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Abstract: The paper a nalyses the concept of C.J-integral. This 
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1. Introduction 

There nrc many papers concerning differentiation of the potential energy fnnc:­
tional wit h respect to variable domains (sec e.g. I-Iaug Edward, Choi Kynng and 
Komkov, 1986, Petryk and Mro:~, , 1986), mostly related to the shape design. The 
theory of calculation of materia l and shape derivatives in li1war and unilateral 
boundary value problems is developed in Sokolowski and Zo!esio (1992). Deriva­
tives of energy fnnctionals with respect to the crack length in classical linear 
elast icity can be found in Ma:~,ya and Nazarov (1987). vVith respect to the 
ana lysis of dependence of solution on the shape domain for a wide class of elas­
tic problems we refer the reader to Kldudnev and Sokolowski (1997) (see also 
Daugc, 1988). In t he recent works, Khludncv and Sokolowski (1998a, b) , the 
appropriate techiquc of finding derivatives of energy functional with respect to 
the crack shape for nonlinear boundary conditions is nsed which can be applied 
for purposes of sensit ivity analvsis . It. is known t.h l'lt. t lw '"'"" ' ( ' <) l f'n l o t; ,"' n !' 
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in classical sense . In this paper , we usc the generalized .!-integral (C .J-integral) 
which was first proposed in Ohtsuka (1981) to express the energy variation for 
the crack extension (energy 1·elease mte) in a 3D-elastic body. The theory of 
the CJ-integral is exposed in Ohtsuka (1985) , its applications can be found in 
Ohtsuka (1982, 1991, 1996, 1997); Ohtsuka and Dochniak (1998). For a solu­
tion 1t of the boundary value problem corresponding to a given data f , the 
CJ-integral .lw(n,X) is defined by two parameters. The first one is a do­
main w, and the other is the vector field X. C.J-intcgral .lw(-u, X) is the sum 
of a smface integral Pw('u, X) and a volume integral Rw(-u , X) , i.e., .lw(u, X) = 
Pw(n, X) + Rw(n , X). It can be proved that 

.fw('U , X)= 0, (1.1) 

provided that function ·u is smooth (sec T heorem 4.3). Meanwhile, .fw(u, X) 
does not vanish, if ·u has some singulari ty inside of w. For example, for a 
body hav ing cracks , a solution belongs to W 1

•
2 (!1) and docs not belong to 

W 2•2 (!1). The starting point in the G.J-integral met hod is that the variation of 
the potential energy £( T) with respect to t he shape sensitivity parameter T has 
the expression 

d~~) lr=O = -Ro (1L, X)+ L {X· \7(! · ·u) + (! · n)div X} dx, (1.2) 

where t he vector fi eld X is obtained from shape sensitivity. In fracture mechan­
ics the derivat ive d~~r) lr=O is used to fo rmulate rupture cri teria (see Parton and 
Morozov, 1985). Formula (1.2) will be proved in Theorem 5.4. In this paper, 
we prove (1.2) with the assumptions that are weaker than the ones of Ohtsuka 
(1985). In (1.2), function 11 solves one of the variational problems given in Sec­
tion 2 and the vector field X is derived from the family of mappings presented 
in Section 6. In the present paper we also analyse shape derivatives of solutions 
using the first variation of the integral Rw( n, X) with respect to u. 

2. Boundary value problems 

Let n be a bounded domain in JRN (N = 2, 3, · · ·) which can be divided into 
finite number of domains with Lipschitz boundaries, and r be a boundary of 
the domain n. Denote by W 1•2 (!1) the Sobolcv space of functions having the 
first square in tegrable derivatives in n. 

Let E be a given function in C 2 (IRN X lRrn. X JRNm) . We define the functional 
of potential energy type 

E(v; j , !l) = f {E(x, v , \lv) - f · v} d.T, v E V(n) 
.fo 

r ln<:orl ""h"n"rP V(D). V (!l) C W 1•2 (!l)'"' , a nd consider the fo llowing 
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PROBLEM P(f, V(!l)): For a given f E L 2 (!1)m , find an element u E V(H) such 
that 

£(u; j , H) .:::; E(v; f, !1) for all v E V(H). (2.3) 

Let us denote 

oE(v) [w] =lim t:- 1 {E(v + EW)- E(11)} for v, 111 E C00 (lRN)m, 
€-+ 0 

where E(v) = E(:r;, v, \lv). 

PROPOSITION 2. 1 The solution v, of the pmblem. P(f , V(!l)) satisfies the ·iden­
tity 

/
. oE('l/.)[v]cl:r; = /. f · v &c for all v E V(H) . 

.n .n 

We first introduce some notations: 

ifrn. > 1,then we denote A;j(:l:, z ,p) := Dp;_;E(x,z,p) 

for 1 .:::; i .:::; m., 1 .:::; j .:::; N , 

ifm = 1,then A11 (:c,z,p) := DhE(:t,z,p) for 1.:::; j.:::; N, 

B;(:z:,z,p) := D:;E(x , z,p) for 1.:::; i.:::; m, 

(2.4) 

(2.5) 

(2.6) 

where D denotes a differentiation operator. By variation of [, we obtain the 
equation 

/
. {A;j(x, n, \lu)Dji.{Ji + IJ,(:z:, u , \lu)<pi} rl:!: = / f · <pri:J.; 

.n Jn 
(2. 7) 

valid for all <p E V(H). This means that u is a weak solution of the problem 

-Q,.n = J; in n, 1 .:::; i .:::; m , (2.8) 

where -Q;u := -D1A;1(x , u, \lu) + B1(:1:, u, \7'11,) with bomulary conditions pro­
vided by the space V(!l). In what follows, we denote A= (Aij); 1 .:::; i.:::; m , 1 .:::; 
.i.:::; N , !l; = (A;J); 1.:::; j.:::; Nand B = (B1); 1.:::; i.:::; m . 

2.1. Examples of variational problems P(f, V(!l)) 

ln this subsection, we give typical examples of the problem P(J, V(!l)). In par­
ticu lar, the relation (2.9) below is the dif]er·ential equation (rn = 1); (2.17) is 
the linear differential system (m = N); (2.21) corresponds to the nonlinear· dif­
ferential sys tem (m = N); (2.2G) corresponds to the linear differential system 
(m -::J N); (2.10), (2.1G) provide Dirichlet bonnrla.n1 conditions: (2 .B) . (2.20) 
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2 .1.1. E lliptic boundary value pro blem 

Consider the ellipt ic boundary value problem Oil n with the Dirichlet condi t ion: 

- D;aij(:r)D;u + bv. =I in n. 
u = o on an. 

We put E(:c, z , p) = (a;.iPiPJ + bz2 )/2 with a;:i = O.j; , and 

V (Sl) = {v E \1\1 1
·
2 (12); v = Cl on r}. 

(2. 9) 

(2.1 0) 

Then the problem P (f, V(Sl)) provides the weak so l1t t. ion of (2 .9). In this case 
m = 1, ami in (2 .5), (2 .7), we have 

A l:i(:1:, z ,p) = D1 ,1 E( :~:,z,p) = G;JJJi fo r 1 S j S N , 

n 1 ( 1: . z, P) = D z E ( 1:, .~ , P) = b. 

If a;.i , bare smoot h functions defined on m·"', and there is a positive tmmlw r o· 
such that 

(2. 11) 

t hen the problem P (f, V(H)) is uniq uely solvable . 
Next. we co nsider t he mixed boundary value problem with the eq11atiou 

(2.9) , which is given by tlw foJJowing bonnclary condi t ions 

{

'II= 0 0 11 fD, 

fJu.jDn .. 1 (: = 71;a;_;D;n) = 0 on l','\· · 
(2 .12) 

where Dn = rD u ['N and I'D n rN = 0. Iu t his Ci\S(\ we in troduce the space 

V(st) := {v E W1·2(S1); v = o 011 I'D }. (2.13) 

T hen the problem P(.f, V(Sl)) is uniquely solvable , provided that t he measmc 
of I'D is nonzero. 

2. 1. 2 . Linear e lasticity 

We co nsider the hnca'f' das/:ic field (the case ·m 
fo llowing form ulae 

1 
E(:r, z, p) = '2rJ;j(:r , p) e;J(P) , 

AiJ(:~:,p) = rJ;j(:r,p) := C;ju(:r)e;J(p), 

e;;(p) = (p;; + 7J; . .;) /2 fo r 1 S i , j S n, 

N) which is give n by Lhc 

(2. 14) 

(2 .15) 
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The varia tional problem P (f; V (D)) corresponding to the space 

V (D ) = {v E W 1·2(n )N; v = 0 on an} , 

implies the boundary value problem 

- D jCij i.:I Cu (v.) = .f; in n, i = 1, .. . , N. 

'U. = 0 on an. 
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(2.16) 

(2. 17) 

(2. 18) 

For uniqueness of t he solu t ion to t he problem P(f, \f(D)), we assume that the 
clements Ci j l.:l a rc: smooth fnnct ion defined on JRN and satisfy t he following 
inequa lity 

Cijl.:l~ii~J I.: 2 a~iJ~iJ for a ll ~ij E lR1
; a> 0. (2. 19) 

The clas tic fi eld corresponding to t he mixed boundary condition is given by 
the space 

(2 .20) 

2. 1.3. Elasto-plasticity 

Cons ider t he case corresponding to clasto-plast icity (see Ne(;as a nd Hlavcicek, 
1981, C hapter 8) 

j
· f(u,v) 

E(·u) = !.:82 (v) / 2 + f.L( :l:, a) cia, 
. 0 

(2 .21) 

where B(u) = divv,f(v,w) = - 2B(v) B(w)/3+2e;j(v)e1j(w) . Here C;j(v) denotes 
the infini tesima l strain tensor , i.e. , C;j(v) = {Djv; +D;vj} /2. To a pply t he resul t 
obta ined in this paJWr. we require E to sat is fy t he following co nditions . Ass ume 
t hat /,: E C2 (JRN) , Jt E C2 (IRN x [0 , oo)), a nd suppose the ex istence of constants 

l.:o > 0, k1 > 0 a llCl f'·o > 0, p.1 > 0 such t ha t. 
v 0 < l.:o:::; k(:z:) :::; k1 < oo, IV'I.: (x)l :::; /,:1 < oo for a ll :1: E lll' , (2 .22) 

U < JLo:::; JL(.?;, s) :::; 3k(1:)/2, (2.23) 

IV',.Jt.(:l:, s)l :::; Jl·l < oo, for a ll :r E m N and 8 2 0. 

We a lso ass 11m e tlmt t he inequali ties 

0 < ~:::; p.(:r , s) + 2(ap.(:r.:, s)/Ds)s:::; ~J (2 .24) 

ho ld wit h some constants ~ 1 . ~. 

Let the space V( n ) be chosen lik<) in (2. 1G) . Then. t li <) pro blem P (f. V(ll)) 
implies t he equat ion (2. 17) wit h nonlinear Hoo ke's tensor 

(2 .25) 

Here l'2 (u) = r(v .. u), b1J arc the clemen ts of 1\ro ueckcr 's c;y mbol, Cl. lld (2 .25) 
is derived from t hr cons idr•rabon o f' P'Pllf'l' ~l l i·llvl Hnnh·'" h"' I"""' 1\f,,r .. " · ' '" rl 
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2.1.4. Micropolar elasticity 

Considering the case N =1- m , we introduce micropola r continuum mecha nics 
(see Eringen, 1968). For this material, N = 3, m. = 6. Let Tt = (v,w) be 
six-component vectors, and let v = (v 1 ,v2 ,v3 ).w = (w 1,w2 ,w3 ) be defi ned in 
the domain n c IR3 . The lineari7.cd approximation is called t he couple-s tress 
theory, sec Kupradze, Gegelia , Basheleishvili a nd Burchuladze (1979, p. 147) , 
in which 

2E(u) = {(3.\ + 2p )/3}ldivv l2 

+(p/2) L IDJ Vi + D ;vj - (2/3)D;jdiv v l2 

i,j 

+(a/2) L IDJVi - D ;v j + 2ckj iWJ; I
2 + {(:3c + 2v)/3}ldivwl2 

'i ,j 

i,j 

i,j 

where A, p , a, E, v, f] arc consta nts satisfying the conditions 

11 > 0, 3.\ + 2p > 0, a > 0, v > 0, 3c + 2v > 0, f] > 0, 

(2.26 ) 

a nd Ckij is the permutation tensor. If displacements and rotations are zero on 
r D a nd the COuple stresses a rc ~cro 011 r N, then 

V(!l) = { u = (v,w) E W 1·2(rt )GI u = 0 on rD}. (2.27) 

From Ohtsuka (1985) the following estimate for u E V(!l) is obtained , 

}~ E(u)dx 2: C31 11i. ll ~v'·"(n) o (2.28) 

with a constant C3 > 0 indepenclc~nt of ·u. Under the conditions (2 .26)- (2. 27) , 
t he variat ional problem P(f, V(!l)) implies t he following boundary value prob­

lem with f = (ft ,h,h), fm = (f4,h,J6), fori= 1,2,3, 

(p + a) Dou +(A+ JL- a)gradciivu + 2arOtW =- j in fl, 
(v + f])D.w + (f. + v- f])gracl clivw 

+ rot '(/, - 4aw = - f m in n, 
v. = 0, w = 0 
.An ;cliv 11 + (It + a )n1 D ;uj + (JL - a )nj D j 'Ui 

-20:c;j/,;njWk = 0 On r N, 
f.'l'l;clivw + (p + f])nj D iWj + (p- f])nj D jWi = 0 o n r JV . 

(2.29) 

In this paper, we t reat t he Dirichlet a nd mixed boundary conditions. As a 
matter of convenience we introduce the notations 

(2.30) 
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3. Perturbation P(f7 , Vr(n( T))) of problems P(f, V(n)) 

Let a domain n satisfy t he conditions shown at. the beginning of Section 2. We 
consider the fami ly of problems P(f71 Vr( r2(T ))), 0 < T ST. Let {n(T)} . 0 < 
T::; T , be a family of domains in IHN and, for each T, n(T) and n be connected 
by the mapping 1> r. We ass ume t he fulfilment. of the fo llowing hypotheses. 
(H l) The map <I> r : JRN --+ IR.N is one-to-one, 1>r(H(T)) = n, and 1>r hn,s the 

positive J acobian, <J> 0 (:r ) = .T for a ll x E IRN. 

(H 2) T I-+ <[>T E C2 ([0 , T], W2 •00 (IHN)N). Here C2([0 , T], W2
•00 (lRN)N) stands 

for t he space of twice continuously differentiable functions with respect to 
T, 0::; T ::; T, with the values in W2·00 (lHN)N . 

By (H l ) and (H2), the map v(y) ~---> <r>; v(:r) := v( <Pr(x)) is one-to-one from 
WL2(f2)'" , yEn, :t: E [l(T) , onto Wl.2(f2(T ))"' a nd satist.ies the estimate 

(3.1) 

with a constant C independent of T. v. Tl1<~ next assumption concerns t he 
perturbat ion of boundary conditions given by Vr(n(T) ), namely, 
(H 3) T he map <r>;: wu(~1)"' --+ W1

·
2 (H(T) )"' is one-to-one from V(n) onto 

Vr(n(T)). 
In Sect ions 3.1, 3.2 we will give examples of 1> 7 . As for t he crack t heory, 

suitable examples can be found in Mazya and Nazarov (1987); K hludnev and 
Sokolowski ( 1999). 

Under t he hypotheses (H l ) - (H3) and for fr E L2(r2 (T))'", we consider t he 
following variational problem P(fr , Vr (D( T)) with the parameter T. 

Pn.oBLEM P(f7 , Vr(n(T))): For a given f r E L 2(n(T))"' , find a n clement ·n(T) E 
Vr(H(T)) such t l1 at 

Here 

[ T ( v; f r ) n ( T)) = / { E ( 1:' v) \7 v) - fr . v} rh ) v E VT ( n ( T) ) . 
./n(r) 

(3. 2) 

The solu t ion n( T) of t he problem P(fr, Vr (n( T))) satisfies the following identity 

for each T , 

/ 8E('n(T)) [v]d:r = { f r ·vd:t: for all v E Vr(n(T)). 
./n(r) ./n(r) 

We consider f r E L2(D(T))"'· for t he following two cases: 

Sllflj) f C [l (T) for() S T ST. 

ln t his case , we can omit the subscript T. 

fr is t he rest riction f ln(r) off E L 2 (1RN) 111
• 

(3.3) 

(3 .4) 

(3.5) 
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For the Dirichlet conditions the spaces Vr(D(T)) satisfy (H3), if 

(3.6) 

3.1. Deformation in the normal direction 

Let us cousider the smooth boundary r. Let U6(f) c IRN be an open neigh­
borhood of the surface r, consisting of points whose distance from r is less 
than 8. 

We can take 8 such that for each point x E U0(I') t here exists a unique point 
P(:r) E r satisfying the condition lx- P(x)i = minva l:r: - Yi· Let h be a 
C00 -function defined on r. We consider the surface r T,h defined by the formula 

I' r,h = {:t: + Th(:t:)n(~; ) I X E r} , 

and let nr,h be a domain with the boundary rr./1.· 
Let {3 be a funct ion in C0 ( U0 (f)) such that {3 2 0, {3 = 1 near r, where 

C0 (U.5(I')) is t he set of smooth fnnc t ions with compact support in U0(I'). Set­
ting 

I ( ·)- { .'l:- T/3( :z:) h(P(:r))n(P(x)) for :t E u.~(r), 
()T , , X - ·> 

' · a; for :z: E IR."\U8(f), 
(3.7) 

we get the C00 -diffeomorphisms <PT,h from ll13 onto ll\.3 satisfying t he condi tion 
<I>T ,h(nT,h) = n. In this case, the vw:tor field xh can be defined by t he formula 

The maps <I>T,h satisfy the ass umptions (Hl)- (H3) si nce 

VTD(n(T)) := {v E Wl.2(n(T))m ; v = 0 on Dn(T)} , 

v;H (n(T)) := {v E W1·2(n(T))"'; v = 0 on I'D(T)} , 

fD(T) := <P; 1(fD)· 

3.2. Deformation in the tangential direction 

(3.8) 

(3. 9) 

(3.10) 

Let n c lRa be a bounded domain wit h C 2-smooth boundary on. Assume that 
I = I'D n r N is a smooth curve. T here exists a C 2-d ifFcomorphism F from 
1 x ( -1, 1)2 onto a neighborhood U(!) of 1 snch that 

1 = {F(.-\ , 0, 0) ; ,\ E 1 }, (3.11) 

on n U(l) = {F(\ ~ . 0); ,\ E 1, ~ E ( -1, 1)}, 

n n U(l) = {F(.-\ , 6 , 6); ,\ E 1 , 6 E ( -1, 1), 6 E (0, 1)}. 

We consider the curve 1 of perturbation on on and suppose t hat there are 
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cmves 1(7) := V'r(l), 0::::: 7::::: T , is the interface rD(7) n f.'V(7) between the 
Dirichlet boundary r D(7) and t he Neumann bcmndary rN(7). Then , we can 
prove existence of the fu nction h.r defined on 1 as follows 

1(7) = {F(,\,hr(,\),0); ,\ E 1}. 

We put (,\(x), 6(:r),6(.1:)) := F - 1(.7:) and define 

ii>r. ")'( .T ) := { :(,\(~; ), ~1 (:1:)- 7tJ(x )hr( A(:c)), 6(:r)) 

where f) E C0 (IRN) satisfi es the conditions 

f](x) 2:: 0, f)::::::: 1 ncar/ , f)= 0 ontside U(l) . 

Then, ii> r. 1.(:1:) sat isfy the assumptions (Hl)-( H3) since 

v;\![(n(7)) := {v E W 1
•
2(n(7)) "' ; 11 = 0 on rD(7)} . 

(3. 12) 

for x E U(i), ('3 13) 
for x rf_ U (I) , ' · 

(3 .14) 

(3. 15) 

The vedor field X 1 = dii> r,, /d7 lr =O is constructed as fo llows. Consider the 
vector field x1, := ric/Jr/d7lr=O defined on f. Next , consider the parallel disp lace­
ment !J<P o f' :r 4, ;doug t.lw geodesic curve on f normal to')'. Finn.lly, consider the 
pa ra llel displac(:ment Y,1, of y1, along outward normal direction to r. The vector 
fielcl -Y<P equals X, ncar f. 

4. Generalized .1- integral ( G J- integral) 

The gen eralit~ed .!-integral was proposed in Ohtsuka (1981); it expresses the 
crack extension force in the three-dimensional case. Later , in Ohtsuka (1982), 
the co ncept of G.l-intcgral was extended so tlmt the theory is applicable for 
the sensitivity ana lysis of potential energy with respect to the pertmbatiou 
of boundary and movement of interfaces in mixed boundary value problems. 
Moreover , t.hc concept of CJ-integral inclnclcs .1 , L, NI-integrals (sec Ohtsuka 
1981, Theorem 3.5). 

DEFI NITION 4.1 Let O (IRN) be the set of domains w with local Lipschi t11 prop­
erty in ffi.N. For a given f , let 1.1. be a solution of the problem P(J, \l(n)) , 
and X = (X 1 , · · · , X 11 ) he a vector field defined on IRN . We define G J- integral 
l w(v. , X) by the formula 

l w(v,, X) := Pw(n , X) + Rw('u,X) , (w,X) E O(lHN) x W 2
•
00 (RN)N ,(4.1) 

provided t hat t.he following integrals Pw('u , X). Rw(u, X) ;:a·e finit e, 

P"'('u, X )=- ; · . {E(n)(X · n)- T (n) ·(X · 'Vu)} ciS, (4.2) 
. iJ( wn\2) 

Rw('II., X) = / {(X· 'V ,r)E(:r;, ·u, 'V·u.) + f ·(X· 'Vv,)} 
./wnS1 

- ; · {AiJ( x, ·u, 'Vu)(DjXk)(D~.-u;)- E(u)(div X )} (l.?:, (4 .3) 
wnS1 
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4.1. Fundamental properties of the GJ-integral 

PROPOSITION 4.2 if 

/ IE(:r , n, 'V11.)I 2dx < oo, / I D,~:,E(x , u, \7n)l 2 
(i:J; < oo, 

Jn .In 
and A;j(x, u, 'Vu) E L2 (H) , then &y the Schwa·rz -inequality, the integTal Rw(u , X) 
is finite . 

For all examples considered in the subsection 2.1., the values of Rw(u, X) 
are finite. 

THEOREM 4.3 Let u &e a solution of the pmblem P(f, V(D)). Assume that u 
is sufficiently smooth so that the divergence theoTem 

/ (X· 'V)E(n)dx = / E(u)(X · n) dS 
.J wnn .J 8(wnl1) 

-1 E(u)div X dJ.: 
wnl1 

is applicable. If, moreover, GTeen's formula 

!. c5E(u)[X · 'Vu] dx = ; · T('u) ·(X· 'Vu) dS 
. wnl1 8(wnl1) 

- / {divA(x , ·u,'Vtt)-B(x, u,'Vtt)}(X·'V·u)dx 
lwnl1 

holds joT tL , then we obtain 

lw(u,X) = 0 for all vector fields X E 1¥2·00 ([\.N)N. 

HeTe the elements of div A(:c, <L, 'V ·n) are DjAij(:r, u, 'Vu), ·i = 1, · · ·, m. 

Proof. From the chain rule , we have 

(X· 'V)E(u) =(X· 'V ,.)E(x, u, 'Vu) 

+c5E(u)[X · 'Vu] - Aij(x, u, 'V·u)(DjX~.;)Dku.;. 

Next, from (4.4) and (4.5), it; is easy to obtain 

j. E('u)(X · n) dS 
D(wnl1) 

( 4.4) 

(4.5) 

(4.6) 

- / {E(u)div X+ (X. \7 x)E(:r, IL, 'Vn)- A;j(:r, ·u, 'V11.)(DjXk)Dku;} dx 
Lnn 

= ; · T('u) · (X· 'V)u dS + 1· f ·(X· 'Vu) d.T. 
8(wnl1) . wnl1 

Here we use the equation -div A(:r, u, 'Vu) + B(x, u, 'V·u) = j holding in D 
<> lmnd "'""''"wlwrro rl 11r t.n t.hr. n~12· ularitv assumption on u. • 
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Con.OLLAIW 4.4 Let u be a solu.tion of the problem P(f , V(Sl)). For any do­
mains W1 C W2 C Sl in JR.N, we denote by 7l lw

2 
\W! the restriction of'u to W2 \ W1. 

If u Jw2 \W1 is smooth eno·ngh as -required in Theorem 4.3, then 

(4.7) 

P roof. The resul t ( 4. 7) is easily obtained from ( 4.6) by replacing w with w2 \ w 1 . 

• 
4.2 . Examples 

We give below the forms of the G.J-integral for the problems considered in 
Section 2 .. 

4.2.1. Poisson equation 

j. { 1 ·) Dn } Pw(n, X)=- -IY'u i-(X · n) - -;:;-(X· V' u) dS , 
o(wnn) 2 un 

Rw(n , X)= / {f (X · V'n)- (Y'u. · \7 Xk)D~.:u + ~IY' ·ul 2 divX } d:r . 
./""nn -

4.2.2 . E llipt ic equations 

Pw(n, X)=- / { ~(a.;J DjuD;-u + uv.Z )(X · n) 
./a(..;nn) 2 

- (nia;1Dj ·u)(X · \i'·u) }ds, 
R.v(u, X)= {' {~ ((X· \i'aiJ)Dj·uD;·u +(X · \i'b)u2

) + J(X · \i'u ) 
./wnn 

-(a;jDjuDiX~.:)D~.:u + ~( a.;j Dj'uD;-u + bu2 )divX} d::c. 

4.2.3 . Linear elasticity 

Pw(u,X) = - / {~ aij(v.)e;j(u)(X · n)- a;j11 j( X · V'u;) } dS , 
./a(wnn) -

Rw(u, X) = {' {~ (X· \i'ci jld )eu(u) eij(u ) + f i(X · V'u;) 
.!wnn 2 

- a; ;(1L)D ,X ,. D,.?,,; + ~tT; Jn), , , (u. ) rii v X \ rh 



524 K.OHTSUK A,A. KHLUDNEV 

4.2.4. Elasto-plasticity 

Pw(u, X)=- / {E(n)(X · n)- (nJ Cijkl(u)ekl(u))(X · V'n;)} rlS, 
Ja(wnO) 

1. { j·f(·u,u) 
Rw(u, X)= (X· V'k )(d ivvi /2 + X· V' xJ.L (:r , a)dO' 

wnO 0 

+fi(X · "'4) - ''J"(n)e,(n )DjX,D,n; + E(n)divX } dx, 

where Ci jkl are given by (2.25) . 

4.2 .5. Micro-polar e last icity 

Pw(u,X) = - / {E('n)(X · n)- (aE ,ijnJ(n ,w))(X · V'u;) 
Ja(wnO) 

-(o-R ,;:i('n,w)nj)(X · V'w;)} dS, 

Rw(u , X)= / {f;(X · V'u;) + U£,tj(n)DjXpD1,u; 
l wnO 

- aR,iJ(u)DjXpD1,w; + E(u)divX} d:r , 

where 

O'£ ,;j(-u,w) := .\b';j divu +(fl.+ a)Di'IL j +(fl. - a) Drn;- 2aEijkWk, 

O"R,ij(v.,w) := ED;jdivw + (v + (3 )D;wj + (v- {J) Djw;. 

5. Variation of potential energy functional 

In this section, we calc ulate the variation of potent ia l energy functional dE (u( T) ; 
fn ,r ,Sl(T)) /rlT lr=O when T ~----+ <P r satisfy (H l )-(H3) and f(T ) = f ln(r)• f E 
W 1•2 (1RN)N , under the following conditions (G. l)-( 5.5): 

The functional v ~----+ / E(v) rh: 
Jn(r) 

is Gateaux differentiab le on V (Sl (T)). ( 5.1) 

There is a constant M0 > 0 such that 

II 8E(x ,v1, V'vi)- 8E(x,v2, V'v2) ll o.n(r):SMollvi - v2 lil,n(r) (5.2) 

for all v1 , '112 E V(H(T)). 

T here exists a constant lvh > 0 such that 

( 2 2) 1/2 IY':rAij(:r, z, P) l, IV' ,B;(x, z, 7!) 1 :S 1Vh izi + IPI (5.3) 

( 2 12)1/2 IA;j(:J:, z, p)- Aij(.?:, (, q)l :S M t lz - ( I + IP- IJ 
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There is a constant !Vh > 0 such that 

\11' \loE(x, z, p)~17 :S M2[~[[ '1J[ 

V,VpE(:t:, z ,p)171/ :S M2[17[[17'[ 

for all :c E IHN , ~ E lR11
' , '1], 17' E JRmN 

Then) is a constant a 0 > 0 inclepcndeut ofT such that 

/ {8E(v + w)[w] - 8E(v)[w]} d:r 2 ao [[ w[ lf.n(Tl 
J n(Tl 
for all v, wE V(n(T)). 

525 

(5.4) 

(5.5) 

REMi\RK 5.1 The e:wrnples conside1wl in Section 2 .. wdisfy the conditions {5.1 }­
{5 .5) (s ee Oht.suka 1985, p. 344 for elasto-plasticity). 

PROPOSIT IO N 5.1 Unrle"l' the assumptions {5 .1}-(5.5}. the pmblem. PUR. T• 
VT(n (T)) i" nniqnely sol-uahle fo,. en.ch f E J}(JRN)N . and the fnnct ional n ~ 
Rn(u , X) is bounded in V(rl). 

Note that inequality (5 .5) implies the cocrcivi ty a nd weak lower semiconti­
nuity of E(v ; fr , rl(T)) on the space lqrl(T)) (sc<~ Nccas a nd Hla.v<\i;ck, 1981) , 
and t he statement follows . 

We calculate t he derivative dt (n( T); fR ,T· rl(T))/dT lT=O in Theorem 5.4 be­
low. First. we provide some lemmas. 

L r·;M M A 5. 2 Undr.r th e uss'tLTri.JJfions (Hl ). ( H 2). we have the following estimate 
faT f E Wl.2 (1RN). 

(5.6) 

with a cons!. ant C > 0 inrleyH>. 'lt.denl ofT. 

P roof. Since Lhe spa.ce C'()( lli.N) is dnnsP in W l.2(1ftv) , it suffices to prove 

(S .G) for J E C'i)(IHN) . By t he form11la 

and the Schwarz innq11 a li t.y. we f!;et t lw <~s tim a.tc 

[<P ; f( :c)- f (:r)[2 :S T r I (~iJ\ ,.1 ) ('"(:.f) (<1),(:1:))1
2 

<is 
./0 ds u.f., 

[' T! 1 lk ,.......,. , . , \ I ;) t 
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with a constant C1 > 0 independent ofT. Integrating next both sides over rl(T) 
and using Fubini's theorem, we obtain 

/ I<P;J - 11 2 ~ cl T / j'T I<P: (\7 !Wds dx 
Jn(r) Jn(r} o 

= ClT r / I<P:(\7f)l 2 dxds ~ C2Tj·T llflli.JRNcls = C2T 2 IIf ll i.JRN• 
Jo JJRN o 

Taking square root both sides, we arrive at (5.G). • 
LEMMA 5. 3 Let u( T) be the solut-ion of the pmblem P(f R, r , rl( T)) , and ·u* ( T) 
be the solution of the pmblem P(<P;(f ln) , rl(T)) fm· a given f E W1·2 (IRN)m. 
Under the hypotheses (Hl), (H2), (H3) and (5.1)- {5.5), we have the estimate 

ll u(T)- ·u*(T)IIL,n(r} ~ CTI If lll ,JRN (5.7) 

with a constant C > 0 independent ofT. 

Proof. Since u(T) - u*(T) E Vr(rl(T)), from (5.5) we have 

/ {5£(n*(T))[u(T)- u*(T) j - bE("u(T))[u(T)- u*(T)]} d:I: 
Jn(r) 

2: ao llu(T)- ·u*(T) II i.n(r)· (5.8) 

:From the identity (2 .4), by the Schwarz inequality and (5.6), we obtain 

/ {5£(u*(T))[v,(T ) - u*(T)j- bE('u(T))[u(T)- u*(T)j} dx 
./n(r) 

= / (<P;(f In) - f) · [u(T)- ·n*(T)jd:r 
./n(r) 

~ C3TIIfii1.IRN llu(T)- u*(T) IIl,n(r )· (5.9) 

Combining (5.8) and (5.9) , we derive (5.7). • 

THEOREM 5.4 Let v. be the solution of the pmblern P((f In), V(rl)) with f E 
W1·2 (IRN )N. Th en, 7tndC1' the hypotheses (Hl)-(H3) and (5.1)- (5.5) the fol­
lowing formula holds 

dt(v.(T); fn.r, rl(T))/dT lr=O 

= -Rn('u, X)+ h [X· \7(! · ·u) + (f · 7L)cliv X] clx, (5.10) 
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Proof. To simplify the notat ions, we prove (5.10 ) for the case of m = 1. The 
arguments used to prove the statement will be applicable for rn. > 1. For any 
v E V(D) , we put 

u.r( <I> ;n, <I> ;v) = / bE(:r:, <I> ;u. V' (<I>;n) ) [<I> ;v]dx. 
Jo( r ) 

Recall that T 1---) <Pr E C2([0, T], W2·00 (IRN)N) . By a simple modificat ion of the 
arguments used in Ohtsnka, 1985, Theorem 4.2 , and by the nse of the mean 
valne theorem, we can derive 

(5.11) 

for all '/1 E Vr( D(T)) with a constant cl > 0 independent ofT. 
By taking <I> ; u-u*(T) as <I> ;v in (5.11) , from (5.5) we can prove the followin g 

inequality 

rro ii<I> ;n - u.*(T)III .rl(r) :S ar(<P;u , <I>; ·u- u*(T)) - O. r( v.*(T) , <I>;u- ·u*(T )) 

::; cl Tllflll,IRN II<I>;n- v.*(T) IILrl (r)· 

Together with (5. 7), t his implies the estimate 

llu(T) - <I>;uiii.rl(r) :S CY()
1
CITIIJIIunN (5. 12) 

with t he constants CYo, C1 > 0 independent of T. Applying the mean valne 
theorem to the fnncLion 

8 1---) ; · E(<I>;u + s(u(T)- <I>;u))d.T, 
. rl(r) 

we obta.ill t he following equali ty for each T > 0, 

!. E(v.(T))rl.7: 
. rl(r) 

= / E(<P;u)ch + ; · oE(<I>;u)[u(T)- <r>;u]d.1: + l1o ((), (5 .13) 
Jo(r) . rl( r ) 

wit h l1o (() = .J~(r) {8E(<I>;1t + (('u(T)- <r>;n))- 8E (<J>;v.)} [u(T)- <r>;v.]cL:r:, and 

( E (0, 1). l3y the assumption (5 .2), t here is a constant. Cz = C2(n) such t hat 

lrio(OI :S C2II<I>>n- v.(T)I Ii ,n(r) · 

Since ·n*(T) is the solu tion of the problem P (<I> ;(J· lo) , \qn(T)) , we have the 
cq uali t ies 

!. fn. r n(T)d:l: = / <I> ;(f ln)(u(T)- <I>;u}h: 
. lt(r ) .Jo(r ) 

+ / ( l'nr- <P : ! f'l o)) ·a(T)ch + / (<l> * ( f'l n))( <!> *?,.\r/·,· 
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= {' 8E(u* (T))[n(T)- <I>;u]&r + /' . Un.r- <I>;(! In )) n(T)d:r 
J n( T) J n( T) 

+ / (<I>;(f ln))(<I>;n)d.r . 
./n(r) 

Then, by letting 

/ Un,r- <I>;(f In)) u(T)d:r = /' Un.r- <I>;(f In)) <I>;ndx J n( T) .! n( T ) 

+ { (J'R,r - <I>;(J [11) ) (u(T)- <I>;u)dx , 
./n(r) 

and taking into account (5.6) and (5.7) we have the following equality 

E(u(T); fn .n D(T)) = /' {E(<I>; ·n) - fn .r(<I>;n)} dx + o(T). (5.14) 
./n(r) 

Here o(T)/T -> 0 as T -> 0. By Hr we denote the matrix whose components 
h; ,j are given by the formulae 

hi ,j := Dj<I>r,i - 8, ,j E C 1 ([0, T], L 00 (1R.N)N) , -i,j = 1, 2, · · · , n. 

Setting 

II1 (s) = / {E(x, <I>; ·u, <I> ; ('vu ) + sHr <I>;(Vu))} d:r 
./n(r) 

and using the mean value theorem. W(~ derive following equali ty, 

fll(1) = 111(0) 

+ ( A(x, <I>;u, <I> ;(Vu) + (Hr<I>;(Vn))Hr<I>;(V'7~)d.r , 
./n(r) 

(5.15) 

with ( E (0 , 1) . We can next rewrite the first term of t he right-hand side of 
(5.15) as 

r E(x, <I>; tL, <I>;(V'u))d:r = r E(<I>r(J;), <I>;u , <I>;(V'u))dx 
./n(r) ./n(r) 

+ { {E (.1:, <I>; ·n , <I>;(V'u)) - E(<I>r(x), <I> ;n, <I> ;(V'·u))} d:t . (5 .16) 
./n( r) . 

Replacing <I>r(x) withy , we obtain 

{' E(<I>r(x) , <I>; ·n, <I>;(V' ·u))d.1: = /' E(y , ·u, V' tt) dy 
Jn(r ) ./n 
' r 'D( ... ... n ... \ flrl ni-f \7<1>-1\1- 1\ r/.11 (5 .17) 
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Next, it is seen that 

r-
1 

{ / J<P;ud:r- / fudx } 
.lotTJ ./11 

= r- 1 
/ (f - <P;f)<P>udx + r- 1 

/ fu(det(\71>; 1
)- l)d:r 

./o(T) Jn 
___,- L {(X· \7 f)u + fudivX} d:t 

=- / {X· 'V(fu) + fv,d ivX} dx + / f(X · \lv,)d.T (.5.18) 
J~~. J~~. 

as r ___, 0. Since 7-{0 = {0}, we obtain the limit 

lim r - 1 
/ {A(x , <P;n, <P ;( 'Vu) + (7-{T<f>;('Vu))HT<P;('Vu)} dx 

T ~O ./1/.(T) 

= ./~ A1j (x, u, 'Vu) C1~ hj.h IT==O) D~:ud.T, ( 5.19) 

where ,;~ hj , k IT==o= U~Dk<f>j)T ==O = DkXj. Dy collecting the terms (5. 15) , 
(5.17) and (5.16), it is easy to rewrite (5.14) as 

E(u( r) ; fR.T, D.(r)) = E(u; fR , D.)+ / E(y , 1L , 'Vu){det( \71>; 1
)- l}dy 

J~~. 

+ / {A(:r , <P;u, <P;('Vu) + ( 7-{T<f>;( Vn)) ((HT -Ho) <P;(Vu))} dx 
.fo(T) 

+ / {E(:~:, <P; ·u, <P;('Vu))- E(<f>T(x), <I>;u, <P;(Vu))} d:r 
J I/(T) 

- { / J<I>;udx - / j'-ttdx } + o(r) 
J I/(T) J~~. 

with some 0 < ( < r . Therefore the formulae (5.13) , (5.18) , (5.19) provide for 
t he proof of Theorem 5.4, i.e., 

lim r - 1 {E(u(r); fR,T , D.(r))- E(u; f, !l )} 
T~O 

= -Ro(u, X) + / {fudivX +X· 'V(fu)}dx . 
./o 

COROLLARY 5.5 if supp f ·is contained in. !l, then f(r) = f fm· small r, and 
we hcwe 

5/:.-E(n(r) : f'. !l(r)) 1,.-n = - Rn!u. X) . (r; ')()\ 
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COROLLARY 5.6 If supp f is contained inn , a:nd u is sufficiently smooth, as in 
Theorem 4.3, then 

d 
dT E(1t(T); j , r2(T)) lr =O = Pn(n, X) 

=- / {E('u)(X · n)- T("u) ·(X· 'V)u} rlS. 
.fan 

(5.21) 

6. Global variation of solutions by perturbations 

DEFINITION 6.1 We denote the first varia tion of Rw('n, X) with respect to ·u by 
the formula 

(6.1) 

Here, for an arbitrary cp E C0 (r2), ·w is the solution of the problem P(cp , V(r2)) . 

THEOREM 6.2 For each f E W1•2(ffiN )"', let ·u( T) be the solution of the pmblem 
P(JR, Vr(r2(T)). Assume the e:ris,tence of a constant lvf.J > 0 such that 

JD z, DzjE(x,z, p)J, JDI'ijDzjE(x , z , p)J, JDl' ij DPktE(:r, z, p)J:::; M3, (6 .2 ) 

for all :r E lRN, z , ( E ffi .''11
, p E ffi .'m.N. 

Th en, under the hypotheses (Hl)-(H3), and (5.1)-(5.5) we have the formula 

.!!_ / u(T)cpdx l = D.uRo(z•,w;X) , cp E CQ'(H). 
dT .Jn(r) r=O 

(6.3) 

Proof. Since E E C 2 (1RN X lR111 X lR111N) , by the mea.n value theorem, for 
(, 71 E C8" (1RN)rn and E > 0, we obtain the following relation 

E(J;, 77 + E(, \7('17 + E()) = E(:J;, 77, \7(71)) + EDE(.,I)[(] 
E2 

+ 
2 

{ DPij Dp,. 1 E(.T, '~I+(}(, 'V(17 + (}())D;(jDk(L 

+2DJ'ij Dz"E(:c, 'I]+(}(, 'V(17 + B())(kDi(j 

+ Dz; Dzj E(:z;, '/] + B(, \7(77 + B() )(;(j } (6.4) 

with some number 0 < e < 1. Let 1l(T), w(T) be the solutions of the problems 
P(f R , Vr (n( T)) ), P( cp, Vr (n( T))) , respectively. From ( 6.4) and ( 3.3), we obtain 

E(·u(T) + EW(T);.fn.r.r2(T))- E('n(T) ; fn.r.n(T)) 

= - E / cp · u(T)dx + E
2 

R('/I,(T) , w(T)) , 
./n(r) 2 

(6.5) 

I ' rt\ - /' · - • .-!. .. , ((i ()\ 
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where 

R(n(T), w(T)) := 

/ { DP •J DPuE(x, u(T) + Btw(T), \?('u(T) + Btw(T)))D;wj(T)D~cw!(T) 
./n(r) 

+2Dp;;Dz,E(:1: , u(T) + Btw(T) , \? ('u(T) + B1w(T)))wk(T)D;wj(T) 

+\7 Zi \7 ZjE(:r, u(T) + e1w(T) , \?(u(T) + e1w(T)))w;(T)wj(T)} rLr, 

R(u, w) := { { Dp;
1
Dp, 1 E(.1:, u + B2w, \?(u + B2w))D;wJDkw1 

./n 
+2Dp;1 DzkE(J:, u + B2w, \?(u + B2w))w~cD;wj 
+Dz; DZjE(J:, u + Bzw , \?(u + e2 ·w))w;Wj} d.T 

with some numbers 0 < B1 , B2 < 1. Combining (6.5) and (6.6) , we can deri ve 

!. tp · (n(T)- u)d:r 
. JRN 

= -E-
1 [E(u(T) + EW(T); Jn,r , ll(T))- E(u(T) ; Jn ,n !l(T))] 

+E-1 [E(v, + ew; f n, It) - £( u; f n , It)] 
E2 

+ 2 [R(u(T) , w(T))- R (u, w)]. 

From (6.2) and (5. 12), the following estimate is obtained 

IR('n(T),w(T)) - R(u,w )l :S C1TII ttJIIu1 

(6.7) 

(6.8) 

wit h a constant c1 > 0 independent ofT . Hence , by Theorem 5.4, it follows 
that 

lim T- 1 r tp · (u(T)- u)d.T 
T--+0 .JiftN 

= E-
1 

{ Rn(u + ew,X)- k [X · \7(! · u) + f · udiv X] dx } 

-E -
1 {Rn(u, X) + l [X· \7(! · u) + f · udiv X] dJ:} 

+lim T -
1_: {R(u(T),w(T))- R ('u,w)}. (6 .9) 

r ~o 2 

Lett ing E-> 0 in (6 .9) , by (6 .8) , we a rrive at (6.3). • 

COROLLARY 6.3 Assume that so lutions u and w have the same srnoothness as 
in Theorem. 4. 3, then under the hypotheses ·nsed in Theor·em 6. 2, we have 

d / , .f_ \ - J __ l c n 1 




