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1. Introduction

Consider a linear control system
z'(t) = Az(t) + Bu(t) (1)

where A generates a Cp-semigroup, S(¢), ¢ > 0, on a Banach space X and
B € L(U,X), U being also a Banach space. For p € [1,00] suppose that the
control system (1) is L? null-controllable for every T > 0, that is, for each time
T > 0 and 7 € X there exists u € LP(0,T; U) such that (0) = » and z(T") = 0,
where z(-) is the mild solution of (1), i.e.,

z(t) = S(t)z(0) +/ﬂ S(t — s)Bu(s)ds.

By the open mapping theorem (see e.g., Carji, 1993, Zabezyk, 1992), if we
prescribe p > 0, there exists a(T) > 0 such that all points from the ball of radius
a(T) can be transfered to zero by controls u € L?(0, T; U) with ||ul[»0,7;0) < p-
In other words,
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where
T
H(T)u= ] S(T — s)Bu(s) ds
0

and B(0,r) stands for the closed ball of center zero and radius r.

This, in particular, implies the continuity in 0 of the minimum time function
defined by

T(n) = inf{T; z(0) =17, z(T) =0,
u € LP(0,T5U), |lullzrov) < P} (3)

see Carjd (1993).
As remarked there, more precise estimates of a(T') for T small give more
precise estimates for the minimum time function arround the origin.
Our aim here is to show that there is a complete equivalence between the
following problems:
(a) estimates of a(T") in (2) for T' small;
(b) estimates of the minimum time function;
(c) estimates of the minimum LP norm for T' small.
In the next theorem Cr(z) := inf{||ul|;« € L?(0,T;U), $(T)z = H(T)u}.

THEOREM 1.1 (i) Suppose there exists a function a : [0,T] — R strictly in-
creasing, continuous, with a(0) = 0, and such that (2) is verified for T < Tj.
Then T (z) < a~!(|z|]) for ||z]| < a(T1).

(ii) Suppose there exists a function B : [0,a] — R sirictly increasing, con-
tinuous, with 5(0) = 0, such that T(z) < B(||z||) for ||z|| < a. Then for each
z € X and each T with T < f3(a) we have

p
< — "
CT(:‘E) = ﬁ._l(T) n$"
(iii) Suppose there exists a function ¢ : (0, T3] — (0, +00) such that Cp(z) <
@(T)||z||, for each z € X and each T € (0,T3]. Then we have (2) for T € (0,T3)
with o(T) = p/(2¢(T)).

Proof. (i) Take z with ||z|| < a(T}). There exists T' < T such that ||z|| = a(T').
By (2) there exists u with ||u|| < p such that S(T')z = H(T)u, hence T(z) < T,
that is 7(z) < a~(||z||).

(ii) Take T < PB(a). There exists b < a such that 7' = f(b). For z € X,
z #0,and € € (0,1), define y = ebyzy, observe that [l¥]ll < b and conclude that
T (y) < B(b) = T. This shows that there exists a control with ||u| < p such that

S(T)y = H(T)u. Clearly S(T)zx = H(T]%uu‘ hence

Cr(z) £ == _( IIIII
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(iii) Let = be such that [|z|| < 5-f7y. We have ||z]| < 3£ , @(T)llzll < p and
Cr(z) < p. This implies that there exists a control u such that S(T)z = H(T)u
and [|u|| < p, hence the conclusion. ]

REMARK 1.1 We note that (i) and (iii) above were first proved by the second
author in Carjd (1993). We also note that the referees brought our attention
to the paper Gozzi and Loreti (1999) where a similar relationship between the
problems (b) and (c) above is presented.

We give now an application in the finite dimensional setting. In this case A
and B are constant matrices n x n and n X m respectively. Assume that the
system is controllable, so that the matrix

(B,AB,...,A"B]

has the rank n; see Lee and Markus (1967). Let k be the minimal exponent
giving

rank[A, AB, ..., A*B] = n. (4)

If this is the case, then for every £, € R" and for every time T > 0 there exists
an L control u that, applied to (1) gives z(0) = 5, =(T) = £&. Gyurkovics
(1984) proved the following result:

THEOREM 1.2 For the finite dimensional control system (1), let k be the min-
imal exponent giving the rank condition (4) and let T be the minimum time
function defined by (3) with p = co. Then there exists w > 0 such that

T(2) < wlla]| (5)
for ||z|| small.

Combining Theorems 1.1 and 1.2 we deduce

COROLLARY 1.1 For the finite dimensional control system (1), there exists y>0
computable from A and B, such that for every n € R* and for every T small
there exists an L™ control u that transfers  to 0 in time T and such that

"u‘"L“’ (0,15U) S '}'T_k_ . ||7?|| )

where k is the minimal exponent giving the rank condition.

This result has been proved recently by Seidman and Yong (1997) using
methods somewhat along the lines of the previous paper of Seidman (1989)
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2. A new approach

We present here a completely different approach in obtaining estimates for the
minimum L? norm problem for T' small (estimates for fast controls, in the
terminology of Seidman) in the finite dimensional setting as well as in some
infinite dimensional cases. It allows us to get also estimates of the transfer
control for T large. It is based on a nice result of Triggiani (1992) which gives
an explicit formula for a transfer control u (suboptimal), involving A and B.
Let us present that result (see also Zabczyk, 1992).

Let A € L(X) and B € L(U,X) be bounded operators on the Banach
space X, and from the Banach space U to X, respectively, such that

span{BU, ABU, ..., A*BU} = X, (6)

for some nonnegative integer k. Define the linear bounded operator @ : x4 U
— X by

Q(ug, uy,. .., ux) = Bug + ABuy + - -- + A* Bug.

Assume that ker @ has a closed complement (in Hilbert spaces this is alaways
true). Then, since @ is surjective, it is well known that there exists a right
inverse for @, i.e., there exists £ € L(X, Xx41U) such that QF = I (the identity
operator in X'). This implies the existence of k + 1 linear bounded operators
Ei e L(X,U),i=0,1,...,k, such that

BEy+ ABEy + .-+ A*BE; = I. (7)
Let ¢ be a function of class C* from [0, 7] into R such that

T
(p(i-](o) :(p(fv)(T) = 0, I =0,1‘...,k; / @(S)d.‘j’: 1_ (8)
0

Here ¢() means the derivative of order i.

THEOREM 2.1 Assume (6) and let @ be a function that satisfies (8). Then the
control

u(s) = Eop(s) + Er¢/(s) + -+ + Exp(s), s €0,7),
applied to the dynamical system (1), where
P(s) = S(s = T)(§ - S(T)n)p(s), s €[0,T],
transfers n to £ at time T'.
Our main result is

THEOREM 2.2 Assume condition (6). Then there existsy > 0 that depends only
on A and B such that for each n,&é € X and for each T > 0, the C* control u
given by Theorem 2.1 satisfies

T AL rm=k=1 m=1v0nms. . ey AL . = Fa e fon
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Proof. We take in Theorem 2.1 the function ¢(t) = h(t)/ f;ﬂ h(s)ds, where
ht) = 4T - £)*+, t e [0, 7).
First, observe that

&
./u h(s)ds = ¢, T*+3 (10)

where ¢; depends only on k.
In the next step we show that

O] < ¢ T2, £ e [0,7), i=0,1,....k, (1)

where ¢ depends only on k. This fact follows by an induction argument on k,
writing

h(t) = f(t)**', te [0,T),
with, of course, f(t) = #(T — t), and using the formula

(F9)0 = ()Of iy g 4 LoD pryi-a g

By (10) and (11) we obtain

1O (t)] < éT"'“, te[0,T), i=0,1,...,k
therefore, if T < 1 we have

lp® ()] < cilT-"-l, tel0,T), i=0,1,....k
while if T > 1 we have

W@ < =T te[0,T], i=0,1,...,k.
1

Now, the result follows from Theorem 2.1 taking into account that S(t)'z =
AS(t)z, so that all the derivatives up to the order k of S(t — T)z are bounded
above by a||S(t — T)z|| with a depending only on A. The proof is complete. B

REMARK 2.1 If £ = 0 we obtain the statement given in Corollary 1.1, because
for 0 < T < 1 the max in (9) is 7-*~! and ||S(¢)|| is bounded by a constant
independent of T'.

Taking into account that for every p € [1,00] we have

lullr .m0y < TV ||ullcgo.r:0ys
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COROLLARY 2.1 Assume (6). Then for every p € [1,00] there erists a C*
control u that, applied to the dynamicel system (1), transfers n) to 0 (or 0 to 1)
in time T and satisfies

A Y
lull o o.rsvy < AT~ 17 |||

for T sufficiently small, where « is independent of T' and 1.

This agrees with the result of Seidman and Yong (1997) where estimates for
the minimum norm control were investigated.
The following theorem shows that the estimate given in Theorem 2.2 is sharp.

THEOREM 2.3 Assume (6) and let p € [1,00]. Consider n € X and suppose
Exn # 0, where the operator E}. is given by (7). Then there exist v > 0, that
depends only on A, B and n, and a C*° control u that, applied to the dynamical
system (1), transfers ) to 0 (or 0 to n) at time T, and satisfies

—h— 1
lull o o.rwy = YT 515,
for T small enough.

Proof. We show that the control v given by Theorem 2.1 with £ = 0 (the
other case is similar) satisfies

T
LlM%ﬂzﬂ* (12)

with some 4 > 0. If this holds true, then the result follows by the Holder's
inequality which gives

T
Lumwﬁsrwwmmmw

for p € (1,00], where 1/p+1/g=1.
Let us prove (12). The control u given by Theorem 2.1 may be written as

u(s) = o™ (8)ES(s)n + ¢* 1V (s)Re—1(s)n + - - - + @(s)Ro(s)n

where R;(:) are continuous.
Since

T
/ e W(s)ds = wiT™%, i =0,1,...,k
0

where w; > 0 and depends only on 7, by a mean value theorem we have

T
¥ f ml (BYr suuwvm oAs v 0o HWron
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and

T
Jim, [ THe DR+ .. + ol Rolnl ds =

Taking into account that
T T
] Tlu(s)]| ds > ] T*o® (s) | EwS(s)al| ds
0 0

T
B / T*||* =D Ry—1(s)n + - - + ¢(s) Ro(s)nl| ds,
0
the proof is complete. O

REMARK 2.2 If £ = 0, formula (9) gives estimates for the set of initial states
which can be transfered to zero by bounded controls, on a given interval. In
particular it shows that if ||S(¢)|| is bounded for ¢ > 0 then, for T' large, a C*
control u transfering 7 to 0 can be obtained such that

llu(@®)ll < 3T~ |Inll, ¢ € [0,T] (13)

with 4 independent of T and 7. Moreover,

141
lullze o0y < ATl
for T large. This shows that, if @z is an L? minimum norm control with p > 1,

we get

'_]}l—l:nm ||l Le(0,7;0) = 0.

This also gives the well-known result that if S(¢) is bounded for ¢ > 0, then
null-controllability with controls in L?, p € (1, oo], implies null controllability in

finite time with bounded controls. In this situation the domain of the minimum
time function is the whole space X.

REMARK 2.3 It is well known that, in the finite dimensional case, there exists
a minimal integer k& > 0 such that

Xy, := span{BU, ABU, ..., A*BU}
is the reachable set, i.e.,
Range H(T) = X,

for all T > 0. All the above estimates remain true for £, € X;. To get these
facts we work in X}, instead of X. It is important to note that, in the proof of
the corresponding variant of Theorem 1.1 in this situation, we use the fact that



894 D. AZE, O. CARJA

References

CARJA, O. (1993) The minimal time function in infinite dimensions. SIAM J.
Control Optim., 31, 1103-1114.

Gozzl, F. and LoreTi, P. (1999) Regularity of the minimum time function
and minimum energy problems: the linear case. SIAM J. Control Optim.,
37, 1195-1221.

Gyurkovics, E. (1984) Holder condition for the minimum time function of
linear systems. System maodelling and optimization, Proc. 11th IFIP Conf.,
Copenhagen 1983, Lect. Notes Control Inf. Sci., 59, 383-392.

LEE, E.B. and MARKUS, L. (1967) Foundations of Optimal Control Theory.
John Wiley, New York.

SeiDMAN, T. (1988) How violent are fast controls? Math. Control, Signals,
Syst., 1, 89-95.

SeiDMAN, T. and Yong, J. (1997) How violent are fast controls? II. Math.
Control, Signals, Syst., 9, 327-340.

TRIGGIANI, R. (1992) Constructive steering control functions for linear systems
and abstract rank conditions, J. Optim. Theory Appl., 74, 347-367.

ZABCZYK, J. (1992) Mathematical Control Theory: An Iniroduction. Birkhauser.



