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Abstract: Fuzzy confrols can describe control rules using fuzzy
if-then rules and it can incorporate experts’ coutrol rules. It is,
however, difficult to guarantee the stability of fuzzy control system.

This paper presents a new method for stability analysis of fuzgy
control system using petri nets. The proposed method crisply divides
all of the input and output variables of the fuzzy controller and the
fuzzy model of the controlled object. This crisp division malkes the
fired rules of the fuzzy coutroller and the fuzzy mmodel, which have
truth values greater then 0, be single eachi. These simplificd fuzzy
rules cau be considered as discrete description of the controller and
the controlled object. By approximating the fuzzy coutrol systemn
as this discrete system, the syston can be expressed by the petri
nets. The proposed method describes the fuzzy control system using
matrix based on a bipartite directed nmltigraph of the petri net,
thereby enables to analyvze the stability of the fuzzy control system.
The analytic results nsing the petri nets have clear correspondence to
the fired fuzzy rules. The dynamical behavior of the system are able
to be nnderstood casily. Siiulation is doue to verify the proposed
stabilify analysis method.
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1. Introduction

Fuzzy control can describe coutrol miles using fuzzy if-then rules and it can
incorporate experts’ control knowledge. It is, however, difficult to gnarantee the
stability of fuzzy control system. Studics have heen done to analyze the stability
of fuzzy control System, Kitamura and Kurozumni (1991), Hojo, Terano, Masui
(1992), Tanaka and Sugeno (1990, 1992). These studies are eflective to analyze
the stability of the fuzzy control systen. However, the distingnishing feature
of the fuzzy coutrols, i.c. casily nnderstandable linguistic expressions, was not,
used in these analysis methods,




566 T. HASEGAWA and T. FURUHASHI

The authors have proposed a method to describe the dynamical behav-
ior of the fuzzy control system Furuhashi, Horikawa and Uchikawa (1993),
Hasegawa, Horikawa, Furuhashi and Uchikawa (1995), Adachi, Horikawa, Fu-
rubashi and Uchikawa (1995). The anthors call the method “Rule-to-Rule Map-
ping method”. This method can describe the dynamical behavior of the fuzzy
control systemn as transitions between the fuzzy rules of the controller and the
controlled object. In Adachi, Horikawa, Furuhashi and Uchikawa (1995), a new
design method of fuzzy controller from linguistic specifications which uses the
linguistic rules of the fuzzy model of the controlled object was also proposed.
However, the stability analysis using the Rule-to-Rule Mapping method was not
able to be done.

The authors Hasegawa, Furuhiashi and Uchikawa (1996a, b, ¢) have proposed
a stability analysis method of fuzzy control systemn using petri nets. These
methods shimplify the fuzzy control system as a discrete system and describe
the fuzzy control system using the petri nets, sce Reisig (1985). The next-state
function of the petri nets enables to analyze the stability of the fuzzy control
system. In these proposed methods, all fransitions of the petri net have clear
relationships with the fuzzy rules of the confroller and the controlled object. It
is easy to grasp the relationships between the behavior of the control system and
the fuzzy rules. This method made the best use of the distinguishing feature
of fuzzy controls, i.c. casily understaudable linguistic expressions. However, the
proposed analysis imethod yet tests the firing veetor of transitions experimentally
to analyze the stability of the fuzzy control system.

This paper presents a new method for stability analysis of the fuzzy control
system using a matrix based on a bipartite directed multigraph of the petri
net. This method enables fo analyze the stability of the fuzzy control system
by calculation of matrices and the vectors. This paper presents a new theorem
of stability of fuzzy control systems. Simulation is done to verify the stability
analysis by the proposed method.

2. Description of the fuzzy rules using Petri nets

Fuzzy control is an cffective tool to incorporate experts’ control know-how into
the controller. This paper deals with the design of fuzzy controller to antomatize
controls done by human experts. When the knowledge of the controlled object
is available, the incorporation of experts’ control know-how can be expedited.
Fuzzy modeling of the controlled object is effective to acquire the knowledge of
the object in the form of fuzzy rules Adachi, Horikawa, Furuhashi and Uchikawa
(1995). These fuzzy rules can be utilized for the design of fuzzy controller. It is
assumed that the i-th fuzzy rule of the fuzzy model of the controlled object is
obtained as
Rp : If yp is Ay and yp—y is Ajp and - -
and ny, is B and ug_1 is B and - - -
then yr41 = Aio,
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where y is the output of the controlled object, u is the manipulated variable and
subscript k means the sampling time. A;;, Bi; (4 = 1,2, -+) are fuzzy munbers.
In this type of rule expressions, the inputs and outputs of the controlled object
are bounded. These fuzzy rules of the model of the controlled object provide
uscful information for the design of the fuzzy controller. The following i-th fuzzy
rule of the fuzzy controller can be designed by incorporating experts’ know-how:

RE:  JE Tk+1 is Am
and gy 18 A;; and gy, is Ajp and - -+
and wup_q1 18 Bi; and up_s is B and - - -
then ug = Bjo,

where r denotes the cormmand of the system.

Usually, the input and output variables of the fuzzy controller and the fuzzy
model of the controlled object are divided fuzzily as shown in Fig. 1(a). For
the rough evaluation of the designed fuzzy controller with the experts’ control
knowledge, this paper uses the following approximation. All of the input and
output variables of the fuzzy controller and the fuzzy model of the controlled
object are divided crisply as shown in Fig. 1(b). The divided poiuts are set at the
crossing points of the membership functions. This crisp division makes the fired
rules of the fuzzy controller and the fuzzy model, which have truth values greater
then 0, be single cacli. These siinplified fuzzy rules can be considered as discrete
description of the controller and the controlled object. This approximation
sacrifices the rigorous description of the behavior of the fuzzy control system.
But it is effective fo grasp the overall behavior of the fuzzy control system
casily. Fine tuning of membership functions is the next step after the guarantece
of stability by this analysis.

3. Stability analysis
3.1. Matrix representation of network

In this paper, the fuzzy control system is described as a petri net. In this petri
net, all the transitions have only one input cacl.

The fuzzy control system is expressed with a bipartite directed multigraph
expression of the petri nets. Fig. 2 shows an example of the bipartite directed
multigraph. O denotes the place P;. The places describe a set of conditions.
| denotes the transition £;. The transitions ignite the transitions of tokeus. e
denotes the token and represents a condition of the system. — denotes the arc.
Arcs indicate the directions of flow of tokens.

The transition occurs when the input place has a token. This transition
removes the token from its input place and puts the token on its output place.

The proposed method describes the fuzzy control system as a bipartite di-
rected multigraph according to the following steps:
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1. The places P,; are created. Each place corresponds to one of the states of
the controlled object. The inner state of cach place has the output of the
controlled object 1 and the command value r.

2. The transitions t.; arc created. The munber of the 4 is the same as that
of the fuzzy control rules. Each trausition has a councction from onc of
the places Pp,; with an arc, and to one of the places Pp; with another arc.
The traunsition t,; denotes the firing of the i-th rule of the fuzzy controller.

3. The places P, are created. Each place has a connection from one of the
transition t, with an arc. P, denotes the state after the firing of the
i-th fuzzy control rule. The inner state of cach place has the manipulated
value u, the output of the controlled object y, and the connnand value r.

4. The transitions t,; are created. The number of #,; is the same as that
of the fuzzy control rules. Each transition f,; does not have one-to-one
correspoudence to cach mle of the fuzzy model of the controlled object.
Eacl transition f,; hias a connection from one of the places Py, and to one
of the places Ppi. The firing of the transition #,; means the firing of the
i-th rule of the fuzzy model of the controlled object.

By the above steps, the fuzzy control system can he expressed with bipartite
directed multigraph. Each transition has ounly onc input. Fig. 2 shows the
bipartite directed multigraph of the following rules:

Rb : If rpois N and g is Z then up=N
R% ¢ If rpis N and g is N then up=N

R_}:, : If yp is Z and g, is N then ypp=N
R% : If g is N and g, is N then yp=N.

The stability analysis of the fuzzy control system can be done using the
obtained bipartite directed multigraph which can be transformed to a matrix.

Matrices D™, D7 are defined. D™ denotes the input funetion of the petri
net and DT means the output function of the petri uet. Each matrix has n
rows and m colmmnus. n mcans the munber of places and 1 means the munber
of transitions. ij-th elements of the matrices are defined as follows:

D~ [i, ) #(Pi, I(t5)) (1)
D+[i, ] #(P;, O(t5)),

where P; denotes the state of é-th place and ¢; denotes the j-th transition, I(#;)
deseribes a set of input places needed to fire the transition #;, O(f;) deseribes
a set of output places of the transition #;, #(FP;, I(t;)) denotes the munber of
tokens on P; which are needed to five the transition t5, #(P;, O(t;)) also denotes
the mnnber of tokens on Py which are increased after the firing of the transition

t;.

I

From the above definitions, the input-output function of petri nets can be
defined as

D=D*-D-. (2)
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The transition from the initial marking pg, which denotes the munber of initial
tokens on each place, to the marking p by the firing sequence of transitions
o =t t;, ---1;, is expressed with

”:”0+D"f(a)= ('j)

where f(o) is the firing vector for the sequence tj, ---t;,. The i-th component
f(0); of f(o) means the number of firings of ; at sequence t;,t;, - - - ;.. In this
paper, all the transitions of the petri net have one input each. The transition
possible to be fired at the marking p can be calculated as

T
D™ -, (4)
where D=7 means the transposed matrix of D~. From eqs. (3) and (4), the
marking after the transition at the marking gy, is calculated as
P
e = pp+D D77 -y (5)
= (I+D-D7")-py,

where I is unit matrix. Since this petri net describes the control system, the
token moves from one of the places of the controller to one of the places of
the controlled object and vice versa, alternately. Let gy be the marking of the
controller, then pj, is the marking of the controlled object. At one sampling
time, two transitions each in the controller and in the controlled object occur.
The marking g at k samplings from the initial state po is described as follows:

me = (I+D-D™7)-phy
= (I+D-D7) (I+D D7) py_,
= (I+D-D 7)Y py_, ©)

= (I+D-D T p,
where a matrix A is defined as
A =T 4+ DD~

Eq. (6) can be re-described as

pe = A% - g (7)
In the case of Fig. 2, the marking p is described as
B
Py
= Pa

Pc2
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This marking shows that place P,y has a token and the others have no token.
The input function is

1000
— 01 00
Do =1001 0 ©)
0 0 01
= A (10)
The output function is
0000
0 011
+—
PP=1100 0 =
0100
From the above functions, the input-output function is
D = DY-D" (12)
-1 0 0 0
o -1 1 1
- 1 0 -1 0 (13)
0 1 0 -1
As a result, the matrix A is
A = I+D-D" (14)
= D +D-I" (15)
Y 5 il (16)
0000
00 11
= 1100 0 )
01 0 0

3.2. Stability

The stability of the fuzzy control system can be analyzed using the above ma-
trices and vectors.

The behavior of the fuzzy control system simplified as the discrete system
can be expressed with eq. (7). When the initial state of fuzzy control system
has one token on an arbitrary place Pp;, this token moves onto one of the places
Ppj at 2k(k > 1). As a result, the stability of the fuzzy control system can be
defined as follows:
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DEFINITION 3.1 (EQUILIBRIUM STATE) The marking . af sampling time k is
in the equilibrivm state where

Wi #F M (18)
Hryy = Hy, (19)
Mo = (20)

This definition expresses that the markings for both the controller and the
controlled object remain unchanged.

DEFINITION 3.2 (PERIODIC STATE) The marking py; at sampling time k is in
the periodic state where there exists a positive integer A > 2, and

[T ST (21)
Hi+rxn = Hp: (22)
Au'i:—}—)\ = lu'i (23)

This definition expresses that the samne markings appear periodically at more
than 1 sampling time.

DEFINITION 3.3 (UNSTABLE STATE) The marking ;. at sampling time k is in
the unstable state where

B = Mg (24)

This method deals with bounded input-bounded output (BIBO) controlled ob-
ject. The transifions occur in the bounded arca. Unstable state of the system
is defined as the one without any transitions to be fired next.

DEFINITION 3.4 (ASYMPTOTICALLY STABLE) The fuzzy control system is asymp-
totically stable wheie there exist I > 0 for any initial marking po and

lu'}\' :lé 12358 (25}
Hry1r = HEi (26)
Brs1 = Mg (27)

A lemna is derived using the above definitions.

LEMMA 3.1 (UNSTABLE STATE) Iff any one of ii-th elemnents of the matriz A
in eq. (7)is 1, the fuzzy control systern has unstable state(s).

The theorem of stability is derived as follows:

THEOREM 3.1 (ASYMPTOTICALLY STABLE) The necessary and sufficient con-
dition of asymptotic stability of the fuzzy control systemn simplified as the discrete
system for arbitrary initial stale is that therve exists no zero column vector and
no unity ii-th element and

rank A™ =2

for n-dimensional square matriz A.
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Wi Wi

Y1 N | 7 | P
N|IN|[N|Z

up | Z N Z %
PIlZ|P|P

Table 1. Fuzzy rules of controlled object

[Proof]
(Sufficient condition)
The state of fuzzy control system py, at k(= n/2) sampling after the initial
state po is described as
My = Agk “ Ho
from eq. (7). There exists no zero colmnu vector in A and any #-th
clement of A4 is not 1, so
[_Li._ '-lé Hy.-
Since,
rankA" = 2.
At k= n/2, the state of fuzzy coutrol system py, scttles down to
= eli]
regardless of the initial state po. efi] denotes n-dimensional unit row
vector. As a result, the marking will not change after k, and
HEryy = Mg

(Necessary condition)
Self-evident by the definitions.

4. Simulation

In this section, the proposed method is applied to the siiple control system to
verify the proposed stability analysis method.

Table 1 and 2 show the fuzzy rules of a fuzzy model of a controlled object
and a fuzzy controller nsed in this simulation.

The iuput fiunction of the fuzzy control system defined in Table 1 and 2 is

100000
01000 0

_ 001000

D™= 1000100 (28)
000010

00 0001
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Table 2. Fuzzy rules of controller

= I

The output function is

U

Yk

N[Z]P

Lre [INJN|N]Z|

000 1
000 0
000 0

+

D'=1 3198 0
0100
0010

From the above functions, the input-output function is

10 0
0 -1 0
0 0 -1
D=1 1 ¢ o
0 1 0
0 0 1

1
0
0
1
0

0

As a result, the matrix A is

=]
o=oo oo
oo o
o e Qi e B e

o

1
0
0
0
0
0

e

e S o e

0
1
0
0
0
-1

Here, this G-dimensional square matrix satisfies

0
0
0
1
0
0

coo o
o e e 8 e B e
COoOoOC -

0
0
0
1

0

(30)

(31)

(32)
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rk=N
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Pi: y. =N Pa: yp=N, ugp=N
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Figure 3. Bipartite dirccted multigraph of simulation system

and
rank A% = 2. (33)

From Theorem 3.1, the behavior of this control systeimn is asymptotically stable.

Fig. 3 shows the bipartite directed multigraph of the fuzzy control system.
Since this controller is very siimple, it is casy to sce from this graph that this sys-
tem is asymptotically stable. The stability analysis method has the merit to be
able to examnine the control system by matrix computation without exhansting
all the paths in complex graphs.

Fig. 4 shows the result of simulations whose initial states y are ‘N’, ‘2’ and
‘P’, respectively. The horizontal axes mean the sampling time and the vertical
axes mean the output of the controlled object. The result of the simulations
show that the outputs are settled down to the commmand value rp =N’

5. Conclusion

This paper presented a theory on the stability of the fuzzy control systemn using
the petri nets. The fuzzy control system is described as a matrix based on the
bipartite directed multigrapl. The further work is to show the validity of the
simplification of fuzzy control system into the discrete system. The coudition
of the fuzzy control system for this validity should be clarified, and the design
of fuzzy controller will be guided for the valid evaluation of stability. i
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