032] P,

Final results of the adjustment
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In this case, an assessment of the final determinations’ accuracies is limited to
a parameter, the most often applied in navigation. The parameter is the position

error M = 0')22 + (7; . The assessment shall be described for the consideration
variants presented before, with the following designations of the positions errors put
up with:

o M _variant without the out-laying observations;

o MP"™ _the set includes out-lying observations, the adjustment was carried out
applying the solutions suggested in this work;

o M _the set includes out-lying observations, the adjustment was carried out
with the classic least squares method.

The positions’ errors, determined at each of IANS developing stages, are
presented in Table 6.8.

Table 6.8. Errors of determination of the vessels proper positions and the new I4ANS

elements
Stage Vessel Point | ppclean | pgD-R | pgclassic
P1<l> 0,1 2,7 1407,9
<l> R, 1,9 0,9 64,2
I R, 1,6 1,1 79,0
2
Pl< ) 0,1 0,3 4,8
2 R | 24 | 3.1 | 866
R, 2,1 2,5 75.9
P2<1> 0,1 23 11,4
<l> R, 2,5 2,9 2351
II R, 2,0 2.4 188,4
P2<2> 0,2 2,3 9,6
<2> R, 3,8 3,0 163.,6
R, 3,3 4,2 141,1

One may state that position errors, both of the proper and the R points,
determined on the basis of the observations unbiased with gross errors as well
as for the error biased observations but adjustment in conformity with the principles
suggested in the paper are within the same interval of values. Adjustment of the
observations sets, comprising out-lying observations, applying the classic least
squares method only, results in positions errors of a number of times higher values.

7/2004 93



Krzysztof Czaplewski

6.2. Navigation with Free Adjustment Implementation

Let us assume that a singular vessel is sailing along the sea coast and
surveying its positions P, taking advantage of on-shore signs. While taking £,

position it was found out, that there was a necessity of making use of three points,

included in R , of which the adjusted coordinates X g of weights matrix PXR were

determined before, in IANS developing process. Having in mind a risk of
misidentification of any of R set points or a risk of biasing such point’s coordinates
with gross errors, the observational system adjustment process was carried out,
applying the hybrid M - estimation, as advised in Chapter 6. Such an adjustment
enables also, if necessary, correcting the set R adjustment points existing
coordinates and minimization of an observation gross errors influence on the final
determinations. In addition, it was also assumed that the positions F, and P, would
be adjusted commonly at the second position, taken by the ship. At the moment of
achieving the position /| by the ship, five observations toward three elements of
R set were surveyed (bearings and distances), and after travelling a certain route
distance (position P, ), the next five observations, also towards all three elements of
the same set were measured as well. The described navigating situation is presented
in Fig. 6.2. The reckoned positions of the vessel and also the simulated survey
results are specified in Tables 6.9. and 6.10. respectively. To demonstrate various
possibilities of applying hybrid M-estimation in maritime navigation, as advised in
this paper, the task shall be resolved in four different variants:

variant [: observations and coordinates are not gross errors biased;

variant II: one observation is gross error biased,

variant I1I: two observations are gross error biased;

variant IV: the gross error biased is one observation and coordinates of one
of the set R points.

Table 6.9. Reckoned positions of the vessel

Subsequent positions Cartesian coordinates
x° Y0
P 1550 [m] 800 [m]
P, 500 [m] 800 [m]
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Fig. 6.2. Trajectory of the simulated ship motion

Table 6.10. Survey results

Vessels Observation | Navigational sign Observation
positions type value
R, 205,6°
bearing o
P R, 237,5
1 o
R, 302,6
R, 832,8 [m]
distance R, 832.0 [m]
R, 240,4°
bearing o
R, 3104
P R, 335,0°
R, 806,7 [m]
distance R, 9212 [m]
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Coordinates of the points covered by the set R are specified in Table 6.11.

Table 6.11. The adjusted coordinates of the R set points

Sign name Cartesian coordinates
X Y
R, 100 [m] 100 [m]
R, 1100 [m] 100 [m]
R, 2000 [m] 100 [m]

For the variants of the entire task there was assumed that the mean error

of each of the bearings ism,, =0,15", whereas the mean error of each of the

distance survey results is m,; = 2,0 [m].

Now let’s make an assumption that coordinates of the R set points were
adjusted before, what means that the values are mutually dependent (the weights
matrix Pf(R is not a diagonal one). For the test purpose let’s assume also that

the above dependence is expressed by the correlation coefficientp ; =0,25.
In addition, let’s suppose that the mean errors (standard deviations estimators)
of coordinates of the set R points are of the following common values:

=0,1[m].

M~ =mMa~
Xq T
The assumed values enable determination of the following weights matrix

P, of the R set points’ coordinates (to simplify the problem, relations between
R
the coordinates of different points may be omitted — hence PXR is a quasi diagonal

matrix):
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Pe 0 0
P =| 0 Pe, 0 |-
0 0 Pe
- o =
m T cov( > Y, ) 0 0 0 0
> % 2
covlfy Xe) w2 0 0 0 0
0 0 L oovl¥a Ty 0 0
= 5P 2
0 0 coulli, Ke,)  m 0 0
: : 2 v %
0 0 : 0 0 : mj% cov( R3,YR3)
: : o, X 2
0 0 : 0 0 D coll Key)  ml
0,01 0,002 I
0,002 0,01
o 0 1 001 0002 0 0|
B ©0,002 0,01 0 B
0 0 0 0 1 001 0,002
| : 0 0002 001
(1042 -208 0O 0 0 0 ]
-208 1042 0 0 0 0
o 0 1042 -208 0 0
o 0 -208 1042 0 0
0 0 0 0 1042 -208
| 0 0 0 0 —208 104.2 |

Moreover, taking into consideration that the mean errors of the reckoned
positions coordinates (mutually independent) are of the values: my =my = 1[m],

one may finally set the following weights matrix:
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[106,7 -26,7 0 0 0 0 000 O

1067 0 0 0 0 000 O

1067 -26,7 0 0 000 O

b 106,7 0 0 0000
P Xeo oo _ 1067 -26,7 0 0 0 0
X ' P 1067 0 0 0 0
X symetry 1 0 00

1 00

10

L 1_

The following functional model corresponds with the geometrical
navigational structure, accepted in this example:

x, =F, F)—) A\ :Aledf(R +AZIPIdXPl +LZl n
2R ) ) & V=Ady+L
Xz, =¥, \l')> Vz, :AZZRd)"(R "'Azzpzdxp2 +L,

where:

T T
Xz, ={NRLI,JVRLZ,dRLZ,NRu,dRM} , Xz, :{NRM,JRL],]VRM,JRZJ,]VR”}

and

A A A T

S ST T T T T | Yy B Az Azp 0

F—[XRI,XRz,XRyXPI,sz} ,V—{ },A—[AZ ) 0 ,
2 k+1

Zi+1Pk+1

(=95

dX = dxﬂ > L :|: & :|
o Zk+1
Xp)

Due to the assumption regarding mutual independence of direct observations, the
decisive —equivalent weights matrix of those values is of the form as follows:

P. =T(x,V)P, =5(x)T(V)P,
where the weights matrix, a priori, stands for the following matrix:

N ) -2 -2 -2 -2 ) ) ) -2 2
Px - Dlag(mNRl,l > mNRl,z > del,Z > mNR1’3 > de1,3 > mNRz,l > deZ,l > mNRQ,z > deZ,Z > mNR2,3 -

=Diag(44,4 444 4 444 4 444 4 444 4 444)
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The decisive-equivalent weights matrix of the points R and & coordinates is
of the following form:

Py=T (%d0PT (°dy)

sqr

where T @X°dy)= ST (dy)

(the weights matrix was a priori Py determined before).

As 1n test 1, the interval, admissible for the standardized corrections:
Av = <— 2,0;2,0> was accepted. The same interval was also accepted for random,

standardized increments Ad =<— 2,0;2,0>. The computations were carried out

in compliance with the principles, presented in Chapter 5.

Variant 1. Adjustment was connected with the set of observations, unbiased
with gross errors. (Table 6.10). The basic result of the adjustment is vector
. . T
dyp dxp
&X =12,5;03;-0,1;-0,6;—-2,4;03 : —-12;0,8;2,6;0,8
(— | R N —
Ry Ry R3 A Py

As a result of determining the vector’s covariance matrix and carrying out
standardization, the following was obtained:

dy, =14, dy, =03, dy, =01, d,

R

=07, dy, =-14,dy =03,

>
>

LS}

d’\)([1 :_0,7, dAY

y =06, dy, =14, dy, =05

So it became proved that v;xjy ;(;X eAgj/\(CZ eAgj. Thus, it seems that

there is no grounds for a statement that any of coordinates were gross error biased
(according with the assumptions). In navigating practice it would indicate,
for example, that identification of new adjustment points (the points covered by R )
was carried out properly. However, the standardized values of corrections are as
follows:

‘71 :1,7, ‘72 :_1,6, ‘_/'3 :_0,1, ‘74 :0,8, ‘_)5 :_0,8,
‘76 :_1,7, ‘77 :_1,7, ‘_/'8 :0,3, ‘79 :1,3, ‘_)10 :_0,8,
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As Vv:ve Av, there is also no grounds for statement, that any of the observations

is an out-lying one. Therefore &X estimator, indicated before, is a final solution for
the adjustment task, thus:

100] [ 2,57 [ 1025 .

100 | 03| | 1003 Yy

1100| | =01 | [1099,9 Xe,
100| |-0,6 99,4 v

Ry
. oo a [2000] |-24] [1997.6 ;

X=X"+dy = + = =| Xpg,
100| | 03] | 1003 .

1550 | 12| |1549,8 Vi,

800| | 08| | 8008 X

500| | 26| | 502,6 Ty

| 800 | o8] | s008 ~|%n

YP

L 2

and

V:[O,z" -0,I° -0]1m] 0,1° -00m] -01° —0,1m] 0,1° O01lIm] -0, T.

In addition, on determining the position errors, (basing on the covariance

matrix éX) the following was obtained:

MR1 =2,8[m], MR2 =2,0[m],MR3 =2,7[m],MP1 =3,0[m], MP2 =3,1[m]

Variant 1L Let us assume that the true bearing, taken at P, towards R,
(the tenth observation) is gross error biased and of NR, ; =335,8" value (whereas

before it was NR, ; =335,0"). On resolving the adjustment task in this particular

case, the values of standardized corrections and increments obtained, were not
ranged within the intervals acceptable therefor. So the adjustment task resolving
process was at this point of an iterative character. Results of the gross errors
identifying step (Step “0”), as well as a course of the entire process, with
implementation of the Danish attenuation function (both for the coordinates’ weights
and observations’ weights) are related to in Tables below.
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Table 6.12.a The iterative process course

Step “0” Step “1” Step “2”
Values of corrections and standardized increments
v 2,0 = -0,4 v 1,9 Y 0,0 v 1,8 = 0,5
V. > B V. > 5 5 5
! kal : dXR] : kal
v -1,3 B -1,8 v -1,6 B -1,0 v -1,6 B -0,3
V. > B V. > 5 V. 5 5
2 YRI 2 dYR] 2 YRI
V. 3,6 B 0,2 v 1,5 ~ -0,2 v -0,1 B -0,6
A% ) > V. > > A% 5 5
3 dXRZ 3 XRz 3 dXR2
v, 51 a 05, 35 a 07y, 22 7 0.9
Ry Ry Ry
v -5,1 B 0,3 v -3,5 B 0,1 v -2,2 B 0,0
V. Y El v, > > V. 9 s
5 XR3 5 dXR3 5 XR3
v 20 ;Y 23 5, |19 ry sy, |18 Ty 0.8
Ry Ry Ry
V. -2,1 = -0,6 V. -1,9 = -0,7 V. -1,8 = -0,9
V. > V. > > V. 5 5
7 ’ X.q 7 dXﬂ ’ dXﬂ
Vq 4,4 (QY 0,9 Ve 2,5 Ay 0,5 Ve 0,8 aA'Y 0,1
A A A
= 0,0 = 0,2 = 0,1 = 0,1 = 14 = 0,5
v s s v > s V, , >
9 X 9 d Xn 9 Xn
v -5,1 ~ -1,2 v -3,5 -~ -0,6 v -2,2 -~ 0,1
1% > B v, > B V, > P
10 dy,’ 10 leﬁ 10 Vo
Attenuation function parameters
1 0,3 1 0,3 1 0,7 1 - 1 1,4 1 -
g 2,0 g 2,0 g 2,0 g - g 2,0 g -
Decisive-attenuation function values
G L] =7 A L] =3 L7y 1 7 1
) 7(dy,) ) id,,) ) id,,)
T L= L T@ 1 5 L i@ L= 1
() 7(dy) () i(dy,) (v,) 7(dy)
T 0,8 | ~ =~ 1 7. 1 ~ 1 7. 1 ~ A 1
() rd,,) 0s) 7(dy,) 03) rd,,)
(v 0,4 B 1 (v 0,4 ~ 1 (v 0,9 ~. 1
t(v,) 7(dy,) t(v,) 7(dy,) r(vy) £(dy,)
T | 04 | == U | 7 | 04 | =3 U [ 7)) |09 [ =3 1
( 5) l( XR}) ( 5) l(dxkx) ( 5) (dXR-;)
(v 1 ~. 5 0,9 (v 1 ~. 1 (v 1 ~ 1
£ (%) 7(dy,) 1) 7(dy,) £ () 7(dy,)
(v 0,9 ~ 1 (v 1 ~ 1 7 (v 1 - 1
£(n) r(dy,) £v) r(dy,) £t 7(dy,)
7 (v 0,6 ~ 1 7 (v 0,9 ~ 1 7 (v 1 ~ 1
(%) 7(dy,) (%) 7(dy,) (%) 7(dy,)
(v 1| ~ = 1 (v 1| ~= 1 (v 1 = 1
(%) 7(dy,) £ (vy) f(dy,) 1 (vy) f(dy,)
(v 04 | ~ = 1 | 7w 04 | ~ = 1| 7w 09 | ~ = 1
o) i(d,,) (o) id,) (o) i(d,)
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Table 6.12.b The iterative process course

Step “3” | Step “4” | Step “5”
Values of corrections and standardized increments
v 18 = 0,5 v 1.8 = 0,5 v 1.8 = 0,5
! d X 1 d X 1 d X
v -1,6 ~ -0,3 v -1,6 ~ -0,3 v -1,6 ~ -0,3
V. > > V. 5 > V. 5 5
2 Ya, 2 Ya, 2 Ye
3 -0,2 ~ -0,6 by} -0,2 ~ -0,5 by} -0,2 B -0,5
v » B V. B B V. > B
3 dy, 3 dy, 3 dy,
v, 2,1 3 09 [y, 2,0 3 09 [y, 2,0 3 0.9
Y, Yry Yry
v 2,1 = 00 | 3 2,0 = 01 2,0 > 0,0
5 Xy > Xy ° Ky
v, |8 > 0.8 v, | 18 = 0.8 AR 0.8
Ve, Ve, Ye,
7. -1,8 - -1,0 v -1,8 - -0,9 v -1,8 - -0,9
V. > > V. s > V. 5 5
7 d X, 7 d X, 7 X
\78 0,7 aA'y 0,1 ‘78 0,6 aA'y 0,1 ‘78 0,6 (2,, -0,1
A A A
7. 1,4 = 0,5 v 14 = 0,5 v 1,4 = 0,5
9 X{g 9 X{g 9 X[’
EN 00 [ 5, |2 3 0 [y, [20] 3 0,0
Ypy Ypy Yry
Attenuation function parameters
1 2,1 1 - 1 0,03 1 - 1 - 1 -
g 2,0 g - g 1 g - g - g -
Decisive-attenuation function values
(v, 1 5 L Ty L~ L Ty Lo~ 1
M) r(dy,) ) T(dy,) ) r(dy,)
T L= L | T L =5 L | T L 1
() t(dYR. ) ) t(dYR. ) ) 7 (dYR, )
A L= L i Lo~ L i L =5 1
( 3) t (dXRz ) ( 3) t (dXRz ) ( 3) t (dXRz )
(v 09 | ~7 1 (v 1 ~ 1 7 (v 1 = 1
7v,) 7(d,,) r(v,) r(d,,) t(v,) i(d,)
7. 0,9 ~ ~ 1 T 1 ~ 1 T 1 ~ A 1
@5) dy,) (vs) F(dy,) ©s) dy,)
e 1 [ =3 U | 7 U | =3 U | 7 U | =7 I
t(v) 7(dy,) t(ve) 7(dy,) t(ve) 7(dy,)
7(v. 1 ~ 1 7(v. 1 ~ 1 7(v. 1 ~ A 1
1(v;) 7(dy,) t(v;) 7(dy,) t(v;) 7(dy,)
7 (v 1 ~ ~ 1 (v 1 ~ ~ 1 (v 1 ~ A 1
() r(dy,) t (%) i(dy,) £ () t(dy,)
(v 1 | ~ = 1 T (v 1 = 1 T (v 1 ~ 1
1 (vy) 7(dy,) (%) f(dy,) (%) 7(d,,)
(v 09 | ~ = 1 | 7(v 09 | ~ = T | 703 T | ~ = 1
1 (V) 7 (dy[’ ) t(vp) 7 (dy[’ ) t(vp) i(dy,)
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Finally, on finishing the iterative process (in step “5”), the following was obtained

{Vv:veAv}:{T(V)zl(m)} and {Vc?x,aAVY:c;'X,ciyeAé’}:{T(éx)zl(w)}-

Thus:

100] [ 127 [ 1012 .
100| |-05 99,5 Yy,
1100| | -L1| [1098,9 X,
100] | -13 98,7 Y,
2
. oo~ |2000] [ -01| [1999,9 ;
X=X"+dy = + = =| X,
100 18| | 1018 :
1550 | |-2,2| |1547.8 Y,
00| | 02| | 8002 Xp
500 | 13| | 5013 Yy
| 800 | -01] | 7999 |
L Yp, i

In variant II of determinations, the position errors, determined on the basis

of the covariance CX matrix are as follows, respectively:

My =56[m], My =45[m), My =74[m], Mp =55m], M, =59m]

Variant IIl.  Two observations are the error biased: NR,;=335.8"
(the tenth observation, the same as in variant IT) and NR, ; =302,8" (the fourth

observation, NR, ; =302,57). For this test variant the iterative process outcomes

are presented in Table 6.13.
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Table 6.13.a The iterative process course

Step “0” | Step “1” | Step ‘27
Values of corrections and standardized increments
v 2,0 - -0,7 v 1,9 7 -0,2 v 1,8 Ey 0,1
\% ’ s V. > > V. s >
! kal ! dXR] : kal
v -1,3 ~ -2,0 v -1,6 - -1,0 v -1,6 ~ -0,7
V. > > A% 5 5 V. 5 5
2 YRI 2 dYR, 2 yRI
v 3,1 B -0,7 v 1,0 ~ -0,9 v 0,3 ~ -1,0
V. 9 > V. > 5 v ) )
3 dXRZ 3 XRz 3 dXR2
5 45 = 1.2 > 2,9 = 1,1 > 2,3 = 12
A% > > v D 5 Vv 9 >
4 dYRZ 4 Ve, 4 dyR2
v -4,5 B 1,2 v -2,9 B 0,8 v -2,3 B 0,6
V. ” > Vv > > v, 9 B
5 XR3 s dXR3 5 XR3
7, |20 3 3,1 v, |9 > 20 5, |8 3 1,6
YR3 YR; YK;
v -2,0 - -1,2 v -1,9 £y -1,2 7. -1,8 - -1,3
V. > > V. > > V. 5 5
7 X 7 d Xy 7 d X,
‘78 3.8 (zyﬂ 0,4 ‘78 1,9 Ayﬁ 0,2 \78 1,1 (;,yﬂ 0,1
v 0,2 Y -0,5 v 1,0 ~ -0,1 v 1,3 Y 0,1
v 5 5 v s 5 V, 5 5
9 X 9 d Xn 9 Xn
Vio 4,5 ; -1,4 Vio 2,9 5 -0,6 Vio 223 a2 0,3
ey Yn Yr
Attenuation function parameters
1 0,4 1 0,5 1 0,8 1 - 1 1,5 1 -
g 20 g 2,0 g 2,0 g - g 2,0 g -
Decisive-attenuation function values
(v 1 ~ 1 (v 1 ~ 1 (v 1 7 1
t(v) 7d, ) t(v) 7d, ) t(v) 7d, )
1 1 1
v, | ! 5 L1 iwy) | ! 5 L1Tey | Y| =5 1
2 F(d,) 2 7(d,) 2 i(d,)
(v 0,8 ~ ~ 1 (v 1 ~ 1 (v 1 ~ 1
1(vy) 7d, ) (vy) 7@, ) 1(vy) 7, )
2 2 2
(v 0,4 ~. 1 (v 0,6 ~ 1 (v 0,8 ~ 1
N R N U R IO AU R A
2 2 2
(v 0,4 ~ A~ 1 (v 0,6 ~ ~ 1 (v 0,8 - 1
F) i(dy,) £0s) F(dy,) £(vs) F(dy,)
3 3 3
(v 1 ~ 0,7 (v 1 ~ 1 (v 1 ~ A 1
£ (%) 7(d, ) £(v) 7d, ) £ (V) 7, )
3 3 3
7(v. 1 ~ 1 7(v. 1 ~ ~ 1 7(v. 1 ~ 1
£(n) r(dy,) £v) r(dy,) £t r(dy,)
(v 0,6 ~ 1 (v 1 £y 1 7 (v 1 ~ ~ 1
(%) 7(dy,) (%) 7(dy,) (%) 7(dy,)
(v 1 | -3 1 (v 1 | =3 1 (v 1 = 1
1) i, £ (%) id,,) 1) 7(d,,)
7 05 | ~ = 1 | 7(» 06 | ~ = 1 | 7» 0,1 | ~ = 1
o) i(d,,) (o) id,) (o) i(d,)
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Table 6.13.b The iterative process course

Step ,,3” Step ,,4” Step ,,5”
Values of corrections and standardized increments
by} 1,8 ~ 0,1 by} 1,7 - 0,1 v 1,8 B 0,1
\% > > \% > 5 v 5 s

l dXR' ] Xy : dXRl

v, - 5 - v, - g - v, - 5 -

1,6 e, 0,6 1,6 Yr, 0,61 1,6 e, 0,5
5 0,1 = - 5 0,0 = -1,0 5 R = -
v > V. > 5 V.

} dy, 1,0 3 Xp, } 0,1 dy, 1,0
= 2.1 ~ - v 2,1 ~ 1,2 v 2,0 = -
A% Hl v ’ > v 5

) Ve 12 ‘ Y ) dy,, 12
v - . 0,6 T - B 0,5 v - ~ 0,5
V. > % B v B

> 2,0 dy, s 2,0 Xpy > 2,0 X,

S - = 1,5 S - = 1,5 S - = 1.4
A% > Vv > vV, ’
18 Ve s Ve 18 Ve
T a ] e o] 7 ] A |7 T ] 4 |
1.8 Xn 13 1.8 Xn 1.8 X 13

‘78 0,8 (;,yﬂ 0,0 ‘78 0,8 (;,yﬁ 0,0 ‘78 0,8 (;,yﬂ 0,0
5 1.4 = 0,2 o 1,4 = 0,2 5 1,4 = 0,2
V9 dXF, v9 dX,., vg Xn
= - = - > - Y 202 > - = -
A% A% > A%

| 2 Vo 0.2 01| dy, 0| 20 Vo 0.2

Attenuation function parameters

1 1,6 1 - 1 1,6 1 - 1 - 1 -

g 2,0 g - g 2,0 g - g - g -

Decisive-attenuation function values

D Rd | T Ry | T Ry |

?(‘72 ) ! 7(‘?&1 ) ! 7(‘72 ) ! 7(‘?&1 ) ! ?(‘72 ) ! ?(O?YR. ) !

O R [T R | T g |

N e O N R L G B I O MO U R A VBN L B O

O e e N I B PO N B A B I PO

G I e B A T R A U I I B¢ S B B CO B B A O RS
o oy [ DT T ray | T | [ ra, |

oD ray | T ray | T ) |

7(‘79) 1 7(5)(& ) ! ?(‘79) ! 7(5)(& ) 1 7(‘79) 1 7(;)(& ) !

00 [T ra s [ VT [P g [ T T | T G, |
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In result of the iterative process (in Step “5) the following was finally obtained

{Vv:veAv}:{T(V)zl(w)} and {Vc?x,aAVY:c;'X,ciyeAé’}:{T(éx)zl(w)}-

Thus:

[ 100] [ 03] [ 1003] {Rl
100{ |-08| | 99.2 Yy
1100| |-19] [1098.1 X,
100| |-15 98,5 Y:Rz
. oo A |2000] | 17| |19983 ;
X=X"+dy = + = =| X,
100| | 32| | 1032 ;
1550 | |30 |1547,0 T,
800| | —01] | 799.9 X
500| | 04| | 5004 Ty
| 800] | 04] [ 8004} =~ |*e
LR ]

In variant III of determinations, the position errors, determined on the basis of

the covariance C % matrix, are, respectively, as follows:

MR1 =5,2[m], MR2 =4,1[m], MR3 =6,9[m], MP1 =153[m], MP2 =15,5[m]

VariantIV.  The error biased observation is again NR,; =335.8". However
this time, there were assumed incorrect coordinates of sign R, : X R, = 1104,5 [m],

Y, R, = 103 [m] (previously: X Ry = 1100 [m], Y, R, = 100 [m]). The iterative process

results for IV test variant are specified in Table 6.14.
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Table 6.14.a The iterative process course

Step “0” Step “1” Step “2”
Values of corrections and standardized increments
v 2,0 - 0,5 v 1,8 7 0,9 v 1,8 £y 0,9
\% ’ 5 V. 5 s V. s >
: kal : dXR] : kal
v 1,3 ~ -1,0 v -1,6 - 0,0 v -1,6 ~ 0,1
V. > > A% 5 5 V. 5 5
2 YRI 2 dYR, 2 yRI
v 3,6 B 2,3 v 0,3 ~ 2,1 v 0,1 ~ -2,1
A% i ” V. > s Vv 5 )
3 d Xy, 3 Xy, 3 d Xey
v 5,0 -~ -2,8 v 2,5 ~ -2,3 v 2,3 -~ -2,2
Vv 9 9! v > > % > E]
4 dYRZ 4 Ve, 4 dyR2
v -5,0 B 1,1 v -2,5 B 0,6 v 2,3 B 0,5
V. ” > Vv » B v, ” B
5 XR3 s dXR3 5 XR3
v, |20 ;Y 3,1 v, |18 ry el 5, |18 Ty 14
Ry Ry Ry
v -2,0 - 0,2 v -1,8 £y -0,2 7. -1,8 - -0,2
V. > > V. B > V. 5 5
7 X.q 7 dXﬂ ’ dXﬂ
7 4.4 (2,, 1,6 V4 1,3 Ay 0,9 Vg 1,0 aA'y 0,8
A A A
v 0,0 Y 0,6 v 1,3 ~ 0,9 v 1,4 Y 1,0
v, > > v, > B Vq B 5
9 X 9 d Xn 9 Xn
‘710 -5,1 32/ -0,5 ,710 -2,6 dy 0,2 \710 -2.,4 dAy 0,3
2 P 2
Attenuation function parameters
1 0,4 1 0,1 1 0,8 1 0,2 1 12 1 1,8
g 2,0 g 2 g 2,0 g 2,0 g 2,0 g 2,0
Decisive-attenuation function values
[ L= LT, L=~ L7, 1 5 1
) i(dy,) ) iy, ) idy,)
T L= LT 1 5 L@ L= 1
() i) ) i(d,) ) i)
Ty | 07 | =3 09 | 7w 1|~ 09 | 7w T 0,9
() rd,,) (v3) 7(dy,) (v3) rd,,)
(v 0,3 - 0,9 (v 0,8 ~ 0,9 (v 0,8 ~ 0,8
r(v,) 7(dy,) r(vy) 7(d,) t(v,) £(dy,)
T |03 | ~ & U | 7o) |08 [ =3 U | 70y |08 [ =3 1
( 5) l( XR}) ( 5) l(dxkx) ( 5) (dXR-;)
v 1 | ~> 09 | 7(v 1 | ~3 1 | 7(v 1 | ~> 1
t (V) 7(dy,) (%) 7(dy,) (%) 7(dy,)
7(v. 1 ~ 1 7(v. 1 ~ 1 7(v. 1 ~ 1
) f(dy,) £t F(dy,) t) 7(dy,)
(v 0,4 ~ 1 (v 1 £y 1 (v 1 ~ ~ 1
1 (vg) 7(dy,) 1 (vy) 7(dy,) 1 (vg) 7(dy,)
(v 1 | ~= 1 (v 1 | ~= 1 (v 1 = 1
(%) 7(dy,) £ (vy) f(dy,) 1 (vy) f(dy,)
7 (v 0,6 ~ ~ 1 (v 0,8 ~ 1 (v 0,8 ~ A 1
o) i(d,,) (o) id,) (o) i(d,)
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Table 6.14.b The iterative process course

Step “3” Step “4” Step “5”
Values of corrections and standardized increments
v 1,8 = 1,0 v 1,8 Y 1,0 v 1,7 = 0,9
\% ’ s \% 5 s V. s >
! kal ! dXR] : kal
v -1,6 B 0,1 v -1,7 B 0,0 v -1,6 B -0,1
V. > > A% s 5 V. 5 5
2 YRI 2 dYR, 2 yRI
v -0,1 B -2,0 v -0,2 ~ -1,9 v -0,2 ~ -1,9
A% > > V. > > v > 5
3 dXRZ 3 XRz 3 dXRz
v 2,2 ~ -2,2 v -2,0 ~ -2,2 v 2,0 K 2,2
% s 9- v gl > % gl i}
4 dYRZ 4 Ve, 4 dyR2
v -2,2 B 0,4 v -2,0 B 0,4 v 2,0 B 0,4
A% > > V. s B v, 5 5
5 XR3 s dXR3 5 XR3
v -1,8 - 1,2 v -1,8 ~ 1,1 v -1,7 K 1,0
Ve d, Ve ; Ve .
Ry Ry Ry
V. -1,8 = -0,3 V. -1,8 = -0,3 V. -1,7 = -0,3
V. > > V. B 5 V. 5 5
7 X.q 7 dXﬂ ’ dXﬂ
‘78 0,8 (2,, 0,6 ‘78 0,6 Ay 0,4 \78 0,6 aA'y 0,3
A A A
5 1,4 = 1,0 7 1.4 = 1,0 v 1,4 = 1,0
v, > > v, > B Vq B 5
9 X 9 d Xn 9 Xn
17]0 -2,2 c?y 0,3 ,7[0 -2,1 dy 0,2 \710 -2,1 d’\y 0,1
2 P 2
Attenuation function parameters
1 2,0 1 2,5 1 2,0 1 3,5 1 2,0 1 12
g 2,0 g 2,0 g 2,0 g 2,0 g 2,0 g 2,0
Decisive-attenuation function values
G L= LI L= L7 1 5 1
o) r(dy,) o) r(dy,) ) r(dy,)
T 1 5 LT 1 5 L@ L= 1
() 7(dy) () 7(dy,) () 7(dy)
T Lo~ TG L= N L= 1
(s) rd,,) 05) 7(dy,) ™3) rd,,)
(v 0,9 B 0,8 (v 1 ~ 0,7 (v 1 ~. 0,1
t(v,) 7(dy,) t(v,) £(dy,) r(vy) £(dy,)
T 09 | ~ 1 T 1 ~ 1 7. 1 ~ 1
( 5) l( XR}) ( 5) l(dXR3) ( 5) t(dXR-;)
(v 1 ~ 5 1 (v 1 ~. 1 (v 1 ~ 1
t (V) 7(dy,) £ (v) 7(dy,) 1 (v) 7(dy,)
(v 1 ~ 1 (v 1 ~ 1 7 (v 1 ~ 1
£() r(dy,) £) r(dy,) £0) 7(dy,)
T 1| -3 U | 7 1 = U | 7 U [ ~3 1
(%) 7(dy,) (%) 7(dy,) (%) 7(dy,)
(v 1| ~ = 1 (v 1| ~= 1 (v 1 = 1
1 (vy) 7(dy,) £(vy) 7d, ) 1 (vo) f(dy,)
7 (v 0,9 ~ 1 (v 0,9 £y 1 (v 0,8 ~ A 1
o) i(d,,) (o) id,) (o) i(d,)
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Table 6.14.c The iterative process course

Step “6” Step “7”
Values of corrections and standardized increme
7 1,7 B 1,0 ) 1,7 B 1,0
V., ’ } V. 5 5
! dy, ! dy,
3 -1,6 ~ -0,4 Y -1,7 ~ -0,4
v > 5 v > 5
2 yRI 2 yRI
Yy -0,2 B -1,9 5 -1,9 B -1,9
V. > > A% > 5
3 dy, 3 dy,
v 2,0 ~ -2,1 v 2,0 ~ -2,0
v > 5 v 5 5
4 dyR2 4 dyR2
‘75 -2,0 ~ 0,4 ‘75 -2,0 ~ 0.4
XR3 XR3
‘76 -1,7 ~ 0,7 ‘7(7 -1,7 B 0,8
Yiy Yiy
v -1,7 B -0,3 y) -1,7 B -0,2
v > 5 v 5 5
7 d, 7 d,
3 0,6 - 0,0 v 0,7 - 0,0
Vg dYﬂ Vs dy[1
Yl 1,4 ~ 1,1 v -0,1 ~ 1,1
V, ; , iy , .
9 sz 9 XQ
\710 -2,0 dAy -0,1 ‘710 -2,0 AY -0,1
] P
Attenuation function parameters
1 - 1 17,9 1 - 1 -
g - g 2,0 g - g -
Decisive-attenuation function values
(v 1 ~ 1 (v 1 ~ 1
t(v) 7d, ) t(m) 7d, )
1 1
T (v 1 ~ 1 T(v 1 ~ 1
1(v,) 7(d,) 1(v,) 7(d,)
1 1
(v 1 ~ 1 (v 1 ~ 1
1(vy) 7, ) 1(vy) 7, )
2 2
(v 1 ~ 0,1 (v 1 ~ 1
£) id,) | |10 i(d,,)
2 2
(v 1 B 1 (v 1 B 1
) F(dy,) £ F(dy,)
3 3
& 1| -3 U | 7 | ~3 1
t(vg) 7(d,) (V) t(dy, )
3 3
(v 1 ~ 1 (v 1 ~ 1
t(v;) 7 (a’X!1 ) t(v;) 7 (dXﬁ )
(v 1 ~ A 1 (v 1 ~ A 1
(%) 7 (dYn ) £ (v) 7 (dYn )
e 1 > NG 1 > 1
1(vy) 7(dy,) 1 (vo) f(dy,)
t(y) | ! 7d, ) iy | ! 7d, ) !
Py Py
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On ending the iterative process (in Step “7”), it has finally been obtained as follows

{‘v’v:veAv}:{T(V)zl(w)} and {Vc?x,aAVY:c;'X,ciyeAé’}:{T(éx)zl(w)}-

Thus:

C100] [ 2,7 [ 102,7] {R'
100| |-0,7 99,3 Ty
1100 | [-4,0] |1096,0 Xp,
100| |-43 95,7 ;}Rz
.o - |2000 14| [2001,4 2
X=X"+dy = + = =| Xk,
100 16| | 1016 :
1550| | 06| |1550.6 Ty,
800| | 00| | 800,0 X
500 | 28| | 5028 Yy
| 800] [-03] | 8003 |~
L2 |

In IV determinations variant, the position errors, determined on the basis

of the covariance éx matrix are respectively:

MR1 =15,9 [m], MR2 =4,7 [m], MR3 =7,3[m], MP1 =15,7[m], MP2 =6,2 [m]
Let’s resolve the position determination errors for each of the variants. Applying
the following designations for the position errors:

o M _variant with neither out-lying coordinates nor out-lying observations;

e MP® _ when the set includes the out-lying observations or out-lying
coordinates and observations and the adjustment was carried out using
the concepts suggested in this paper;

o M _the set includes the out-lying observations or out-lying coordinates
and observations, and the adjustment was carried out applying the classical least
squares method.

We obtain the values presented in Table 6.15.
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Table 6.15. Determination errors related to the points R,, R,, R; positions coordinates and

the positions £}, P, for specific test variants

Variant | Variant 11 Variant 111 Variant [V
M clean M D-R M classic M D-R M classic M D-R M classic
R, 2,8 [m] 5,6 [m] 96[m] | 52[m] 11,5 [m] 5,9 [m] 10,3 [m]
R, 2,0 [m] 4,5 [m] 7,0 [m] 4,1 [m] 9,3 [m] 4,7 [m] 9,5 [m]
R, 2,7 [m] 7.4 [m] 10,1 [m] 6,9 [m] 16,4 [m] 7,3 [m] 13,6 [m]
P 3,0 [m] 5,5 [m] 97[m] | 53[m] 12,9 [m] 5,7 [m] 11,6 [m]
P, 3,1 [m] 5,9 [m] 10,3 [m] 5,5 [m] 12,0 [m] 6,2 [m] 11,2 [m]

The Table 6.16 presents (for each of the variants) the final, adjusted
coordinates of the points included in the set R and & .

Table 6.16. The adjusted coordinates of the set R and &9 points for each test variant

Points of set R Points of set &P
R, R, R, A P,

1 2 3 3

Variant I 102,5 | 100,3 | 1099,9 | 99,9 | 1997,6 | 100,3 | 1549,8 | 800,8 | 502,6 | 800,8

VariantII | 101,2 | 99,5 | 1098,9 | 98,7 | 1999,9 | 101,8 | 1547,8 | 800,2 | 501,3 | 799,9

Variant IIT | 100,3 | 99,2 | 1098,1 | 98,5 | 1998,3 | 103,2 | 1547,0 | 799,9 | 500,4 | 800,4

Variant IV | 102,7 | 99,3 | 1096,0 | 95,7 | 2001,4 | 101,6 | 1550,6 | 800,0 | 502,8 | 800,3

Properties of the suggested method were also analysed on grounds of other
ways of biasing observations and coordinates with gross errors. Variant II would be
solved, for example, assuming consecutively, that every observation was gross error
biased. Variant III was analyzed for all the observation pairs with an assumption

made that one of them was the bearing NR, ;. Variant IV instead, is an analysis of

biasing the bearing NR, 5, each of signs R, and R, coordinates and their specific

points coordinates’ pairs with gross errors. The simulated gross errors’ values were
in each variant the same (5m,, - for the bearings, 10m,, - for the distances,

45my_,30my - for the coordinates).

Results of each displayed variant of biasing appeared similar to those obtained
at the points presented before. Diagrams which show the courses of position
determination errors’ values for any specific Structure points of the chosen versions
of each of the variants are shown below.

The structure points are as follows: 1 - R;,2- R,,3- R;,4- B,5- P,
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Fig. 6.3. The observations a) NR

2,1

and b) NR, , are gross error biased

Values of position errors [m]
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on & o ® o

——D-R
—8— Classic

—e—0r
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Points of Structure

on s o o 5

Values ofpositon errors [m]
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Fig. 6.4. The gross error biased are the observations:

a) NR, 3, NR, , andb) NR, 3., dR,

a)

b)

—&—DR
—8— Classic

Clean

Points of Structure

Values of position errors [m]
o

Values ofpositon errors m]
E

Points of Structure

—e—0R
—— Classic

Clean

Fig. 6.5. The gross error biased is the observation NR . and also:

a) Xp and b) (XRI’YRl)

Having considered the above tables and diagrams one may find out as follows:

112

accuracy of determining points of the Structure (for all the variants) is similar
and depends on the method of determinations;

implementation of hybrid M-estimation enables improving the final
determinations standard significantly - if compared to the adjustments, carried
out with traditional methods;

the ideas described and suggested in this paper, allow to obtain a fairly accurate
proper position, nevertheless observations and coordinates are gross error
biased;

the most wide-ranging application of hybrid M-estimation, carried out with a
use of IANS, can take place in case a navigator is not sure about a accuracy of
his observations, and correctness of coordinates of the observed navigational
signs.
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SUMMARY

The most essential outcome of theoretical studies and selected numerical
analyses, presented in this work, are the suggestions related to the technology
of producing and working out the results of observations, carried out
in the Interactive Navigational Structures. Implementing such a Structure into
navigation practice will enable supporting the positioning process by taking use
of objects, which until present, in classic navigation, have been omitted due to a lack
of information about their coordinates. Establishing and dynamic developing
the Interactive Navigational Structures is of special importance, in case the available
positioning systems appear insufficient (e.g. in submarine navigation or any work
of special character).

IANS can be based on various systems and navigational observations,
including the satellite GPS systems. Selection of an observational model,
accommodated to any current navigational situation, is simplified owing
to the decisive functions, recommended in the work; applying the above functions,
in conjunction with the functions of attenuation, has resulted in making more
efficient the process of estimation, robust for out-lying observations.
Due to diversity of the observations sets and the “by stages” way of working them
out, the estimation is of sequential character (sequential robust estimation).
The adjustment task, formulated and resolved in this work, has been related
to the method and adjusted to the [ANS chain being under development.
The fundamental elements of this task’s function of target are, the suggested
in the work, the equivalent-decisive covariance matrix and equivalent-decisive
weights matrix, both connected by statistical model.

The method of identification of not only out-lying observations but also out-
lying adjustment points and neutralization of an influence thereof is also advised
in the work; the method has been resulted from free adjustment and M-estimation
principles.
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The method, named hybrid M-estimation, can make a great difference
specially in extreme navigation conditions, carried out basing intensely on points
of the set R .

The numerical tests, described in Chapter 6, refer to simulation of elementary
navigational situations, connected with developing [ANS and using thereof.
They are to illustrate principal properties of the suggested conceptions. The results
of the first of the tests have confirmed a possibility of taking use of the
recommended structures in some special tasks of navigation at sea. Extremely
interesting properties (the second test), first of all those of robust character,
were revealed by hybrid M-estimation. The obtained results have proved that
there is a chance to carry out reliable navigation, being compelled only to applying
of JANS.

The presented conceptions have been basically completed in respect
of the theory concerning establishing, developing and mathematical working
out the Interactive Navigational Structures. However, the work is incomprehensive
in regard to practical implementation of the displayed models. For example, there is
a possibility to use the described structures in submarine navigation. A lack
of any classic navigational systems in sea depth has been forcing to seek new
solutions, as the Interactive Navigational Structure is. The above solutions may also
be extensively employed in radar navigation. Radar observations are often biased
with gross errors, caused by radar echo generation technique. The robust estimation,
if applied in the version presented in this work, may significantly improve final
determinations’ standard.

The recommended mathematical models and methods of their parameters
evaluation are applicable to maritime navigation under a certain condition.
The available at present nautical information about navigational signing elements
should be complemented. All the suggested solutions may not be in today’s situation
fully exercised (especially hybrid M-estimation) due to a lack of information about
covariance matrixes or at least about errors of determining coordinates of stable

and floating navigational signs, embraced by any optional navigational system.
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