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POSITIONING WITH AHRS/ODOMETER/GPS SYSTEM

ABSTRACT The paper presents aproject of an integrated positioning
system composed of adead reckoning unit (DR), and a GPS receiver.
The DR subsystem includes an Attitude and Heading Reference System
(AHRS) and an odometer. The data from DR and GPS are jointly processed
via an algorithm of linearized complementary Kalman filter. The paper
shortly introduces an idea of relative and absolute navigation. Next,
it presents state-space description of the AHRS/ODOMETER/GPS integrated
system. a functional structure of the system and Kalman filtering algorithm
are presented. At last, the authors outline an adopted methodology of testing
of AHRS/ODOMETER/GPS integrated system. Chosen results of the tests,
conducted with use of real navigation data, are included in the paper.
The presented positioning system may find its application in land vehicles.

INTRODUCTION

In land navigation systems, Global Positioning System (GPS) receivers
are often used as radiotechnical devices and dead-reckoning (DR) modules
as autonomous systems [Forssell, 1991, Kayton & Fried, 1997]. Their output data
can be processed jointly to improve accuracy of estimation of the vehicle position,
increase reliability of the navigation system and provide for continuity
of positioning. An additional benefit of integration of navigation data is a possibility
of comfortable presentation of processing results to the user of the system.

The DR units are used as reference navigation systems because of their good
short-term accuracy, good reliability and continuity, immunity to jamming
and swiftness of response to rapid manoeuvres of the vehicle. Their main drawback
is poor long-term accuracy. Contrary to DR systems, GPS receivers provide
for a medium or high, but importantly, time-independent accuracy of positioning.
Their drawbacks include vulnerability to jamming and possibility of signal outages
(poor continuity).

The paper presents an example of integrated AHRS/ODOMETER/GPS system.
The AHRS and odometer constitute a DR unit and the GPS receiver is used
as a correcting device. The system employs a linearized complementary Kalman
filter as a data processing algorithm. To reduce complexity and computational
burden of this algorithm, a suboptimal Kalman filter has been applied. The design
of the filter is based on simplified model of errors of navigation devices.
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PRINCIPLES OF POSITIONING

The integrated AHRS/ODOMETER/GPS system employs two entirely
different methods of positioning. They are often referred to as relative and absolute
positioning. The former method, also referred to as dead reckoning (DR), consists in
measuring and counting distance increments, traveled by a land vehicle in short time
spans Tpgr, with respect to a known initial position [Kayton & Fried, 1997]. This
type of positioning is realized by a subsystem composed of AHRS and odometer.
The latter method consists in estimation of position of the vehicle by referencing it
to external objects of known locations. Absolute positioning is used in GPS
receivers [Spilker & Parkinson, 1996].

In the designed system, AHRS provides for precise magnetic heading ¢, pitch
6, and roll 6., whereas the odometer is used as a source of distance increments r.
Following correction of AHRS magnetic heading ¢, with local magnetic variance
Aoy

a=a, +Aa, (1)

one obtains the true heading a.

The relative positioning of the vehicle can be realised in various frames of
reference. The most often-used navigation frames are geodetic and Cartesian Earth-
centred Earth-fixed (ECEF) co-ordinates [Kayton & Fried, 1997, Salychev, 1998].

The geodetic co-ordinates of the vehicle can be calculated as follows:

wy (k)T cos|0, (k) |cos[ar(k )} (k)
Pl +1)=olk)+ s o = )

e ol @inla@h ()
Ak )= 20 e oot @]~ M T, @+ i eodloti] ©

where: @, A, h - latitude, longitude and altitude of the vehicle,
ay -magnetic heading of the vehicle,
a - true heading of the vehicle,
wg, wy - East and North velocity components,
0, - pitch angle of the vehicle,
r - distance increment in an interval between kTpgr and (k+1)Tpg,
Tpr - time span between two successive DR positions,
Ry - meridian radius of Earth's curvature,
R - prime radius of Earth's curvature.

2)

The meridian and prime radii are given as follows:

R, (k)= a 4)
V- sin® (k)]
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R, (k)= ﬂ 5)
1-e¢”sin” (k)

e’ =1-b’/a’ (6)

where: a, b - semi-major and semi-minor axis of Earth's reference ellipsoid,
e - first eccentricity.

In many land navigation applications, a simplifying assumption can be made,
that if a terrain relief is not diversified too much, pitch and roll angles are zeros:

0.~0 g
0,~0 )
In such a case, the horizontal distance increments r are assumed to be equal with
the distance increments » counted by an odometer:

ry =rcosd ~r ®)

thus, equations (2) and (3) simplify. If the assumption (7) cannot be made, the pitch
measurements from AHRS should be used to calculate horizontal distance
increments 7y in a locally level frame of reference Earth Navigation Unit. The ENU
frame axes coincide with East, North and upward (local vertical) directions.

The GPS positioning is realised in Cartesian ECEF (WGS-84) co-ordinate
system. Therefore, if a DR subsystem is to be integrated with a GPS receiver, it is
comfortable to formulate relative positioning equations in Cartesian ECEF frame of
reference. The following formula can be applied:

x(k+1)] [x(k) sin ek )cos 0, (k)
y(k+1)|=| y(k)|+C: (k)| cosalk)cos o, (k) | r(k) )
Z(k+1)| | z(k) sin@, (k)
—sinA —singpcosd cospcosd
C/=| cosA —singsind cosgsini (10)
0 cos @ sin @

where: Xx, y, z - Cartesian ECEF position of the vehicle,

C, - transformation matrix from ENU to ECEF frame of reference.
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Under assumption of zero pitch angle (7), the following DR equation can be
formulated:

x(k+1)] [x(k) sin (k)
y(k+1)|=| y(k) |+ C: (k)| cosalk)|r(k) (11)
z(k+1)| | z(k) 0

Taking into account the relationships:

— cos(a)

N
TDR

(12)

w, = r s}n(a)

DR

(13)

the final relative navigation equation in Cartesian ECEF co-ordinates is as follows:
x(k+1)] [x(k)] [-sin2 —singpcosA
. . TDR WE (k)
y(k+1)|=| y(k)|+| cosA —singsin |- (14)
TDR WN (k)
z(k+1)| | z(k) 0 cos ¢

Contemporary GPS receivers usually form observables of pseudoranges and
delta ranges (also referred to as range rates or Doppler), and sometimes also
accumulated delta ranges (also referred to as carrier phase or integrated Doppler).
These observables, along with positions and velocities of GPS visible satellites,
calculated with data extracted from GPS navigation messages, are used in the
receiver to solve for the user position and velocity [Spilker & Parkinson, 1996].

The pseudorange from the vehicle to the i-th GPS satellite is given with the
following non-linear equation [Brown & Chwang, 1992, Spilker & Parkinson,
1996]:

N Y 7y Y s e (15)

where: ¥ - pseudorange between vehicle and i-th satellite,
X;, Y, Z; - i-th satellite position,
X, ¥, z - unknown vehicle location,
b - GPS receiver's clock bias,
v; - pseudorange measurement error.

The receiver's clock bias b is a result of lack of synchronisation of a relatively
inaccurate receiver's clock and precise atomic clocks of GPS satellites. To properly
estimate user position, the receiver's clock bias must be estimated along with the co-
ordinates of the vehicle.
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The drawbacks and benefits of relative and absolute positioning are to large
extent complementary. Thus, proper integration of the both methods allows
reduction of their disadvantages and putting their advantages to good use.

DESIGN OF AHRS/ODOMETER/GPS SYSTEM
Functional scheme of AHRS/ODOMETER/GPS system

The structure of the designed AHRS/ODOMETER/GPS integrated system is
shown in Fig.2. The system consists of a DR subsystem, a GPS receiver,
a complementary linearized Kalman filter (LCKF), and user-satellite range
reckoning algorithm h(*).
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Fig.1. Functional scheme of AHRS/ODOMETER/GPS system
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The DR subsystem is composed of AHRS, odometer, co-ordinate
transformation algorithm, and relative positioning algorithm. The AHRS magnetic
heading ¢, is corrected with local magnetic variance Aay, which can be calculated
for a known geographical location.

The obtained true heading « and distance increments 7 from the odometer are
used, along with the known initial position of the vehicle, in relative positioning of
the user. The DR algorithm is realised in Cartesian co-ordinates of ECEF frame of
reference according to formula (14).

The position of vehicle and positions of all visible GPS satellites, are
transformed through h(*) function, to reckon values of geometric ranges from the
vehicle to the satellites. The non-linear vector function h(*) calculates norms of
distance vectors between the GPS receiver and the GPS satellites.

The linearized complementary Kalman filter processes differences between DR
calculated user-satellite ranges and GPS measured pseudoranges. The processed
measurement vector z is of variable size, depending on the amount of tracked GPS
satellites m. Positioning and velocity errors estimated by the Kalman filter are used
as DR corrections in a feed-forward correction loop. In turn, DR positions (xpz, ¥pz,
zpg) are used as a reference trajectory in linearization of LCKF.

The co-ordinate transformation algorithm is aset of equations converting
estimated Cartesian co-ordinates (X, y,z ) of the vehicle into geodetic co-ordinates

(go, A, h) [Salychev, 1998]. It provides for geodetic latitude ¢ and longitude A, which
are necessary in DR algorithm of positioning (14).

Mathematical description of AHRS/ODOMETER/GPS system

The measurement vector z presented to the Kalman filter is composed of
differences between reckoned ranges user-satellite and measured pseudoranges:

z=[A¥, A¥, .. A¥,[ (16)
where:
AY, ZWDR,- _WGPS, (17)
5[/DR :\/( X, - ) ( yDR) ( ZDR) = (18)
=X, ~(c+ A)F +[7 -+ AV +[Z, - (z + A)]
TGPS,»:\/(Xi_x)2+(),i_y)2+(zi_z)2+b+vi (19)

As can be seen, the components of z vector contain errors resulting from errors
of relative positioning in DR subsystem Ax, Ay, Az, GPS receiver clock bias b and
pseudorange measurement errors v;. Slowly changing and correlated DR positioning
errors and GPS receiver clock bias have to be estimated in LCKF.
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As the Kalman filter is a model-based estimation algorithm, it is necessary to
formulate a design model of the AHRS/ODOMETER/GPS system. For the
presented complementary structure of the system, the design model should include
a dynamics model of errors Ax, Ay, Az, b and an observation model, describing
relationship between the estimated quantities and the measurement vector z.

The dynamics model of relative positioning errors can be formulated as follows:
Ax(k+1)] [Ax(k)] [-sinA —singcosA
TorAw, (k )i|

Ay(k+1)|=| Ap(k)|+| cosA  —singsin A {T s, (k)
Az(k +1) Az(k) 0 cos @ pr

(20)

The equation (20) has been derived from the dead-reckoning algorithm
equation (14). The positioning errors Ax, Ay, Az at a time (k+1)Tpg represent sums
of their previous values from a time step kTpr and new errors, caused by imperfect
reckoning of East and North velocity components in DR. The DR velocity errors
Awg, Awy result from errors of counting distance increments in odometer Ar, errors
of AHRS headings A, and non-zero pitch angle of the vehicle 6,.

In the design of the AHRS/ODOMETER/GPS system, a simple dynamics
model of the system was formulated, in which only combined effects of all AHRS
and odometer errors have been taken into account. The East and North velocity
errors Awg, Awy have been modelled as random-walk stochastic processes. For
simplicity of the model, the above errors have been assumed independent. The
equations of velocity errors are given below:

Aw, (k+1)= Aw (k) + w,,, (k) 1)

Awy (k +1 ) =Aw, (k ) + Wy (k ) (22)
where: Awg, Awy - East and North velocity errors of DR subsystem,

Wawe, Wawy - Gaussian white noises of process disturbances.

The design model of the Kalman filter requires formulation of its dynamics
model in a form of the following vector equation [Candy, 1987, Minkler & Minkler,
1993]:

x(k +1)=®(k +1,k)-x(k)+ w(k) (23)
where: X - state vector to be estimated by LCKF,

w - vector of process disturbances,
O- state transition matrix.

Combining equations (20), (21) and (22) into one vector equation of the form (23),
one obtains:
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[ Ax(k+1)] [1 0 0 —T,sind —Ty,sinpcosA| [ Ax(k)
Ay(k+1) 01 0 Ty,cosd —Tysingsind|| Ay(k)
Az(k+1) [=]0 0 1 0 T,y COSQ Az(k) |+] 0o | (2D
Aw (k+1)[ |0 0 0 1 0 Awg (k)| | wy,. (k)

| Aw,(k+1)] [0 0 0 0 1 | [aw, (k)] | wo(&)]

The following model should be additionally augmented with a model of GPS
receiver's clock errors. A 2-state model, including clock bias b and clock drift d, has
been adopted [Brovn & Hvang, 1992]. A discrete model of GPS receiver's clock
errors can be presented as follows:

A

Assuming equal discretization times Tpr=Tgps=T, as aresult of merging
dynamics models (24) and (25), the state vector to be estimated by LCKF contains
7 states:

x=[Ax Ay Az Aw, Aw, b df (26)

and the transition matrix (is equal:

1 0 0 —-Tsind —-TsingpcosA 0 O

0 1 0 TcosA —Tsingsind 0 O

o, 0 0 0 1 0 Tcosgp 0 0
D= { 0 @ } =0 0 0 1 0 0 0] (27

RS0 0 0 0 1 0 0

0 00 0 0 1 T

10 0 0 0 0 0 1]
The combined vector of process disturbances w is as follows:

w= [O 0 0 wo, Wonw W, W, ]T (28)

and its covariance matrix Q:
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(0 0 0 o0 0 0 0 ]
000 0 0 0 0
000 0 0 0 0
000 o,, O 0 0

_ T|_ W (29)

Q=Ewwl=|y ¢ o o ol 0 0
TS, TS

000 0 0 TS, +—= 2@

TS

000 0 g TS

L 2 ¢

where: Sy, S, - spectral amplitudes of white noises w, and wy,

Orop Ty - Variances of velocity errors Wayz, Waun,

Having formulated the above dynamics model of the AHRS/ODOMETER/GPS
system, it is necessary to describe the observation model. The observation model
defines relationship between the measurement vector z and the state vector x as the
following vector equation:

z(k)=H(k x(k)+ v(k) (30)

where: z - measurement vector,
X - state vector,
v - vector of measurement noises,
H - observation matrix.

Because of a non-linear relationship between the GPS measurements and the
ECEF position of the vehicle, the observation model is non-linear. In the presented
design, the measurement equation has been linearized around the trajectory of the
vehicle from DR subsystem. The linearization consists in calculating the observation
matrix H as a matrix of derivatives of non-linear h(*) function with respect to the
components of the state vector x. The reference points, in which derivatives are
calculated, are reckoned positions of the vehicle from DR. Thus, the observation
model for AHRS/ODOMETER/GPS has the following form:

[ow, ov, oV oy 1| ™
1 1 L0 0 -—1 0f| Ay
'ZUDR, - TGPSI ox ay Oz ob N _v,
Vo, ~ars, |_| 22 222 0% g o 2Ta g v | GD)
: = ox oy 0z ob | Awg |+
: : : Dol : D A :
TDRM - TGPS'” a 5[/"’ a Tm a llym 0 0 — a lzym 0 b ' - Vm
L Oox 8y Oz ob | ;
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The derivatives in the observation matrix H are given as follows:

0%, _ (X -3) B
oz (X, -x)+ (Y —y) +(z,-2)

a;:i R . g—_ y))z +(z,-2) (33)
aayzji X ) +_ ((f_‘jl e -

% ) (35)

The GPS pseudorange measurements contain errors v of diverse origin and type
[Spilker & Parkinson, 1996]. Some of them can be considered uncorrelated white
noises whereas the others are correlated. For simplicity, errors of each measured
pseudorange have been modelled as zero-mean white noise processes with variances
oy . Thus, the covariance errors matrix R is diagonal and contains variances oy of

all pseudorange measurements:

0';7/ 0O --- 0
0 2.0

R=E[vv']|=| " o (36)
0 o - O'j,

Linearized complementary Kalman filtering algorithm

As an algorithm of estimation of positioning, velocity and GPS receiver's clock
errors, a linearized complementary Kalman filter (LCKF) has been employed. The
filter processes the measurement vector z, composed of differences between DR and
GPS measurements. The vector z contains a combination of DR and GPS errors. The
LCKF exploits complementary statistical properties of these errors, which is
reflected in the name of the filter. The role of the LCKF consists in separation of DR
and GPS errors. The estimated DR errors can be further used to correct the DR/GPS
system. As the relationship between the measurement vector z and the state vector x
is non-linear, a linearized Kalman filter has been applied.

The LCKF algorithm is composed of initialisation and a series of prediction-
correction steps. The idea of data processing in LCKF is presented in the Fig. 2:
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DR

position

Measurement

vector z

INITIALIZATION

Assigning initial values to the initial estimate of the state vector
5((0|0) and initial error covariance matrix of filtering P(0]0).

y

PREDICTION
Calculation of predicted state vector:
&(k + 1k )= @(k + 1,k)x(k[#)
and error covariance matrix of prediction:
P(k +1|k)= @(k + 1, k)P(k[k )@ (k + 1,k)" +Q

Y

CALCULATION OF OBSERVATION MATRIX

Recalculation of derivatives in H(k+1) with use of DR.

y

CALCULATION OF KALMAN GAINS MATRIX

K(k +1)=P(k + 1%)H" (k + DA + )Pk + 161 (k +1)+ R]"

'

CORRECTION

Calculation of corrected state vector:
Kk + 1)k +1)= &k + 1k )+ K (k + D20k +1) — H(k + DRk +1]5)]

and error covariance matrix of filtering:
Pk + 1k +1)=[1-K(k + DH(k + )]P(k + 1[k)

Fig.2 Algorithm of linearized complementary Kalman filter
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METHODOLOGY OF TESTING

The tests of the AHRS/ODOMETER/GPS system consisted of off-line
processing of real and simulated navigation data. The route of the vehicle and
trajectories of all visible GPS satellites have been generated with use of MATLAB®
scientific software. FErrors of distance increments from the odometer and
pseudoranges from the GPS receiver have been simulated. The AHRS errors have
been obtained from a real device. The tested attitude and heading reference system is
a 9-axis solid-state inertial measurement system that utilizes MEMS micro-
machined sensors. A starting location of the vehicle was assumed at latitude 52°N
and longitude 22°E. The simulations lasted for 600 seconds.

The adopted methodology of testing is presented in the Fig. 3.
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Fig.3. Methodology of testing

RESULTS OF TESTING

To demonstrate the quality of the designed Kalman filtering algorithm,
a comparison of positioning errors of AHRS/ODOMETER, GPS receiver and
integrated navigation system AHRS/ODOMETER/GPS is presented. Chosen
realizations of the errors are shown in Fig. 4 and 5. The positioning errors are
expressed in ENU frame of reference.

The Fig. 4 demonstrates the accuracy of AHRS/ODOMETER/GPS and its
subsystems in case of lack of GPS outages. An influence of GPS outages onto the
quality of the system is demonstrated in the Fig. 5. As can be seen, breaks in GPS
correcting data result in temporary increase of positioning errors. As soon as GPS
data become available, positioning errors of the integrated system are quickly
attenuated. The periods of GPS outages lasted for 100 s and 70 s respectively.
They are marked with circles.
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CONCLUSIONS

On the basis of the above results several conclusions can be drawn:

e The AHRS/ODOMETER/GPS system is more accurate than any of its
subsystems alone. The positioning errors of AHRS/ODOMETER, increasing
with a time of operation and a distance travelled, have been eliminated and the
GPS receiver uncorrelated positioning errors have been significantly reduced.

e An improvement of AHRS/ODOMETER/GPS positioning accuracy in
comparison to the accuracy of GPS alone depends on the character of GPS
errors. Best results are achieved when the correlated GPS errors are not large
in comparison to the uncorrelated ones.

o The continuity of the system has been significantly improved in comparison to
the continuity of GPS alone. The GPS outages result only in temporary
deterioration of positioning accuracy of AHRS/ODOMETER/GPS. Provided
the periods of outages are short, the accuracy of the integrated system remains
satisfactory for many applications.
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