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A bstract : This paper presents new theoretical elements for uu­
merical simnlat. ion of two- a ud t hree-dimensiona l flows, based on t he 
concept of streamlines a nd do m<tin decomposition. The so-called 
"st ream-tu be method", considered previously particularly for fl ows 
invo lving open st rea mlines . is exte nded to genera l streaml ine con­
figura t io ns. It is shown bow local t rans format ion funct ious may be 
defi ned in order to simulate Hows of complex flnicl s, notably t hose re­
qniring evaluat ion of particle) time history. The specific feat ures (for 
example : mass conservat ion , simplicity in handling t ime-dependent 
consti tu t ive equat ions) of t he c;t rearn-t ubc met hods previo usly inves­
t igated Hu merically arc still preserved in the new formulat ion. An 
example of calculations is given in t he case~ of t he two-d imensiona l 
fl ow of a. Newtonia n flu id between two eccentri c cy linders where re­
sul ts are found to be consistent wit h li tcmt urc data. 

Keywords : incompressible flnid , stream tubes, streamlines , con­
s ti t.l tt ive equat ions , viscoelast icity, t ransformations, domai n decom­
posit ion. 

1. Int roduction 

T he ma in pnrposc of t hi s paper is t.o prese nt theoretical elements permi t ting 
compu tation of gencml com plex Hows of var ious fluids, notably t hose obeying 
more complex const it ut ive equat ions t han the Newton ian model. Signi ficant 
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ten years, particularly for flnid s modelled by non-linear const itutive eq uations, 
which generally lead to highly complicated governin g equations to be solved. 
Different numerical methods have been presented, particula rly for rheological 
equations involving viscoelasticity. lf differential models present diffi culties t hat 
arc generally overcome, memory-integral const itutive equations arc still more 
delicate to handle, mainly because of tlw so-called ''particle tracking" problem 
which is to be considered for general time-dependent equations of the type 

(1) 

Iu <~quation ( 1), T denotes the stress tensor expressed at time t in terms of 
a funct ional tensor <P of a finite number of kinematic tensors Ki evaluated at 
times T, where -oo < T :::; t. The kinematic (rate or deformation) tensors 
involved in such models have to be computed at every time for every spat ial 
point corresponding to the position of t he material point on the streamline or 
pat hline (in t he case of a steady fl ow situation). When evaluating numerically 
flow characte ristics by means of a set of governing equations, the consideration 
of a flnid obeying such constitutive equations leads to significant problems. The 
material points do not necessarily pass through the mesh points. Accuracy 
problems in calculating the kinematic and stress tensors may lead to failure of 
t he numerical procedure. 

The numerous papers devoted to the numerical simulation of complex fl ows of 
non-Newtonian fluids have generally considered finite clement methods, using the 
velocity components and the pressure as primary variables. In two-dimensional 
flow situations, there a rc now classical fi nite clements verifying basic conditions 
that can be successfully used in fl ow calculations, for various non-Newtonian con­
stit utive models, particularly different ial models (see, for example, Marchal and 
Crochet, 1987, Caswell, 1996). Specific approaches for memory-integral equations 
have been a lso developed, notably in two-dimensional flow sit uations, Luo and 
Tanner ( 1988) , Luo and Mitsoulis ( 1990), Goublomme eta!. ( 1992). In so me cases, 
t he discretizing mesh built on the st reamli nes was updated at every step of the 
iterat ive procedure, Luo and Tanner (1986). Other authors developed interpola­
tion functions in order to approximate the kinematic quantities related to a given 
element . The so-called Protean coordinates, introduced by Duda and Vrcntas 
(1967), were a lso used (e.g. Papanastasiou eta!., 1987) in order to evaluate the 
kinematics and related quantities. In the Protean system, one coordi nate is the 
st re<un function W. In three-dimensional flow situations, streamlines or pa.thlincs 
are warping curves and require significant effort for approximating the kinematic 
quantities (rate- of-deform at ion a nd deformation tensors) , when using t ime­
dependent constitutive equations. Successful three-dimensional approaches have 
been proposed for differentia l viscoela..stic models, Tran-Cong and Ph an-Thien 
(1988), Shiojima and Shimazaki (1 990), bu t at the present time there arc very few 
numerical studies involving memory-integral constitutive equations. In a recent 
paper , Broszeit (1997) considered the circulating steady flow in a single-flow 

• • 1 ••• ---~ - -••• : •• !. -.~H" l 
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constitutive eq uation by developing particle-tracking methods for open a nd closed 
pa.thlines , and a mixed Galcrkin formulation for computation of the unknowns. 

Besides the sign ificant work reported in litcratnre on grid generation methods 
widely invest igated in the field of compntat. ional solid and fluid mechanics (e.g. 
Smi th, 1982, Lan et a!. . 1997), some authors developed specific approaches to 
sinmlatc t.wo- and three-dimensional flows. For example , G reywall proposed a 
nwthod related to t he evaluation of the streamwise velocity, Greywall (1 985, 
1988) , and free surface equations, in order to compute 2D and 3D potentia l flows. 

The so-called "stream-tube method", based on geomet rical considerations, 
was introd uced by Clermont (1983). This analysis has proved to be an ap­
propriate answer to computation of different complex fl ows of fluids obeying 
memory-integral const itutive equat ions since the particle-tracking problem is 
avoided . The boundary of t he material may be free or confined. The calcula­
tions are performed in a transformed domain n· of the physical flow domain n, 
Clermont (1983) , Andre and Clermont (1990), Clermont eta!. (1991) , where the 
mapped streamlines a re straight lines parallel to a mean flow direction (open 
stream lines) or concentric circles (closed streamlines), Clermont et a!. (1991 ), 
in t he case of pure recirculating flows (Fig. 1) . The primary unknowns of the 
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Figure 1. Mapping of the physical flow domain in specific strca.m-tu be situations: 
(a) Flow with open st reamlines; (b) Flow with closed st reamlines 

problem are, together with t he pressure, the transformation between domains 
n• and n. Calculations arc possible under t. be condi tion of non-singularity of 
the Jacobian of the transformation T : n• -+ 0 , that involved one or two coor-
clln :::.t.(' 1ll ::t nnln o· fn nrtl f\ n c f, ,. hnn '"' ,... ....1 4- l n. ,...n ...1 : ~-.. ........ ~ .... ; ...... __ , ---
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3D main flow conditions, the basic equations relating coordinates (:z: , y, z) of n 
to (X , Y, Z) in the mapped domain rl* where the transformed streamlines are 
rectilinear (Fig. l a) are given by 

:c = f(X , Y, Z); y = g(X. Y, Z); z = Z. (2) 

For 2D pure circulating flows, an unknown mapping function ,\ was defined 
using coordinates (x, y, z) in t he physical domain n and ( R, Z , <p ) in the mapped 
domain n• of concentric circular streamlines by means of the following equations 
(Fig. 1b) 

x =a+ R>.(R, <p) sin <p, y = b + R>.(R, cp) cos cp: z = Z. (3) 

The non-singularity of the Jacobian in both cases points out limitat ions of 
t he method to computation of: 

• simply-connected (with regard to the streamlines) flow regions , for the 
t ransformation expressed by equations (2) which means that the recircn­
lations a rc not taken into account explicitly, 

• pure vortex flows ( doubly-~mmected domains) with closed st reamlines, in 
rela tion to mapping equations (3) . 

The elements given in the present paper aim at providing possibilities of cal­
culation of main fl ow zones as well as secondary fl ow regions. Some features pre­
viously depicted in studies related to the "classical" stream-tube rncthod an~ st ill 
used , particularly t hose concerning the simplicity of handling memory-integra l 
const ituti ve equations. Additional elements based on geomctriw l considera­
t ions arc given, allowing computat ion of a general How fi eld by st ill considering 
the concept of streamlines and st rea m tubes. It should also be pointed out 
that practical issues of this possibility are based upon previous comp utat iona l 
resul ts on flows involving open streamlines (Clermont and de let Lande, 1993, 
Normandin and Clermont , 1996, Guillet et a!. , 1996) and from recent numerical 
studies on flow involving pure recircula ting regions (C lermout and Rad u, 19D9a , 
1D99b). The approach is presented here for steady flows of incompressible fin­
ids. Numerical results arc given for the steady flow of a Newtonian fl uid in the 
annul us of a r.y Iinder. 

2. General transformations - Basic computational re­
sults with t he stream-tube m ethod 

2.1. Basic equations fo r general transformations 

Let :r i ( :r 1 = x, x 2 = y, :r3 = z ) be the r.artesian coordinates related to an 
E1tclideau bas is c: ; (c: 1 , c: 2 , c: 3 ) for a material poiut M occupying the position 
X ( :~: , y , z) in D (3(_3 

::::> D). When considering ~:~~,th e r coordiuctte system ~j 
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xi ( EJ) from v· to v may be defined by the following relations: 

x = a(X, Y,s) 

y = (J(X, Y, s) 

z = 1(X, Y, s). 
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(4) 

The Jacobian!:::,= ID(xi)/D(~J)I, assumed to be non-zero, can be expressed 
by the following eqnation 

A I ( (JI I (3' I ) (3' ( I I I I ) I ( I (3' (3' I ) u = ax J.Jy/s - slY - x ayls - /yas + lx ay s - yas (5) 

where a' , !3'. etc. stand for partial derivatives. In the following, different 
partial derivative operators lead us to define quantities denoted by A1, A2, A3, 
Bl,B2,B3,C1,C2,C3 and given by the relations 

A1 = a; .. fJ's- a'sf3~ .. ; A2 = (3~ .. /s - !3'sr~ .. ; A3 = ~~ .. a's -1's a;, (6) 

B1 = a~'<!3s- a's!3~'<; B2 = (J~y/s- !3'sr'x; B3 = /~yas -1'sa~y (7) 

cl = a: .. J3~ .. - a; .. f3~,; c2 = (J~y/~- !3~/~y; c3 = /~ya; .. -~~ .. a:, (8) 

These equations lead to writing the .Jacobian !:::, as 

(9) 

Then, the natural basis ei ( e 1, e2, e3) related to the coordinates (X, Y, s) is 
expressed by 

e1 = a:ycl + (J~yc2 + ~~'<c3 
e2 = a;.·c1 + (J~ .. c2 + /~rc3 
e3 = a'scl + f3sc2 + lsc3 

(10) 

Conversely, from equations (10), t he cartesian basis vectors may be given in 
terms of t he natural basis by 

c1 = (1/ !:::,)[A2e1 + B2e2 + C2e3] 

c 2 = (1/ !:::,)[A3e1 + B3e2 + C3e3] 

c 3 = (1/!:::,)[Alel + B1e2 + C1e3] . 

(11) 

(12) 

( 13) 

It can also be shown that the derivative operators ojo:r, ojoy and ojoz are 
expressed in terms or a 1 ae by the following equations 

ojo:c = (1/ !:::,)[A2D/DX- B2ojoY + C2ojD,] 

Djoy = (1f/:::,)[A3D/DX- B3ojoY + C:JD/D.] 

( 14) 

(15) 
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2.2. Transformation of subdoma ins 

As pointed out previously, app lications of stream-tube analysis have concerned 
calculations of main flows for various viscoelastic fluids obeying differential 
(Clermont and H.adu, 1999b) and integra l equations (e.g. Guillet et al., 1996) 
and also pure recirculating flows related to closed streamlines in a two-dimen­
sional jomna.l bearing geometry (Clermont and R.adu , 1999a, 1999b). In both 
cases, the formulation allowed simple mapped computational domains n• to be 
defined in order to solve t he governing equations. 

For pnrposes of performing simultaneous computat ions of main and recir­
culation flow regions in general situations for a bounded physical domain n, 
we now consid er sub-regions n.; that may involve open or closed elementary 
streamtubes or both. These non overlappi ng subdomains are defined such that: 

n= U n," ( 17) 
rn.=l 

Starting from an original section z 1 , we limit each sub-domain nm by two 
cross-section planes Z m and Zw+i (m = 1, 2, .... m.0 ). These sub-domains may 
involve open and closed streamtubes, denoted, respectively, by Bv and Be. They 
arc a priori unknown and correspond to main flow and vortex regions of the total 
flow domain n. 

Let us consider a sub-domain n"'· of n limited by two cross-section planes 
at z ,/1 and Zm+l (Fig. 2) in an axisymmetric flow situation. We select in n .. , 
a cross-section Sm at z = (.~~~. ( Zm S (.11 , S Z·rn+l). used as reference section. 
The mapped domain n; ... is a straight cy linder (Fig. 2), of basis S~, identical, 
in shape, t.o the reference sect. ion 5 111 • The cy Iinder consists of mapped st raight 
lines of st reamlines of the physical sub-domain n .. ,, parallel to the direction of 
the generants. These transformed streamlines arc related to a local vari able s in 
n;", to be used as computatiorw.l sub-domain. The mapped domains B~ and B: 
of the respective open and closed stream tubes Ba and Be arc elementary s traight 
cylinders of n;

11
• The basis of the cylinder is related to local variables (X , Y). 

Let n;" be e lemc~ntary subdomains of rectilinear parallel streamlines related 
to a reference cross-sect ion s~, and involving a finite number of mapped stream 
tubes Bj (n;n = U 87,

11
). We tl1cn invest igate elementary transformations T,, 

defined from a mapped subdomain n;ll towards a subregion n,ll of number m, 
defined between tWO CrOSS-Sections Zm and .Z m + l in the physical domain [2 , SII Ch 

that 

with 

M*(X ,Y,s)--+ M(:t , y, z) (18) 

1 . r- . ... 1 L . . .. ~ ... .. ~: .... ... r , (A\ I .T"'' ' "' 
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F igure 2. Subdomain r2m a nd its mapped domain involving rect ilinear st ream­
lines for a two-dimensional (axisymmetric) flow 

streamline (in a steady How configm at ion) defined by 

X = Xo + J' IV(r) l dr 
. to 

( 19) 

where xo denotes the abscissa of t he reference sectio n S~, of the mapped snb­
domai n n;

11
, IV(r)l the modulns of the velocity vector V on t he s treamlines 

points , expressed by 

V = u(:c, y, z) e:1 + v(.1:, y, z) .s2 + w(x , y, z) .s3. (20) 

In equation (19), the times t0 and t arc associated to posit ions sn and sofa 
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Defining by SM (sM < + oo ) the given total lengt h of the streamline in the 
transformed domain and by XM (X 1H < + oo) the maximum curvilinear abscissa 
on every st reamline [, originated at a point M 0 of the stream tube, we may 
define the variable s by the following relat ionship 

(21) 

In order to define the variable s for a streamline L of zero velocity (presence 
of a wall where the fluid adheres) , the coordinate x related to a point M is 
assumed to be the curvilinear distance MoM. Such definitions contrast to 
the previous specific formulations of stream-tube method which do not involve 
variables directly related to the kinematics . 

Fig. 3 illustrates physical and mapped st ream tubes of length SM corre­
sponding to open and closed streamlines in a three-dimensional flow situation. 
The case of open stream tubes B 0 is shown in Fig. 3a. Fig. 3b depicts a flow 

(a) Open stream tube 910 

(X, Y,Z) 

Mapped stream rube flJ* 0 

(X, Y,s) 

(b) 
.c.,~Closod strnamlino .f 

' (X, Y, Z) 

.e, 

Figure 3. Elementary subdomains: (a) Physical open stream tube B0 and its 
transformed domain B;. (b) Physical closed stream tube B: and its mapped 
domain B~ 

subdomain of !1m involving closed stream tubes, related to a reference section, 
f~ •. n - 0 - 'T'h o '"' h_l'PO'i()n ()f c losed Streamt llbCS, doubly-COnnected , iS 0b-
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F ig. 3b, it may be observed tha.L the closed stream tube involves two separated 
regions when~ t lw main velocity component docs not change its s ign. A dosed 
strea mline [ can be divided into two curves £ 1 a nd [ 2 such that [ = [ 1 U [ 2 

according to t he positio us of st reamline points of zero velocity. The cnrves [ 1 

and L2 intersect t he reference sect ion at points M 1 a nd Jo.;/2 , respectively. T he 
mapped n:ctiliucar lines of [ 1 and L2 arc rep resented in the mapped domain as 
distinct segments passing t hrough M: and NI2 . respective t ra usfo rrned poin ts 
of NI1 nne! Nh . The mapped closed st remn tube defines a. straight cylinder, of 
basis inclll<led in t he reference sect ion of t he mapped subdomain n;/1 of n/1/.' 

2.3. K inematics - Basic e quations and unknowns 

Referring to the general definitions for fl ows of a n incompressible flnid , we may 
wri te t lw velocity vector in terms of a pair of stream functions ·V-, 1 and '1(;2 as 

(22) 

T he nse of t his r:qua.t iou nt a. referen ce section S (X , Y. s0 ) where :r =X , 
y = Y <m el z = so lcnxls to writ ing the ·w-vclocity component as 

w(X , Y, so) = ENl (:~.:, y, .z )I fJ X .CJth (:r, y,;; )I m i( X.)•',;o) 

- fJ '¢'1 (X, y ,;;) I fJY.fJtf'2 (x, Y, z) I fJ X I(.Y. Y, s0 ) · (23) 

Wr define the refe rence kinematic function ¢(X, Y) by the following re lat ion 

q;(X, Y ) = w(X, Y, so) . (24) 

From equations (14-- lG), we may express t he components (n , v, w) of the 
velocity vector V as 

u. = n>!{X, Y)l 6 ; u = (3~cj;(X , Y)l 6 ; w = ~~c/;(.X. Y )l 6, (25) 

where 6 deno tes t lw J acobian , assumed to be non-singular , given by a relation 
of Lhr ty pe of equat ion (4). 

We can ass ume t he followin g relatio ns at the reference sect ionS for (X, Y. so) 

rx\- (X , V. so) = 1, n'l . .(.:\' , Y, so ) = 0 

{3'y(X. Y,s0 ) = 0, (J; .. (X,Y,so) = 1 

1\(X,Yso) = 0, ,; .. (X,Y,so) = 0 

(2G) 

For a Sltbdomain n,, ' t he primary unknowns to be cons idered arc the t hree 
mapping fun ctions o:, (3 , 1 a nd the pressure p. In acco rd ance with t he definition 
of tlw variable s, t he set of the governing equat ions should a.lso involve the 
following relation (w ith w( X , Y, s) =j::. 0), for points that arc not located at the 
boundary where gr, nerally the flnid ad heres: 

I· S 

., .. r Y v c\ riC 
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or, equiva lent ly 

! (X , Y, s) = 1(X, Y, so ) 

+ 4;(.X , Y ) 1: b.~ (X , Y, 01 ,0.( X , Y , 0 ] d~ (28) 

In isothermal conditions, t he momentum conservat ion law provides t hree 
dynamic equations . Though the writing of those equat ions is possible by classic 
tools of tensoria l analysis, we find it of more practical use to wri te t hem by 
means of cartesian coordinates, following the approach already defined in specific 
s tream- t ube ana lysis (e .g. Clermont a nd de la Lande, 1993) . Accordingly, the 
superscripts i and j , k , respectively, assoc ia ted to components bi and A]k of 
a vector b and a tensor A arc still rela ted to :1: = 1, y = 2 and z = 3, bu t 
the derivatives a 1 a x i are expressed by means of deriva tive opera tors a 1 a~j 
defined by equat ions (14--16) t hat involve t he vari ables (X , Y, s) of the mapped 
computat ional domains . 

2.4. Examples 

Viscomet ric shearing flow situations provide simple examples of t ransformation 
functions involving globa l mapping funct ions in the total fl ow domain. For t he 
plain Poiseuille case, the functions may be written as 

X = a:(X) =X; y = /3(Y ) = Y ; z = I (Y ) = 8 . (29) 

The pme rotating Couette fl ow in a plane (x , y) between two concentric 
cylinders of radii R0 and R1 (Ro < Rl) involves globa l mapping functions 
expressed by 

x = a:(Y, s) = Y cos( slY) 

y = /3 (Y, s) = Y sin (si Y ) 

z = !(X ) = X . 

(30) 

The fl ow streamlines of Fig. 2, previously co nsidered , illustrate 1t two-dimen­
siona l ana lytical case requiring local t ransformation functions (Norma ndin and 
Clermont, 1994) . In t his situat ion , t he upstream section zr allows a reference 
section S 1 to be defined such t hat t he corresponding reference funct ion ¢ r (see 
equation (23)) at section S 1 is known . Vrtrious subdomains n.;", of reference 
sections S m, may involve s t ream tubes of d ifferent types. 

T he clements shown in Fig. 4 provide an illustrative example of a t hree­
dimensiona l fl ow sit ua tion , with different subdomains a;)/ of reference sec­
t ions S m. The stream- t nbe cross-sections of Fig. 3b and the cut section of 
Fio :k . in t. h r~ meil.n flow directio n poin t ou t t he presence of a main fl ow region 
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Figme 4. Example of a t hree-dimensional flow. (a) Duct geometry, involving 
the positions of cnt and cross-sections. (b) Cross-sections of the stream tubes 
at z =Constant.. (c) Cut section of stream tubes in the mean flow direction 

3. Specific properties - Computational considerations 

3.1. Specific features of the analysis 

1) The formulation proposed here by means of local transformations T,~~. can be 
proved to verify the incompressibility condition (mass conservation) 'V . V = 0, 
by using equations (14- lG) and (25), similarly to the previous fornmlation s 
related to open (Clermont and de la Lande, 1903) and closed (Clermont et 
al. , 1901 , Clermont and Radn , 1990a, 1999b) streamlines. Conscnuentlv. given 
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\l .a = F (a denotes the stress tensor, F the external forces), formally wri t ten as 

E,j(a; , /3t,/i,p ;) = 0 (j = 1, 2, 3), for 111. = 1.2 .... ,m.o (31) 

arc to be considered under isotherma l conditions. 

2) Using equations (11 --13) and (25) , it can be shown that the velocity vector 
V in a st ream tube is given in the nat ural basis e; (e1 , e2 , e3 ) by the simple 
relation 

V =[¢(X, Y)/ 6]e3. (32) 

3) Tlw analysis enables t he computations of the unknowns to be performed 
in simple mapped subclomains where the st reamlines are rectilinear a nd parallel 
to the generants of the straight cy linders defined for the tmnsfoi·mation (Fig. 2). 

4) As for the part.icular cases of Hows involving specifica lly open or closed 
streamlines , the present formulation avoids particle tracking problems for fluids 
obeying time-dependent constitutive equations. The time evolution of particles 
on their pathlines may be easily evaluated us ing thew-velocity component given 
by equation (25), such that ' 

t- to = l~ dUw(X , Y, 0 = [1 /¢(X, Y)] .l: [6h :Juo:.Y.O d~ (33) 

where t0 denotes the reference time corresponding to the position of tlw material 
point itt the reference sect ion (X, Y, 8 0 ) in the snb-domain c,onsidcred. 

5) It should be pointed out that the mapping of coordinate equations (2- 3) 
cannot be considered as particular cases of the relevant transformation equations 
(18), essentially because the coordinat e s is directly related to the curvilinear 
a bscissa for a. material point 011 its pathline. However , t he definition of this 
coordinate a llows to consider mapped stream tubes of given lengt h, e1,s it was 
the case in the previous stream-tube formul a tions. 

3.2. Computational considerations 

R ecalling the case of specific "open stream-tube" problems wlH~ re the fl ow docs 
not involve rccirculatiug regions, a single fnnction 1;,* in trod uccd similarly to 
the reference kinematic function ¢ of equations (22- 23) is known and remains 
uncha nged, as also the corrcspondiug reference sect ion, dming the iterative 
numerical process (see , for example, Clermont., 1983, Andre and Clermont , 1990, 
Clermont et a l. , 1991). However . for spec ific "closed st ream-tube" situations 
(pure recirculating flows) , Clermont a nd Radu (1999a, 1999b), Clermont and 
Normandin (1993) , that require it reference sect ion Z0 to be selected arbitra rily 
to define the st reamline transformations, the fund ion ·tf;* corresponding Lo the 
,.,.,fc. ,·onr<> fnnrtinn rh was 11nknown and had to be determined iteratively in the 
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Concerning general featmcs of the numerical computations, it should be 
pointed out that , according to the geomet ry of the streamlines in t lw com­
putational doma in , simple meshes can be defined for approximating the equa­
tions and unknowns involved in the present formu lation. The procedure to be 
achieved here for computing t he flow characteristi cs is essentially rela ted to do­
ma in decomposition methods , requiring the writing of compatibility equations 
at the interfaces of the sub-domains. The solution of t he problem in the total 
domain n should be obtained by cons idering local sub-problems stated on the 
subdomains Dm. This analysis generalizes the previous strea m-tube formula­
tions a lready depicted. Field calcula tions using subdomains for different flow 
conditions have been around since quite a long time (see for example Dinh et 
a!., 1984) . 

The basic ideas for so lv ing t he problem can be summarized as follows: 
The geometrical domain D of boundary r is divided into M sub-domains 

n,, (m = 1, 2, ... , M). We denote by r m- 1 (m, = 2, 3, ... , M) the interface 
of Dm- 1 and Dm (see the example of Fig. 5). 

PHYSICAL DO MAIN Q ~ 

-

I 
! 

I .Q* S*2 n·4 S:'~'4 
2 

Figure 5. Physical domain D divided into subregions Dm and computat iona l 
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If p; corresponds to t he restriction of the pressure p to Sl .;, we may consider 
local transformat ions a;(X, Y, s), (J;(X, Y , s) and "Y;(X, Y, s) verifying: 

-- the kinematic equation (27); 
- -- the dynamic equa tions (31); 
- the following boundary condition equations on r n n;: 

aj(a;,(J; ,!;,p;) = 0 (j = 1, 2, 3) 

bj(Ct; , f]; , ,;,p;) = 0 (j = 1, 2,3) 

Pi= 1r;; 

(34) 

--- the compatibility conditions at the common bonndary f; of the sub­
domains S1; and ni+l, such that: 

p(Mt) = p(M;*+ 1) on f ; 

V(.Mt) = V(.M;*+1) on f; 

(35) 

(36) 

where M;* E S1;, Mt+l E Sl;+l, with x(M.t) = 1:(.M;*+1 ), y(Mt) = y(M;*+ 1 ), 

z(Mt) = z(.M;*+ 1 ) on r i. 
For every subdomain H;, we oonsider a reference section S; to which a kine­

matic function ¢; corresponds. This function is geuerally unknown for the sub­
domains, as pointed out previously. 

To solve the problem , the main features of the algorithm can be written 
according to the following process, given a numerical procedme for so lving the 
equations , upon convergence criteria: 

(i) Initi alization: 
Definition of the subdomains Sl; ( i = 1, 2, ... , M) and choice of the reference 

sect ions S ;. 
A geometrical shape of the streamlines is ass umed, as also the kinematic 

function ¢i[O] in every mapped subdomaiu n; ' related to the reference sectionS;. 
The initial guess of the streamlines correspond to an estimate of the local func­
tions Ci';, {3.; and ri· 

(ii) Solve the following set of equations: 
--- the kinematic equation (27), 
---- the dynamic equations (31) and boundary conditions (34- 36) in the 

total flow domain Sl* . 
The Levenberg- Marquardt opt imization a lgorithm (sec, for example, Gour­

din and Boumahrat, 1080) is assumed to be used to obtain new iterates and 
achievi ng the process. This method combines the Newton and gradient algo­
rithms and should a llow the procedure to converge for an initial estimate rather 
far from the sol ution. T his algorithm, previously used in applications of the 
stream tube method (Clermont and de la Lande, 1093, Clermont and Radu, 
1009b. Clermont and Normandin, 1903) that a lso required direct computations 
of stream lines, has proved to be robust and efficient. It should be underlined 
t.hat. in such nroblems, slight modifications in position of the st reamline points 
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4. Applicat ion to the two-dimensional flow between ec­
centric cylinders 

We uow consider the steady flow of a Newtoni<tn fluid . where tlw stress tr:nsor 
is g iven by Lhe following equat ion 

( 37) 

in tlw aunulus of <t cylinder, as shown in F ig . lb, when involving rccirculations. 
In equat ion (:37) , D denotes t he rate-of-deformation tensor; JI. the constant 
viscosity of t he fluid. Such flows have been cxteusivcly studied in the literatme 
(e.g . Balla! and R.ivlin, 1977, Ramcsh aud Leau. 1991) and arc notal>ly related 
to ln brication problems in jomna.l bearings , for small gaps. 

T he half-plaue physical don:<Lin n between the two eccentric cylinders (Fig. 
Ga), is referred to pola r coord it :at.cs (:c 1 = 7'. J:2 = B) limited by the az.imuth 
angles B = 0 and B = 1r. The inner cylinder. of radius To , rotates with an 
ang ular velocity w. The outer cy!i ndcr is at rest. The parameter e denotes the 
distance between t he axes of t lw cylinders. According t'.o results obtained for 
such geometry with a Newtonian fluid and ignoring inertial effects, Kclmanson 
(1984) , we may consid<~r two elementary sub-domains nl a nd n2 such t hat n = 
nl u n2 . The angle el corresponds to the limi ting sect ion between Sltbdomains 
n1 and rl 2 (Fig. G) and is a priori unknown. Two reference kinematic functions 
(h nne! (f;z arc defined at sect ions B = 0 and fl = 1r , respectively. On t hese 

b) 

PHYSICAL 
DOTvfATN D. 

velocity cC:::: ~:R:=I=rn=Htl liucs of zero .--~ 

SUBDOMAG o', :tim/ SUllDO\IAIN o·, 

Figure G. (a) Physicnl domain n divided into subregions rl 1 am! n2 related to t he 
t.vvn-rlln1P11C:l ()n:l l fl nur hr\h~rr't'n huA r•u l l11 r l n ,.c ( h ' )A "nn n.rl I"H "" .......... .. ~ " l : ............. 1 ..... .. 1 .. , 1 .... 
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subdomains , we define two local transformations T,/1 : n~, ----> n,l! (m = 1, 2) , 
where M*( s, R) ----> M(r. B). The variab le s is defined according to equation 
( 21 ) and the variable R corresponds to the mdi us 1' at the refcrenu~ sections of 
t he subdomnins. Fig. Gh shows the mapped s ubdomains ni and n:;, where the 
st reamline lengths have been renormalized for computationa l purposes. The 
first subclomain n 1 involves only open streamlines. For S\1 bdomain n2' open 
and dosed st reamlines arc to be taken into account. T he dynamic equations a.re 
written in terms of variab les ( s , R) for eaclt mapped subdomai n. The Lcvenbc~rg­

Marquarclt optimization algorithm is used to compute t he unknowns (mapping 
functions and pressnrc). A ty pical grid used for discret i ~, ing t he equations and 
unknowns is shown in Fig. Gb . 

The code was implemented on a worksta tion (Pent ium 333 MHz processor). 
The number of equat ions ancluuknowns was approximately 1000. Fig. 7 presents 
our numericnl resul ts (solid lines) for t he streamlines, in the case of a large gap 
between the cylinders , compared to t hose previously provided by Kclmanson 
(1084). A good agreement may be observed. Another example of computed 

----.r--.r---<r--~-~~;;::=:=-'7! r = r1 - e 
·~~-~-~--~-~~~~ 

8=1t 

Figm e 7. Computationa l results for the stream lines (Newtonia n Huicl ): ·-- : pres­
ent work; 0 : Kclmanson data. The geometrical parameters are: To = 15 mm , 
T1 = 30 mm , e = 7.5 mm . The inner cylinder rotates at an angular velocity 
w = 250 rad/s 

Figure 8. Computed streamlines in the condi tions of a journal bearing flow 
(Newtonian fluid ). The geometrical parameters are: To = 29.9 mm , r1 = 

rn1. - ! .. . . ···· ~ • . 1: ,., ,..] ,.." , • • r. 4· n~l"\" .-..t q n qnn" ll] '.l l' "1 Tn1Ar-it,r 
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st reamlines, corresponding to the wse of a journal bearing geonwtry (small gap 
and eccentricity ). is given in Fig. 8. 

5. Concluding r emarks 

T he fornmlat.iou presented in this paper provid es a uu ificd ap proac:l1 for the :>i m­
ulat. ion of complex flows invo lving open stwam lincs. closed streamlines or bot h 
sit.tmtious, by nsi11g geometrical cousid crat ions allowing to rewri te t he equations 
in terms of st ream line coordinates. Disti nguishing fcatm cs of the analysis arc 
rdatcd Lo t he definit ion of local transformat ions leading to application of do­
main decomposition methods. The automatic verifi cation of mass conservation 
from the basic cq nat ions and the rcd uc1ion of di f!-lc ul ties in particle- tracking 
problems related to const itut ive eq uations with histo ry-depencl cuce arc signifi­
cant possibil ities of the a pproach to he underlined . Though the aualysis involves 
great similarities with t il(! previo11s st lldics 11sing the concept of st ream lines and 
stream tubes , the corresponding bas ic equat ions of those spec ifl c strea.rn tube 
mcl. hods cannot be considered ilS particular cases. The nunwrica.l applicat ion 
related to the How in t he annulus of two cyliudcrs has provided co usis tent res ults 
with t hose in the li tcrat mc. 
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