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Abstract: In this paper we prove the convergence of an iter-
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1. Introduction

Consider the following problem:
(Po) Minimize [, xo((t,z) — 1)%dzdt + [5 w?(t)dt, on all (u,,w,v) €
(C(0,T; H(R2)))? x W>°(0,T) x U subject to

£
u¢+§zp¢=kAu inQ=1[0,T] xQ,

% +hu=w(t)g(z) inZ=[0,T]x 9, (1.1)
u(0,z) = uo(z) z €N,

w'(t) = pw(t) +v(t) te(0,T],

w(0) = 0, (1.2)
Tor =£2Ap + %(tp -¢*)+2u inQ

p=1 in X, (1.3)
©(0,z) = po(z) z € Q.

Here Q) is a bounded domain in R™ (n = 1,2,3) with a sufficiently smooth
boundary 952, u is the reduced temperature, ¢ is the phase function used to
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of the surrounding at 992 and it is manipulated by a heating (cooling) system
according to the equation (1.2), v € U (the boundary control), with

U={veL>®0,T), 0<v(t)<R, aetel0,T]}

g € H'(99) is a given function, yo is the characteristic function of Qp, Qo C Q.

At the moment ¢ the material is liquid if ¢ is close to +1 and u(t,z) > &
and it is solid if ¢ is close to —1 and u(t,z) < —6;, with §; > 0. We define
as interface at the moment t (or simply interface) the set {z € Q, |u(t,z)| <
511 f‘P(tszN £i- 62! 62 2 0}

This model, introduced by Caginalp (1986), has been established in the lit-
erature as an extension of the classical two phase Stefan problem to capture
the effects of surface tension, supercooling, and superheating. For detailed dis-
cussions of the phase field transition system we refer to Caginalp (1986) and
Fix (1982). The positive parameters 7, £, £, k, h, are constants (see Caginalp,
1986); a depends on £.

The distributed optimal control problem governed by the phase field equation
has been analyzed in Chen and Hoffmann (1991), Hoffmann and Jiang (1992),
Heinkenschloss and Sachs (1994) and Heinkenschloss and Troltzsch (1995). The
numerical approach of the optimal control problem stated here, associated with
an inverse problem, has been investigated in Moroganu (1993). The method
stated in the present paper can also be applied to the case of distributed optimal
control problem (see the phase-field system considered in Moroganu, 1997).

It is more convenient to reformulate problem (Fy) as

T
(P) Minimize f Xo@?(t, z)dzdt + / w?(t)dt, subject to (1.1)-(1.2) and
Q 0

o= E8p =2t >~ (0 + 1+ nQ
=0 in I,
©(0,z) = @o(z) — 1 z €N
For every € > 0, we associate with the system (1.1), (1.2), (1.4) the following
approximating scheme:

(1.4)

us + .{Lpf —kAu =0 in Qi = (is, (é + 1)5) x £,

2
%f + hu® = w(t)g(z) on Xf = (ie, (i + 1)) x 69, (1.5)
HE(O|I) = uU(I) z€N,
w'(t) = Pw(t) +o(t) te0,T),
e 2 L o P T
Tof — §°Ap® = Z:P + 2u +% in Qf,
(1.7)

gF=0 on Xf,



Boundary optimal control for the phase-field transition 7

where z(-, ¢% (i€, )) is the solution of

() +5-(x(s) +1° =0 s€0.T)
Z(OJ = n,a‘_(ie,:s), 7 (Uv 3:) = (PO(“":) = 1z

computed at s = ¢, for i = 0,M; -1, with M, = [£] and Qs -1
((M¢ —1)e,T) x Q. Here ¢ (i€) = limy)ic ¢°(t), % (1€) = limgpie @5(2).

Due to the form of boundary condition (1.1;), we cannot set the phase-
field system (1.1)—(1.3) into the abstract framework and so, we cannot treat the
convergence of this numerical scheme on the basis of the abstract approximation
results known in mathematical literature. On the other hand, this particular
form is essentially used to obtain the estimates (2.4), (3.22) and (3.27).

Corresponding to the approximating scheme (1.5)-(1.8), we consider the
approximating optimal control problem:

(P¢) Minimize [, xo(¢®(t,=))*dzdt + fUT w?(t)dt, on all (uf, ¢, w,v) subject
o (1.5)-(1.8).

The main result of this paper amounts to saying that problem () can be
approximated for € — 0 by the sequence of problems (P¢). The convergence of
the approximating process leads to an idea of numerical approximation of the
optimal control of problem (), namely (see algorithm CPHT-2D, step P2,
Section 5), at every iteration iter, the computation of the approximate solution
corresponding to the nonlinear phase-field transition system is substituted by
computation of the approximate solution for an ordinary equation and a linear
system. Hence a large amount of time is saved concerning computations.

Such a convergence scheme was studied for an optimal control problem gov-
erned by nonlinear parabilic variational inequalities by Barbu (1988). For other
works in this context see Anita (1988), Barbu (1984), Popa (1995), for example.

The plan of this work is the following: In Section 2 we shall prove the ex-
istence of an optimal control in problem (P). The convergence of the optimal
solution of problem (P¢) to the optimal solution of problem (P), as ¢ — 0,
is derived in Section 3. Besides the existence of an optimal control in prob-
lem (P*f), the necessary optimality conditions for this problem will be proved
in Section 4. A conceptual algorithm of gradient type for the calculation of
the approximating optimal control of problem () and a numerical result are
presented in Section 5.

We shall use the standard notation for the Sobolev spaces on Q and Q.

(1.8)

2. The optimal control problem (P)

In this Section we will give an existence result for problem (F). First of all we
recall the notion of weak solution for (1.1)-(1.2) and (1.4).

DEFINITION 2.1 By weak solution (u, ) to (1.1)-(1.2) and (1.4) we mean a
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1/3 2/3
< U (on — w*)sdzdt] U 02 + onp® + (¢*)?[dedt
Q Q
T
< Cfo llen = * 1oy dt.
This, combined with (2.8) and Sobolev's imbedding theorem indicates that
@3 = (¢*)® strongly in L2(0,T; L*(Q)).

So, letting n tend to +o0 in (2.7), we get

[ 8;' + g% = kAu* in Q,
r%’t: =£2Ap" + 2_16""* - E%((p" +1)% 4 2u* + % in Q,
T ?;: + hu* = w*(t)g(z), ¢* =0 in X, (2.9)
u*(0,z) = ug(z), ©*(0,2) = po(z) — 1 in Q,
(w*)'(t) = pw*(t) +v*(t) t€[0,T],
[ w*(0) =0.

Thus, the uniqueness of solution for (2.9) implies that (u*,¢*) is the solution
of problem (1.1)-(1.2) and (1.4), corresponding to v* € U.

Since j is continuous, then by (2.6), we see that d = j(v*) and the proof is
completed.

3. A convergence result

The aim of this section is to establish a convergence result for the sequence of
optimal solutions for problems (P€), when e converges to 0. We set

T
50) = [ xolotlt,o)Pdedt+ [ wPoy (31)
Q 0
where ! is the solution to (1.5)—(1.8) corresponding to v € U. Then (see (2.5)),
we may rewrite (P) and (P¢) as
(P) min{j(v), v €U},
(Pf) min{j%(v), v € U}.

Now we come back to the iterative scheme (1.5)-(1.8) and note that if ug €
HY(Q), po € H}(R) satisfy the compatibility conditions, then for every € > 0
this problem has a unique solution (uf,¢¢) € (W2(Q5) N L>°(Q5))? on every
interval [ie, (i +1)e], i = 0,1,..., M — 1, p > 2 (see Moroganu, 1997). As in
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PROPOSITION 3.1 For ug € HY(2), ¢o € H3(Q) (as in Proposition 2.1) prob-
lem (P%) has at least one solution (u}, %, wk, vZ).

The main result of this paper is

THEOREM 3.1 Let {v}} be a sequence of optimal controllers for problems (P ).
Then

sli_r.r})(infje(v)) = inf{j(v);v € U} and (3.2)
tim 5(07) = inf{j(v); v € U). (33)

Moreover, every weak limit point of {v}} is an optimal controller for problem

(P)-

Theorem 3.1 amounts to saying that (P€) approximates problem (P) and
an optimal controller {v?} of (P¢) is a suboptimal controller for problem (P).
The main ingredient of the proof of Theorem 3.1 is the following lemma:

LEMMA 3.1 If {v}} is a sequence of optimal controllers for problems (P¢) then
there ezists {en} — 0 such that

B, =W weak star in L*=(0,T), (3.4)
wy — w strongly in C[0,T], (3.5)
(wf ) = (w*)  weak star in L=(0,T), (3.6)
pr (t) — @*(t) strongly in L*(Q), for anyt € [0,T], (3.7)
ug, — u* strongly in L?(0,T, H(Q)), (3.8)

where (v, 9% ,wi ) = (ues™ , pecm , weer ) is the solution to (1.5)-(1.8) corre-
sponding to v = v and (u*,p*,w*) = (v, ", w¥") is the solution to (1.1)-
(1.2) and (1.4) corresponding to v = v*.

Proof. For {v}} independent of ¢ this lemma was proved in Moroganu (1997).
Here we shall adapt the arguments of Moroganu (1997) to this case (see also
Barbu, 1988). Let {v?} be an optimal controller for problem (P¢) and let
(ug, %, w?) be the corresponding solution of (1.5)-(1.8) with v = vZ. Since
{v*} is bounded in L*(0,T), there exist v* € L>(0,T) and {e,} such that
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We set v = v}, We, = Wn, ¥ = u” and ¢ = ", Then, (1.5)-(1.8)
becomes (setting e, = €):

!
ug + =y —kAu" =0 in Qf,

2
ik (to(z) in 3%, (@9)
u™(0,z) = ug(z), T € 9,
e t) telo0,T),
“O =B+t s
wn(0) =
R_EZA n_i n+2n+i Q
T} Pr=gi o in Qf,
o" =0 in %, (3:11)
¢4 (e, z) = 2(e, o2 (ie, 7)),
where z(-, ¢" (ie, x)) is the solution of
/ & 3 _
2'(s) + 2R(z(s) +1)°=0 s€[0,T], (3.12)

Z(U) = (p?,(is,:c), '302(0! :‘9) = (90(:‘9) =y

computed at s = ¢, for i = 0, M, — 1. We see that if ¢" (ie,z) € L>°(f), then
2(-, ™ (ie,z)) € L*°(2) and the following estimates hold

VL (ie, )|l 2y < IVeZ (i, 2)ll22(0), (3.13)
le% (ie, z) — @2 (i€, )|l L2 () < Le, (3.14)

for ¢ = 0,1,...,M; — 1, where L > 0 is a constant depending on ,
[l¢™ (i€, z)|| L= () and a (sce Moroganu, 1997, Lemmas 3.2 and 3.3).

Multiplying (3.91) by %™ and (3.11;) by ap}, using integration by parts
and Green’s formula, ylelds

%E[(u“)zdm+2afu“w?dz+§f£/ |Vu"|*dz
¢ ot )y Q ¢ Ja

+ fakh (u“)zd:r. = %/ u"wy(t)g(z)dz, (3.15)
£ Joa L Jon
a'r/(got) d:c+ /|Vt,o"|2dm = 2&/ u"pydz
L i o oae - 1 f # 1

21\
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1

If we now multiply (3.11;) by —¢™ and then we integrate over Q, by Green’s
T

formula we get

/cpt o"dr + —/ Vo™ |2da
__/ "dx-}-—/ +—/ (3.17)

Adding (3.15)—(3.17), performing some computation involving Cauchy’s and
Holder’s inequality, we find

2a 0 /< +__/(
7o 251
2
4“’“/ Vu2de + & /|V<p do

2akh
2 n|2 n\2
+—/ d +——2 —at/|v [2dz + —— a(u)dm

< c( /Q (u™)2dz + /Q (90")2(11) - é—ﬂl|wn(t)l|ia(ag)Hg(m)”fnﬁ(an)

1

Q—.
+l dart

(3.18)

Integratibn over (0,¢) and by parts gives now
285 5 1 4ak "
7““ (5)”%2(9) 3 Z”‘P G “Lz(n +—/ IV ||L2(n
52 © n||2 d n||2 d
T |lV<P 220 5+— ||<Pt IZ2(q)ds
2akh
+——|lVgo @2 2o+ —5— - / / ")2dsdz
aQ
2a
< 7”“0”%2(9 “‘»OOHL2(Q) + ||V<P0“L2(Q)
+0 [ (@)l + nw"<s>uizm))ds

1 ‘ 2 2 €
+ 2_};/0 ”’wn(t)”LS(aQ)”g(iL’)“Ls(an)ds + |Q|4—5; (319)

Similarly, for any Q5, i =1,2,..., M — 2, we obtain
y i

(G + Vel + 1o+ Dl

i1 i+1
.L@ /(l e 11S74, 112 s 52 /(+ ) ner..nn?2 ,
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ar (i+1)e

n a'Ez n .
by i et 172y ds + T"V‘P-((E +1)e)lZ20)

2akh [(+De . T | INg—
+ 22 [T | nydsds < i o)a + 3106y
an

GEZ n(; 2 D n 2 n 2
+ IV +C [ (o) + "))
£
1 (i+1)e

&
ton 9 llwn ()13 a0y l19(2) 125 a0y ds + 192 i (3.20)

On @, _, we have the estimates
2a, . |
THH (D)7 + 4‘||‘P- (T)NIZ2(0)
4ak [T a{g i
T o IV Eads + % S |
(M.— (M.—1)e

aT & 2
¥ e ot |l Z(Q)ds"‘—UV‘P (T)1z2(0)

2akh o
[ sds < B s - o
+ LM = Dl + S IV 63(Me = D)l

T
+C f( (Ilu(s)1 a(m+1|so“(s)|:im))ds

M.—1)e
o T — (M, —1)e
+on i rlwn(t)llia(ag)Ilg(m)llis(an;ds+Iﬂ!——_—4ai . (321)

From (3.19)-(3.21), taking into account (3.13), we get
20, , e .=
7 I (Dl Z2ay + 162 (Dz2(a)

4ak 5
/ |V ”L2(Q}d3+_‘/ IV [|72(qyds

M, =1 (i41)e 2 ar T i
o D A T Ay N P
i=0 Vi€ (M.—1)e

ag? 2akh
+ —“V‘P_(T)"iqn) o= ] /an ")?dsdz

< “u(l"r.z(n)"' ”‘PG“L’(S})+ "V‘PU“L?({I]

fT
= s wms An? v uoms o an2 L I
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i ¥ -
* ﬁfo llwn ()13 00y 19 (@)1 7 a0y ds + 12—

By Gronwall inequality, we may derive finally the inequality

Me—1 L(i41)e j T §
D R M
(M¢—1)e

€

fo IV 220y + V0" [Z5(y)ds + L (u")2dzds < Cy Ve >0, (3.22)

where C; > 0 does not depend on M, and ¢ (C; depends on 7, k, ¢, &, a, h,

T, Q, [luollz2(), IVeollzz@)s ll#ollLz@)s lwa(t)llzscan)s lgllzsan))-

Multiplying now (3.9;) by u}, integrating over (ie, (1+1)e),2 = 0,1,..., M —
1, and using Green'’s formula, Cauchy-Schwarz’s inequality, and Young's in-
equality, we obtain

//ut Vdsdz + /|v o)z + | we)da

/||591||1,2(Q)d3+ fIV |2d:c+—/ uldz

+k / / uPwa(t)g(z)dsdz, (3.23)
(i+1)e k
f [ wrdsda s 5 [ (vwr( nefa+ [ (+e)iae
ic 0 an
e k kh
< / o aayds + 3 [ (Var(ie)dz + 52 [ (un(ie))?do
8 i€ 2 an
(i+1)e
+k ] uywn(t)g(z)dsdz, 1 =1,...,M, — 2, (3.24)
l/ /(u;‘)"dsdz+—/ |Vu"(T)|2dx+/ (u"(T)}zda:
2 JiMm.-1)e Ja 2 Jq a0
g2 T k o .
< E [ NeElEayds + 5 [ V(0 - Do)

{u (M. — 1)¢))%dz + k/ e ./an ugwn(t)g(z)dsdz. (3.25)

From (3.23)-(3.25) taking into account (3.22), we obtain

/ / ™M2dsdz + ~ /|Vu zd:n-%-—/(

2M¢—1 (i+1)e 22
<O [ lethts+ & [ letlayds
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k 2 kh 2 o n
+ 5 IVuollz2 (@) + - lluollze () + & L o Y (t)9(z)dsdz

2 T
< i@; + k/ / uy wy(t)g(z)dsdz, (3.26)
8 o9

where Cy > 0 depends on Cy and on ||Vugl|2(q). But

k/: /an upwy (t)g(z)dzds = k Lng(x)da: /DT (%(u“(t, x)wn(t))ds

T
-k g(a:)dx/ u (¢, z)w! (t)ds
a0 0
T
=k | u(tz)wa(t)g(z)dz — k/ / u"w), (t)g(z)dzds
o0 o Jon

and (using Cauchy-Schwarz’s inequality, Holder’s inequality, and Young’s in-
equality)

k / ™t z)wn(t)g(z)dzds

( M)A, z)de + - ”wﬂ”L3{OQ)HQI|L“(aﬂ)!

f /m 2)dads

k
< - ny2 i 102 2 .
<3 /D /a @ odads + Fl ool

So, (3.26) becomes
T 5
1/ f(u;')%sdﬁff |vu"(T)|2dz+@/ (u™(T))2dz
2Jo Ja 2 Ja 4 Joa
9 k L n 2
0

where C > 0 depends on Cy, T, ||gllzs(any llwa(t)llL3an)y and [|lw;,(t)]L3a0)-
Using now the Gronwall inequality, we obtain

T
/ lupll72(qyds < Ca Ve >0, (3.28)
0

where Cy > 0 does not depend on M. and e (Cy depends on C; and C5).
By virtue of estimate (3.14) we get

N gt (e, z) — o™ (3, 2)|| L2y < LT = C (3.29)
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Combining (3.22), (3.28) and (3.29), we obtain
T n ® n .
C T
(i+1)e
+ Z /

+/ I1Vu"f|iz{9)dt+/ 199" |32qydt < C Ve > 0,Y¢ € [0,T],(3.30)
0 0

T
e ()22t + / e ()22 gyt
(M,—l)e

T
where g’tp" stands for the variation of ¢™ : [0,T] — L2(Q). Since the injection

of Ly(Q) into H~1(£2) is compact and the set {¢}(t)} is bounded in Ly(Q2) for
every t € [0, 7], by an infinite dimensional version of Helly-Foiag theorem (see,
for instance, Barbu and Precupanu, 1986, Remark 3.2, pp. 60), we conclude
that there exists a bounded variation function ¢*(t) € BV ([0, T); H~*(£2)) such
that, on a subsequence also denoted ¢™(t), we have

@™ (t) — ©*(t) strongly in H™*(Q) for every t € [0, T). (3.31)
By (3.30) we may assume that
@™ — ¢* weakly in L%(0,T; H}(Q)). (3.32)

Now, since the inclusion of H}(Q) into L2(2) is compact (see Brézis, 1983,
Theorem IX.16, pp. 169), for every A > 0 there exists C(A) > 0 such that (see
Lions, 1969, Chapter 1, Lemma 5.1)

lle™ () =" (Dl < Alle™ () =" (Ol g () +FC M) lle™ () — 0" D)l -1 (0)
Ye>0, Vtel0,T],

where C(A) — 0 as A — 0.
Together with (3.31) and (3.32) this yields

@™ — * strongly in L?(Q) for any ¢ € [0, T]. (3.33)
Taking into account (3.28), (3.30), we may obtain by (3.9;) the estimates

t
/ /(Au"(s'm))zda:ds <C Yte(0,T) (3.34)
0 Ja
By the elliptic boundary regularity, (3.34) implies

1w |22 0,7;82(0)) < C- (3.35)
Similarly, by (3.11;), using (3.30), we obtain

t
[ [(Acp"(s, o)\ 2dzds < C VYite (0.7 (2 2R\
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and, by elliptic regularity,

o™ 220,713 @)nE2(@)) < C-

(3.37)

By (3.22), (3.35), it follows that the sequence {u™} is compact in L%(0, T; H*(Q)).

Therefore, on a subsequence, again denoted {u"}, we have

u™ — u* strongly in L*(0,T; H'(Q)), weakly in L?(0,T; H*(2)),

u — u} weakly in L%(0,T; L*(Q2)),
and, by the Ascoli-Arzela theorem
u™ — u* strongly in C([0, T]; L%(R2)).
From (3.30) we also have
Vu™ — Vu*  weakly in L2(0,T; H(Q)),
Vo™ — Ve*  weakly in L2(0, T; H}{R)).
(3.34)—(3.36) clearly also imply that
Au™ — Au*  weakly in L*(0,T; L3(Q)),
Ap™ — Ap*  weakly in L2(0, T; L%(2)).
From (3.33) and (3.38) we may conclude that (3.7) and (3.8) holds.

Let s < t be two arbitrary points of [0, T] such that ie < s < (i4+1)e <

je < t. Consider the problem
T T 1 n i n 1 X
To} - EAp" - 2y = 2u” + 5, I Q%
wh (ke, ) = z(e, @ (ke, z)) on Xf,
" =0 z €.

In the usual way, from (3.41) we obtain

2 plk+1l)e
[ rene+ e = prepds+ S [ [ vrpdsa
52 (k+1)e (k+1)e
fk / |V |2dzdt + C fk /ﬂ (7 (ke))?dzdt
(k+1)e
f % ¢™)?|dzdt.

Takmg into account (3.12) the last inequality becomes

Z lle™ ((k + 1)e) = 5 (ke) 72y

i=1 a(k+41)e
<Y f [f(-u"}2+((p")2]dxdt.

(3.38)

(3.39)

(3.40)

P

(3.41)

(3.42)
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On the other hand, using (3.14), we get the estimate

3 llo (ke) = o7 (ke oy < LG = d)e. (3.43)
k=i

Hence

lle™(t) = " (s)llz2() < le™(s) — @2 (Ee)llL2(@) + Il (G€) — @™ (B)ll2(n)

j-1 =1
+ ) lloh (ke) — @™ (ke)llagy + Y lle™ ((k + 1)e) — @7 (ke)l| 2 -
k=1 k=1

Along with (3.42) and (3.43) the last inequality implies
lle™(t) = ©™(s)llz2(e)
¢ 1/2
<o(le=sl+le=of( [ [ 1w+ o"yaar) ) (3.44)
s J0

and therefore ¢* : [0,7] — L?(Q) (the limit point of ™) is absolutely continuous
and consequently almost everywhere differentiable on [0, 7]. Hence ¢} (t) exists
a.e. on (0,7). '
Let v € L%(f2) be an element arbitrary but fixed. By (3.41) we have
J
T(@"(t) — "(s), 0" (s) = V) + 7 Y (" (ke) — @} (ke), 0k (ke) - v)
k=i+1

t 1 i
< 62/ (Ap™, @™ —v)dr + 5;/ (¢, " = v)dr
t
+ / (2u™ + 2i " —v)dr Yve L4(Q), (3.45)
»” a

where (-, -) stands for the inner product of L?(£2) and also for the duality between
H} () and H~1(9).

We denote by F : D(F) = L5(Q) c L*(Q) — L*(f) the operator z —
—35-(z+ 1) Clearly, F is m-dissipative and denote by e~F* the semigroup
generated by F. Then (see (3.12))

z(t) = e Ftp™ (ie) for t € (0,T), i=0,1,...,M, —1.
Thus

(9= (ke) — @l (ke), @ (ke) — v)
= (p2 (ke) — e~ Fp" (ke), o7 (ke) — v)

s f TLIY A e Fe wn sy i nd
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We set Scy = y — e~ F*y and then (3.45) becomes, taking into account (3.46)
and the monotonicity of S,

T(Q™(t) — 0" (8),0™(s) = V) + T Y (Se " (ke) —v)

<7 Z 12" (ke)ll2aqy + €2 ] Ag™, 0" — v)dr

k=i+1
t
1
+§a/ (" 9™ —v)dr +f (2u™ + 2—,(,0" -v)dr VYveL5(Q). (3.47)
By (3.14) we have 1|Ssr,a'l(ks)|}L,(n) < L%e? and therefore

J
Y 1Sepr (ke)llFa) < L2 — i) = &,
k=i+1

where §. — 0 for e — 0.
Now, we define ¢™(1) = ™ (ke), for T € (ke, (k + 1)¢). Then

e i (%,tpﬁ(ke)—v) =[(Sj’,¢"(r)—p)d¢.

k=i+1

Since || (ke)l|lL2(@) £ C, then [|¢™(7)]|z2(ey < C and therefore the above
integral is well defined. Using (3.7) we obtain

llma Z (Sv " (ke) -—v)

k=i+1
= /t(—Fv, o*(1)—v)dr Yve L5(Q). (3.48)

By (3.33) and (3.40) we have
t t
/D (Aigh, P — )di = ]0 (~Ag*(r),0"(r) - v)dr,
t t
/ (™ " —v)dr — f (p", " —v)dr.
0 0

Taking into account (3.48), (3.49) and passing to the limit for n — oo in (3.47)
we obtain

t
"0 = 996" (5) =)+ 7 [ (<o’ (r) - w)ir

(3.49)

-¢ [(ap et -n)ir= 3 [ (000 ) = viar

! 1
x0T N _aNde M e TEO) (3 50)
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Dividing (3.50) by ¢t — s and letting s tend to ¢ we see that

(%) - 2800 - o))~ Frp(0)-v)

< (2u() + z—la,go*(t) _), ae te[0,T] Vv e L5(Q). (3.51)

Using now the maximal monotonicity of F', we infer from (3.51) that
690* 2 *
T &) = EA'(1)
=L pma1) - (o) + 200, ac te 0]
e 2=l 1 5o ¢ u*(t), a.e. Ky A

Hence ¢*(t, z) satisfies (1.4), a.e. t € [0,T.
By (3.9:1) we get

é /Q (W(t), do™(£))d + /Q (u? — kAu™Ypdadt = 0, Ve € L2(0, T; HY(Q).

Taking into account (3.32), (3.38) and (3.40) we may pass now to the limit
for n — oo, and, by Helly’s theorem (see Barbu and Precupanu, 1986, Theorem
3.5, pp. 58)

§ /Q (¥(2), d¢" (t))dz + /Q (uf — kAu® Yipdzdt = 0

Vi € L*(0,T; HY(Q)). (3.52)

Since ¢* is absolutely continuous from [0,7T] to L%(2) (see (3.44)) the first
Stieltjes integral can by written as fQ(w(t), ©y (t))dzdt and so (3.52) yields

uy (t) + gcpf(t) — kAu*(t) =0, a.e. t € [0,T]. (3.53)

By trace theorem (the map u™ — u"|aq is continuous from H () into H'/%(99)
C L?(8%)) and taking into account (3.4)—(3.6), we may conclude from (3.53)
that (u*, p*) satisfies (1.1) a.e. ¢ € [0,T]. Therefore (u*, ¢*) is a strong solution
to (1.1)—(1.2) and (1.4) corresponding to v = v*.

Proof of Theorem 3.1. The idea is the same as in Barbu (1988). Let {v}} be an
optimal controller for problem (P¢) and let (u}, ¢k, w?) be the corresponding
solution of (1.5)-(1.8) with v = v}. By virtue of Lemma 3.1 it results that there
exist v* € L°°(0,T) and {e,} such that

., — v weak star in  L*°(0,7T),

weer — w¥ strongly in ~ C[0,T],

L | S s gam

v
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where (uet, oc® ; wee™) is the solution to (1.5)-(1.8) corresponding to v = vy
and (u¥", 9" ,w"") is the solution to (1. 1) ( .2) and (1.4) corresponding to
v =v*

Since ¢ — fQ xo(p(t,z))%dzdt and w — f t)dt are convex continuous

functions it follows that these are weakly lower semlcontmuous functions (from
L*(Q) — R and from L*(0,T) — R, respectively). Hence

j*) < l]m mf/ xo( <p€" (t,z) )zdxdt+f (we ( t))dt. (3.54)

Let 9* be an optimal controller for problem (P). Since v} is an optimal
controller for problem (P¢*) it follows that

- r -
[ xo(plen (¢, 2))2dadt + / (wien (1))t
Q 0
T
v 2 EThd 2
< /Q xo(? (t, 7)) dedt + [ﬂ (wf (1))2dt

But ¢ (t) — ¢ (t) strongly in L3(R2), Vt € [0, 7], and so the latter implies

n—00

T
lim /Xo((pen[t z)) da:dt+/ wf;{t))zdt

< /Q ol eV ddt + /0 (" (8))2dt. (3.55)

From (3.54) and (3.55), we obtain

i) = fq xo(o” (t2) et + [ 0)"at

n—oo

7 T =
< liminf [f xXo(@e™ (¢, z))2dzdt + / (weer (t))zdt]
Q 0

" T 3
<timsup| [ xolotin(to)dadt + [ ik @)'at]
Q 0

T
5/ xg{(pﬁ‘(t,x))zdxdt-i-/ (w® (t))%dt.
Q 0
Hence

lirnginfj“‘(v;n) =j(@*) =inf {j(v), veU}

Ep—*
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To prove (3.3) we set ¢, = p% (v optimal in (P¢)). We have on a subse-
quence {e,}

v: —v®  weaklyin  L*(0,T),

wer — w® strongly in  C[0,7),

e, — uw  strongly in L%(0,T, H(Q)),
@e, — ¢ strongly in  L%(0,T, H(Q)),

where (u, ¢, w°, v°) satisfy (1.1)-(1.2) and (1.4), i.e., (u, 0, w°) = (u*°, ¢**, w*").
We have therefore

T
f xo(¢*" (¢, 2))?dadt + / (" (£))%dt < inf P
Q 0

and since {e, } was arbitrarily chosen (3.3) follows. Now, since v} is an optimal
controller for problem (P¢) it follows that

f Xo(0¥* (t, z))2dzdt + / (w* (t))%dt
Q 0

< /Q xo(p? (t, ) dzdt + f[, (w2(t))?dt Yvel.

But, as we have seen above,

- T -
§(v*) < lim inf / xXo(e® (t, z))2dzdt + / (we* (t))*dt

and thus, along with above inequality, we have

T
i) < lim /Q Xt )Pdsdt + [ (uiofe voeu

Hence
j@*) <j(v) Yvel

i.e., the weak limit point v* is a suboptimal controller for problem (P). This
completes the proof of Theorem 3.1.

4. Approximating problems. Optimality conditions

In order to establish the optimality conditions for problem (P¢) we consider
(u®, ¢, w,v) the solution of (1.5)—(1.8) and the corresponding variations

ur = U 4 A, @ = o + A5, w = w+ b,

X . A by .o ’ s WA

(4.1)
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u(v) 1s the tangent cone a m v). For (u?, p*, w*,v") we have
Ty (v) is the t t tU i For (u*, ¢*, w*,v*) we h

4

up + 5@ = kAu in Q5, .
Su?
-% + hu* = w*(t)g(z) on 3§, (4:2)
u*(0,z) = ug(z) z € Q,
(W) = BP0 + 03 te(0,T) -
w?(0) =0, ¢
Tz,o’\ = EzAgo)‘ + Lc,o* + 20 + 2 in Q¢

d 2a 2a e
*=0 on Xf, (44)

0} (i, z) = 2> (e, @2 (i, 7)),
where 2* is the solution of

O Y 3
(2*(s))" + %(z (s)+1)’=0 sel0,T], (4.5)
22(0) = @ (e, z),

computed at s = ¢, for i = 0, M, — 1.
By (4.1) we get

A _ i€ A o aE
Poiim L2008 o iin E20F.
A=0 A A=0 A
(4.6)
o e A v e BA= - v —v
w_}\lf}] z_lll-.r:] A e &
Z'\(E, (pA {?:E! I)) — 2(51 (Ps [!.E, E))
n = lim — =
A—0 A
= 2(e, ¢% (ie, 2)) @5 (i, z) + Z(e, ¢< (i€, 2)). (4.7)

Subtracting now (1.5)-(1.8) from (4.2)-(4.5), letting A tend to zero and
taking into account (4.6), (4.7), we obtain the system in variations

o o B - —
a5 + §rpf = kA in Qf,
713
% + il = W(t)g(z) on T, (4.8)
@€(0,2) =0 z€Q,

w'(t) = puw(t) +9(t) tel0,T), (4.9)
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1
T0; = AP + ¢ +20° in @,
455 =0 on Ef,

@5 (ie, ) = n(e) z €9,

for i =0, M, — 1, where 7n(¢) is the solution

n'(s) + %(Z +1)*n(s) =0 s€[0,T],
n(0) = @< (ie, ), @=(0,2) = 0.
By (4.11) we have

n(e) = exp (m /DE %(z(t, )+ 1)2dt)¢5i (ie,z)

and then (4.103) is equivalent to

@< (ie,x) = exp (/: ;—a(z(t, )+ 1)2dt) @5 (e, ).

We now introduce the adjoint state system.
The equations (4.8), (4.10;) can be written in the form

g [(u° = A
3(5)=a(E) e

where

4 £e? £
kA== _i e
A s 5 T o7 11&1'
g 8, 1
T T 2at
Then
. L 2 (£ L & 1
A'=(kA-= Z—-2A-— 2A4+—),
(L T T 27 datr T * 2at )
and the adjoint state system is

2)-) ()

i.e. the optimality conditions for problem (P*) can be written as

14 2 .
pe+kAp——p+-g=0 in Qf,
T s/

dp o
5—;+hp—0 on X,

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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ZEZ ¢ £2 1 ;
.. 7 DI VUE . 1 S N €
G =~ 5-AP— P+ TAg+ g =xop" in@Qf,
g= gp on 3%,
T 4.16
¢ ((i+De,) W
= exp(—/ %(z(t, )+ 1)2dt)q+((i +1)e,:) z€Q,
0
q'(T,-)=0 T € (1,
fori= M, -2,M,—-3,...,1,0, where z(t,-) is the solution of (1.8).
Let us introduce the cost functional
yE 1 v 2 1 = 2
JE(v) = 5 Xo(pl(t))*dzdt + 3] W (t)dt + Iy(v), (4.17)
Q 0

where I (v) is the indicator function of the set . If v} is an optimal controller
for problem (P¢) then

JE(v2 + AD) — JE(v})
A
Thus, letting A tend to zero we get

>0, VA>0.

T
f (p'%ﬁ%ﬂ:dH—/ wwdt + I{;(ﬂ;,ﬁ) >0, Vo € Ty(v?), (4.18)
Qo 0

where Qg = [0,7] x Q.
Multiplying (4.15;) by 4 and (4.16,) by ¢%, using integration by parts and
Green's formula, yields

f pitdrdt + k | pAifdzdt — £ / piidzdt
H Q: H
2 & ap . (?ue
+T/fqu dxdt+k/,:‘g(8uu PS5 )dzdt_[] (4.19)
. g . 2 / S
£ 2 = A A =
/,‘-{Mo dzxdt + ™ Jos gAPdzdt + ™ Joe avtp 3 dzdit
1 = e? e 0¢? / p 0p°
+ ¥ X qp°dzdt — % L pAGTdzdl — 9 ; 6:/ —r, dzdt
¢ ~£ - £ ~£
~ . p@dzdt = f : @@ dzdt. (4.20)

Now we multiply (4.82) by p, (4.15;) by @° and, by subtraction, we get

A AnE
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Adding (4.19)-(4.20) and taking into account (4.10;), (4.165), (4.21), we obtain,
after some calculations

/ pf dzdt + / g dzdt

2
+ / p[kAff - éff - &Acﬁe - L(ﬁe] dzdt
¢ T 2T dart

2
+ / [ﬁ AGE + 2 —° + 2u ]dmdt -k | pu(t)g(z)dzdt

=t
= / ©*pdxdt
i.e., taking into account (4.81), (4.10;),

/ paf dzdt + / q:p°dzdt + / piSdzdt + / qpidzdt—
i f : Qf
-k [ pw(t)g(z)dzdt = / v Pedadt.
D 3
By Fubini’s theorem and definition of distributional derivative, the latter implies
-k | pw(t)g(z)dzdt = / 0 pdzdt
T e

and then (4.18) becomes

/[ kpg(z) + w(t)]d(E)dzdt + I, (v0,5) > 0 ¥ € Tu(u?), (4.22)
where W(t) = / ePt=95(s)ds. From (4.22) we get
0
T
/ r(t)o(t)dt + I, (v:,5) > 0 Vo€ Ty(vl), (4.23)
0
where

0= ' ([ s~ koto.)a)iz ) -,

From (4.23) we obtain —r(t) € dly(v}), a.e. t € [0,T], where 0 denotes the
subdifferential, and

o= (B B9t i

Summarizing, we have proved the following maximum principle for problem
{ PE)
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THEOREM 4.1 Let (ul, @k, w?,vt) be optimal in problem (P¢). Then the op-
timal control is given by (4.24) where (p,q) satisfy along with u?, ¢} the dual
system (4.15)-(4.16).

5. A numerical algorithm and a numerical example

The aim of this section is to give a conceptual algorithm in order to compute the
approximating suboptimal control of problem (P) stated in the first section, i.e.
(see Theorem 3.1), to compute the approximating optimal control of problem
(P°¢) given by (4.24). For simplicity, we have proposed a gradient type method
in this sense (see also Barbu, 1988, and Morosanu, 1993). For a much better
and faster algorithm in this area we refer to Sachs (1994).

Algorithm CPHT-2D (Control PHase Transition-2D)

P0. Choose v*(9) € U; set iter := 0.
P1. Compute w®(te") from (1.6), i.e.

wf,(ater} : ﬂwe,(itfzr) 3 ,Us‘(iter) on [U,T], ws,(iter}(o) = 0,
P2. Compute (us(ter) | & (ter)) from (1.5), (1.7), (1.8), i.e.

P2.1. Compute z from (1.8);
P2.2. Compute (us(¢") o (iter)) solving the linear system (1.5), (1.7);

P3. Compute (p=(iter), ¢=(iter)) from (4.15)-(4.16);
P4. For t € [0, T, compute r*()(¢) and 57 (¢) given by
£, (iter (t)
T

= /;T (/an(w"':“”)(s) — kpSGiter) (g, z)g(m))dm) exp(B(s — t))ds,

ceGiter) () — [ R, if reliten) <0,
FEEO =10, ifretten 5.
P5. Compute A € [0,1] - the steplenght of the gradient method, solution of
the minimization process
min{j¢(Av®0te) 4 (1 - N)a=Gte)y A e [0,1]).
Set ve,(iter+1) = ,\“erve,(ifer) + (1 i Ausr)ﬁs,(z’ter).
P6. (the " Stopping Criterion”)
if "Us,{imr+1) e Ue,(iter)“ <7
then STOP (the algorithm is convergent)
else iter := iter + 1 ; Go to P1.

REMARK 5.1 The "Stopping Criterion” in P68 may be also

|lj$(vs,(i:cr+1]) - js(vs,(ilcr))“ < n
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Figure 1. The initial value uo(z,y)
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Figure 2. The initial value po(z,y)

Let us briefly discuss the main steps in algorithm CPHT-2D. For approxi-
mating the solution of the nonlinear parabolic system (1.1)-(1.3), we have used
a numerical method of fractional steps type (see Morosanu, 1997). This method,
expressed in step P2, avoids the iterative process required by the classical ap-
proaches (e.g., Newton’s type method) in passing from a time level to another
(see also Moroganu, 1997 for additional details). Moreover, we point out that

the equation (1.8) in P2.1 can be solved directly, by separation of variables.

The values of Ajer from P35 are chosen from the sequence

1—d,

SR el (R e S St | M [ o TR e

1-2xd,

1-3%d,...,0

~ o —~
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have a finite number of options for A, we choose A, = A, the value from the
above sequence which minimizes

js(/\ﬂc,(iter) + (1 _ ,\)ﬁe.(:’ter))‘ = [0‘ 1]

Next, for completenes, we ilustrate our algorithm by a concrete numerical
computation. For this, let the domain © = Qg be [0,1] x [0,1] € R? and the
time interval be [0,2]. For the time as well as spatial discretization we use
uniform discretizations. The time step chosen was ¢ = 0.4 (i.e. M, = 5). The
triangulation of the spatial domain is obtained by dividing z- and y- axis into
equidistant subintervals of length dz = dy = 0.048 and then dividing each of the
resulting subsequares into two triangles. The values of parameters are: £ = 0.5,
a=E 17=10e+5%£%1=06,k=006h=12 6=1.

We shall present now the numerical example. Figs. 1 and 2 show the initial
conditions. We choose R = 200 and v'”) = R/2, i = 1,2,..., M,. In Table 1
we present the results obtained:

iter 75(ve)
1 4.162858e+03
3 2.091130e+03
5  8.291100e+02

Table 1.

120

100

FIGURE 4

FIGURE 3

80




Boundary optimal control for the phase-field transition 31

The optimal value j5(v?) = j(v*) = 5.127619¢ + 01 was obtained in 8 itera-
tions. The corresponding approximating optimal control is

v: = (9.739¢ — 01,9.739% — 01,9.73% — 01,9.739¢ — 01, 9.73%¢ — 01).

So, the reader easily can appreciate that the algorithm CPHT-2D is func-
tional and, in consequence, may be implemented on a computer with higher
performance, permiting the use of finer discretization.

Figures 3 and 4 show the approximate solution uf and ¢, respectively,
corresponding to the approximating optimal control v} (see Theorem 4.1).

Finally, we underline that the numerical results do not have in view the phys-
ical aspects. They are given only to implement the conceptual algorithm. The
comparison between the algorithm CPHT-2D and other numerical algorithms
for approximation of the optimal control of problem (P), as well as numerical
results regarding the physical nature of this problem, are a matter for further
investigation.
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