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A bstract: This paper is con cerned with domain decomposition 
in exact controllability of a class of linear second order hyperbolic 
systems on one-dimensional graphs in 1R.3 that in par ticul ar serve as 
descriptive models of t he dynami cs of various mu lti-link structures 
consisting of one-dimensional elements, such as networks of Timo
shenko beams in IRa. \Ne first consider a s tandard un constra ined 
optimal control problem in which the cos t fun ctional pena lizes t he 
deviation of the final sLate of t he global problem from a given tn rget 
state. A convergent domain decomposit.ion for the optimali ty sys
tem associated with this problem was recently given by G. Leuger
ing. This decomposition depends on the penalty parameter. Ou 
each edge of the graph and at each iteration level the loca 1 prob
lem is itself the optimality system associated with an unconstra ined 
optimal control problem in which the cost fun ctional penalizes t he 
deviation of the final state of the particular edge from the t·a rget 
state for that edge. The main purpose of t his paper is to show that 
at each iteration level and on each edge the local opt imali ty system 
converges as the penalty parameter approaches its limit and that 
the limit system is a domain decom position for the problem or norm 
minimum exact control Lo the target state. 

Keywords: domain decomposit ion, exact con troll abili ty, second 
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1. Introduction 

This paper is concerned with domain decompositi on in exact con trol labi li ty of 
a class of linear second order hyperboli c systems on one-dimeusional graphs in 
1R3 that in particular serve as descriptive models of t he dynarni cs of various 
multi-link structures consist ing of one-dimensional elements, such as networks 
of Timoshenko beams in IR.3 . Assume t h<Jt t he system is exactly contro ll able for 
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given target state. The optimali ty sys tem for this optimal cout.rol problem may 
be constructed by t he Hil bert Uniqueness Method, for exampl e. The opt im ali ty 
system lives on the graph and so the components of both the forward running 
state and the backwards running adjoint state a.re coupled at the verti ces of the 
graph. Therefore any discretization of the problem will inevitably lead to a very 
large, highly coupled algebraic systems to be solved. 

T he purpose of domain decomposition in the context of exact controll abili ty 
is to approximate the global optimality system by a fam il y of iterat ive PDE sys
tems, each of which lives on a single edge of the graph and which, in aggregate, 
converge to the solution of the global optimality system. On each edge of the 
graph and at each iteration level the corresponding system of equations will be 
the optimali ty system associated with some optimal exact contm ll abi li ty prob
lem for that particular edge. Thus, by domain decomposition we approxim ate 
the minimum norm control for the global exact controllabi li ty problem and the 
solution of the global optimali ty system by solving, in J!ILTallel, a fam il y of local 
optimality systems on the individual edges of the graph. 

To construct an appropriate domain decomposit ion for the global minimum 
norm exact controllab ility problem we proceed as follows . We consider a stan
dard unconstrained optimal control problem in whi ch the cost function al penal
izes the deviation of the final state of the global problem from the target state. A 
convergent domain decomposition for the optimali ty system associated with thi s 
problem was recently given by Leugering ( 1999). This decomposition depends 
of course on the penalty parameter . On each edge of the graph and a.t each 
iteration level the local problem is itself the optimality system associated with 
an unconstrained optimal contro l problem in wh ich the cost fuu ctional peualiz;es 
the deviation of the final state of the part icular edge from the target state for 
that edge. The main purpose of this paper is to show that at each iteration level 
and on each edge the local opt imality system converges as the penalty parame
ter approaches its limi t and that the limit system is a domain decomposit ion for 
the minimum norm exact control problem as described above. Let us mention 
that the results presented here represent an extension to network problems of a 
domain decomposition procedure for t he computation of tbe minimum norm ex
act boundary control in problems of transmission for wave equat ions, developed 
in Lagnese and Leugering (2000). The reader may also consult Lagnese and 
Leugering (2000) and Leugering (1999) and thei r bibliographies for a discussion 
of and references to earlier work on dom ain decomposition in unconstrained, or 
possibly control constrained, optimal control problems for special systems on 
1-rl networks and for oartial differential eq uations with constant coefi'icients in 
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2. Setting the problem 

We consider a simple, connected, oriented graph G in 1R:3 l1 aving n , vert ices 
and n e edges, respectively denoted by 

v = { V]) . .. ) Vn.,}) E = { e, ) ... 'en, } . 

Each edge ei is parameterized by a smooth, simple path 7ri: [OJ;]~ lH 3
. The 

index set Tk of a vertex Vk is 

If i E Tk , we define Eik = 1 if 7ri(£i) = v~c and c:, ~o = - 1 if 1r.t(O) = Ilk. \Ve a lso 
set Eik = 0 if i ~ T k. Set 

VM = {vk: dk > 1}, 1~5' = V\VM. 

Thus Vs is the set of simple ver-tices and V M contains t he rnv.Uiple vertices of the 
graph. T he vertices Vs are further separated into disjoint snbsets VN, Vo , Vc, 
where the subscripts stand for "Neumann ," "Dirichlet," and '·controll ed." Por 
a vertex Vk E Vs we write Tk = {'ik}. 

Let p :::: ] . For a function r : G ~ JH,P, Ti will denote t he restri ctiou ofT 
to ei, that is ri = To 1ri · If i E Tk we wri te ri(vk) for the evaluation of r; a t 
Vk, t hat is, ri(vk) equals 7'i (O) or 1'i(£;) depending on whether f ;1, = - I of + 1. 
Let Ki(x), Ri(x), Si(x), 0 ~ :r ~ ei, be p x p matri ces with smooth e11 t ri cs such 
that J(i and Si are sym metric on [0 , £; ], Si(x) 2 0 and Ki is uni forml y positive 
definite, and define a bilinear form 

where'= EJjfJx. 
vVe set 

p 

H8 (0, ei) =IT H'(O, ei), 
j = l 

with the product norm, where H 8 (0, ei) is Lhe standard Sobolcv space of order 
s on scalar valued functions defined on (0, e,), and in t roduce Hilbert spaces 
(H, II · II ) and (V, II · llv ) as follows. 

H = {1>: G ~ JRPI¢i E 'H0 (0, f;) }, 

111> 11 2 = t /e' Mi1>i · 1>i dx, 
i = l lo 

where Mi(x), 0 ~ X ~ ei, is symmetri c and uniformly positi ve definite with 
smooth entries, 

V = {1> E 'H : 1>i E 'H1 (0 ,fi) , 1>duk:) = 0 if Vk E VD, 
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II<PII~ = B(¢, ¢), 

where Cik is a real, nontrivia l qk x p matrix of rank (jk, with necessarily qk ::; 
p. (Note that Cik¢i(vk) = Cjk¢j(vk) is a condit ion only on th0 components 
Tiik<Pi (vk), i E Ik, where Tiik is the orthogonal projec tion onto the orthogonal 

complement in JRP of the kernel of Cik ·) F'or the mornent , J B( r{J, </J) defines 
only a seminorm on V. However , assumptions that guarantee th at this is a 
norm equivalent to the IJ~; 1 'H1 (0, ei ) norm will be specified shortl y. The space 
Vis dense and compactly embedded in 'H. The dual space of V with respect to 
'H is denoted by V*. 

Fix an interval {t : 0 < t < T}. \ iVe sha ll consider t he vari ationa l ini t ia l 
value problem 

V¢ E V, 0 < t < T , 

r(O) =To , r(O) = TJ ' 

( 1) 

(2) 

where. = 8/8t, (-, ·) v denotes the scalar produce in the V* - V cluali t_y, and 
fk E L2 (0, T ; IR.P). Let Ti ik denote the orthogon al projection onto the kernel of 
Cik and Cit denote the generalized inverse of Cik, that is Cit is a ]J X (jk matrix 
such that 

cikcit = h, c'!kcik = ni, 
where h is the qk x qk identi ty matrix. Set Q.; = (0, £;) x (0, T ). ] t rnay be seen 
that (1) is the variational form of the boundary va lue problem 

Miri = [Ki (r-~ + Riri )]'- R[ Ki (r~ + Riri ) - Sir-;, (x, t) E Q; , 
ri (vk,t) = 0, Vk E FD, i = ik, 
c ikri(vk, t) = c jk rj(vk, t) , vk E FM, i,j E Ik, 
IOi k[Ki(< + Riri) ](vk: t) = !k (t), Vk E Fe, i = ik , (3) 
IOik [Ki (r~ + Riri) ](vk, t) = 0, Vk E 1~v, i = ik, 
cidlik[Ki(r~ + Riri) ](vk, t) = 0, vk E 11M , i E I k: 
I;iEh IOik (CJJT[Ki(r-'; + R;ri)](vk, t) = 0, VicE F,.,,, 

where the superscript T on a matrix denotes t ranspose. 
The system (3) serves as a descriptive model of the dynam ics of various 

multi-link structures consisting of one-dimensional elements. Exampl es in clude 
networks of strings in IR3

, planar networks of T imoshenko beams wi t. lt rigid or 
pinned joints, networks of T imoshenko beams in IR3 with ri gid or pinned or 
ball joints and combinations thereof, networks in !R.3 tha t combin e strings with 
Timoshenko beams, pl anar networks of precurved Timoshenko bearns, among 
others. The reader is referred to Lagnese, Leugering and Schmid t. (1994b) (see 
a lso chaoter IV, of Lagnese, Leugering and Schmidt , 1994a), where t hi s system 
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It is proved in Lemma 3.1, Chapter TV , Lagnese, Leugering and Schmidt 
(1994a), that ifro E V, r 1 E H. , fk E L2 (0,T ;JRP) , \lk: v~o E Vc , and if either 

(i) S; is uniformly positive definite on [0, C;], i = 1, . . . , n; or 
(ii) Vv f 0 and for each vertex in V there is a path in G to a vertex in Vv 

along which the corresponding matri ces C;.kc are invertible, 
then jB(¢, ¢) defines a norm on V equ ivalent to the TI:~ 1 H. 1(0,C;) norm and 
(1 ), (2) has a unique solution with regul arity r E C([O, T]; V), 1.1 E C( [O. T]; H) , 
r" E C( [O,T];V*). Furtber, the linear map (To ,r l , {fd~o v , EV(·) ~-+ (r,r1 ,T11

) 

is continuous on the indicated spaces. Let us remark that in th e case of beam 
networks, the invertibility of the matrices Gil" i E Ik, at a vertex v~o. is essenti ally 
equivalent to the assumption that the beams are rigidly connected at tha.t vert.ex . 

To simplify the presenta tion somewhat, we assume throughout. t.his paper 
that (ii) above holds, although this is inessential to the main results. In th is 
case, the bilinear form 

defines a norm on V; := 71. 1 (0, C;) equivalent to the 71. 1 (0 , !!.;) norm. Set H. ; := 

71.0 (0 , C;) with norm defin ed by J~ ' M;¢ · ¢ d:r, and Jet Vt be the d11 al of V; with 
respect to H.;. vis a closed subspace of n~ I V; and if A (resp. , A ;) is the Ri esz 
isomorphism of V onto V* (resp. , of V; onto Vt), we have 

Henceforth we shall assume (without loss of generality) that ro = r 1 = 0. 
Set 

u = IT L2(0, T; ffiP). 
k:v,,EVc 

Let fEU, (z0 , zi) E V x H. , let r be the solution of (1 ), (2) , and defin e 

where "' > 0. Consider the optimal control problem 

inf J"(f) 
fEU 

(4) 

(5) 

subject to (1), (2). According to s tandard aJ"guments, (5) adm its a unique 

optimal control f 0 Pt which is given by 
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where p = {pi}~" is the solu tion of the final value problem Jor the adjoint system 

Mifji = [Ki(P~ + RiPi)]'- R[ K;(p; + R;pi) - S;JJi, (:r, t) E Q;. , 
Pi(vk> t) = 0, Vk E 111), i = ik, 
cikPi(vk,t) = cjkPj(vk, t), vk E vM, ·i,.j E I," 
C:ik[Ki(P~ + RiPi)](vk, t) = 0, vk E 11N U 11c, i = ik , 
Eik iTik[Ki(P~ + RiPi)](vk> t) = 0, vk E 11M, i E Ik> 
I_;iEik E'ik (Citf[Ki(P~ + RiJJi)](vk, t) = 0, vk E 11M , 

p(T) = "'(r(T) - z1 ) E 'H, p(T) = - ~~:A(r(T) - z0 ) E V*, 

The solution of (7) is to be understood in the sense of transposition: 

(( -p(t), p(t)), (¢>(t), ¢(t)))vx'H + L lT gk(s)p.;Ju,, s) ds . 
k:v,,E\11:' t 

(7) 

(8) 

= (11,(r(T) - zl) , ¢>I) + ( ~~:A(T(T) - zo) , (Po)v , (9) 

'\l(¢>o,¢>I,g) E V x H xU, t :::::; T, 

where ¢> is the unique solu tion of 

(¢;,'1/J)v + B(¢>,'1/J) = I.: k:vkEVc: 9k · ?j;dvk ), '\l?j; E V , 0 < t < T, 
¢>(T) = cf>o , ¢(T) = ¢>1, 

(1 0) 

Since the map (¢>0 ,¢>1 ,g) ~---+ (¢>(t),¢(t),g) is an isomorphism of V x H x U onto 
itself, st andard arguments give that (9) has a unique solution with regul arity 

The optimality system is therefore 

r(t) E V, (r, cf>)v + B (r, ¢>) + L Pi,. (vk, ·) · ¢>; ,. (v,,) = 0, 

'\!¢> E V, 0 < t < T, 

r(O) = r(O) = 0, 

together with (9) (or (7), (8)). 

(12) 

(J 3) 

Now suppose that for each (z0 , z 1) E V x H t he system ( I ), (2) (with .,.o = 

r 1 = 0) is exactly controllable to (z0 , z1 ) forT > T0 . This is of comse equi valent 
to the observa.bility assumption 

ll(cf>o, ¢>J)II~xv• :::::; Cr L ll¢;,(vk, ·)1 1~ 2 ( o,r;lR' ' l' T > To , (14) 
k:v,.E Vc 

where ¢> is the solution of (1 0) with 9k = 0. (vVc remark Lhat for every T > 0 
one has the reverse inequality 



Domain decomposition in exact controll abi lity on 1-u networks 

see Chapter IV, Lemma 3.2, Lagn ese, Leugering and Schmidt, .199Lia). Then as 
"" _, oo the solution r(- ; n.), p(-; /i'.) of the above optimal ity systPm converges in 
appropriate spaces to the solut ion of ( !2) , ( I;)), (7), aud 

p(T) = Po, p(T) =PI, ( 15) 

where (Po , pi) E 7-{ x V* is the solu tion of 

((po,pi), ( - z1, zo))H xV = L [[p.; , (v,,, ·)[[~2(0 , T;lR'') ' (16) 
k:v.,EVr· 

(-, ·)HxV denoting the inner product in th e H x V* - 7-{ x V dunlity. ft. is 
well known that this system is the optima lity system for t il e stc-~te constrained 
optimal control problem 

·T 

inf L / l!k[ 2dt 
] EUad k:v,EVc .Jo 

(17) 

subject to (12), (13), where 

uad = {! E u: r(T) = zo, r(T) = Zi }. ( 18) 

The main purpose of this paper is to develop a domain ckcornposit ion met l1 od 
for uncoupling this optimality systern. Let us note that although wlmt follows 
is presented in a general fram ework , the observability est imate ( I ·1) is know n to 
hold only for tree graphs in whi ch t he root. node is in VLJ, eli! of the Lenniu al 
nodes are iu Vc, and Cil, = I p, th e p-climensional identity mnLrix, at each vertex 
Vk E VM. 

The remainder of the paper is organi zed as fo llows. In the nex t. sect ion a 
dom ain decomposition due to Leugering ( 1999) for the optimality system (7), 
(8), (12), (13), associated with the penali zcxJ cost funct ional (4), is in t roduced. 
This decomposition is an iterative procedure in whi ch the coupling cOIJcli t ions at 
the multiple vertices are repla.ced by Hobin type bouncl ;cu·y c:omliti ons, thereby 
repl acing the global optimality system by a sequence of loca l fitohl em.s on the 
individual elements of t he graph. Tt is proved in Leugering (1 9~JCJ) Llwt the 
solu t ion of the global optima li ty system is recovered in t he limit. ol' the local 
solutions as the number of iterations goes Lo infi11ity. For eacl1 va lu l~ ol' th e iter
at ion parameter , each local problem is itself the optimality sys tem for <1 certain 
local optimal control problem on an edge of Lhc graph. The main contribution 
of this paper is in Sec tions 4 and 5, where we in vestigate the limit of the local 
iterations (for each fi xed iteration parameter) as 1\, -+ oo and prov<~ th at. Lhe 
li mit iterat ion represents a decomposit ion for the optimali ty system associated 
with the cost functional (I 7) , th a t. is to say, the loca l problerns obtain ed ill th e 
li mit as"" _, oo are themselves optima lity systems for cerLnin sU1Le constrained 
local optimal control problems aud the solut io11 of' Lhe global optima li ty system 
is the limi t of tbe solutions of the loca l problems ns the iterat io11 J><Hamet.er 
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3. The local optimal control problems and domain decom
position 

Consider an edge e; of the graph G joining vert ices vi ami u,,,. l\ t least one 
of these ver tices, say vk> L>elongs to 1/111 . For v.i there are fom poss ibiliti es: 
Vj E 1/c, Vj E 1/M, Vj E VN, Vj E FD. The form of the local opLirnal control 
problem will differ slightly depen ding on the particul ar case considered, but t he 
analysis is the same in a ll cases. We will therefore consider in detail onl y Lhc 

first possibility, v1 E Vc, and leave the minor cha nges needed to treat. the ot-hers 
to the reader. 

Let Aik> J.-l ik be arbitrary L2 (0 , T; IRP) functions. We introduce t he cos t 
functional 

J['( h, h)=~ faT (lh l2 + ~ihi 2 )dt + 2~ .i T I ~1C;kr;(vk, ·) + ~t ;~cl 2 dt (19) 

"' 2 I . ·) +2(1!r;(T) - z;oll v, + I r;(T)- Z; J!I -;l;), 

where 7-i; = 7-i0 (0, £;) with norm IIP;!!'H, = (./~ ' J\.f;p;p;d:r )112
, V; = 'H 1(0 , t ; ), 

(3 > 0, and z;o, z;1 a re t he i th components of zo, z1 . Consider t he optimal 
control problem 

inf _ J['(h, h) 
h ,hEL2 (0,T;JR.'') 

(20) 

subject to the variational problem 

(r;, ¢)v; + B;(r;, ¢) = ! 1 · ¢(vJ) + (h + A;k) · C;k¢(vk), V<jJ E V; , (2 1) 

T; (0) = 7\ (0) = 0, (22) 

where 

B;(r;, ¢) =foe, [K;(r; + R.;r;) · (¢' + R.;¢) + S.;T-; · q.>]d:r. 

The problem (21 ), (22) has a unique soluti on with regulari ty C( [O, T]; V;) n 
C1 ([0, T]; 1i;) n C2 ([0, T]; Vt). The bound ary value probl ern correspomling to 
(21) is 

M;r; = [K;(r; + R;r;)]'- RT K;(r; + R;r;) - S;r;, (.r , t) E Q;, 
E;i [K;(r~ + R;r;)](vj , t ) = h (t), E;1 f 0, v iE Vc·, 
E;kiT;k[K;(r~ + Rir;)](vk , t) = 0, 
E;k(Citf[K;(r~ + R.;r;)] (vk, t) = h(t ) + A;k(t), v~c E 1~vr-

(23) 

The local optimal control probl em bas a unique solu tion and the optim a l controls 
are given by 
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where Pi is the solution of 

Mifji = [Ki(P~ + B;p;)]' - R[ Ki(p; + R.;p;)- S;p;, (:r. t ) E Q ;, 

Eij[I<i(P; + R;p;) ](vi, t) = 0, E;j =/= 0, Vj E Fe, 
Eiknik[I<i(P; + Rip;)](vk, t) = 0, 
Eik(Cj;)T [I<;(p; + RiPi)](vk. t)- /}C;k r;(vk , t) = {Lii, (t) , u, E \/;\/, 

p;(T) = K-(i'i(T)- z.;l), fii(T) = - K-.A,(r;(T) - z;o), 

539 

(25) 

(26) 

where Ai is the Riesz isomorphism of V; onto V;*. T he solut iou Pi of (25), (26) 
may be taken in the transposition sense: 

(( -p.i(t),pi(t)), (¢(t), JJ(t)))v;x'H; = (( - p;(T) , Pi(T)), (</!0
, </;

1 )k xH, 
T -1 [!J(t) · p;(vj, t) + h(t) · Cii.P;(vl" t)jclt 

T 

+ 1 ({3Cikr;(u., t) + p.'J) · C; k<P ('"k· t)dt, 

V!J, hE L2 (0,T;lRP), (q)0 ,¢1
) E V;. x H;, 0 :S t :S T, 

where ¢ is the solution of 

(¢, 7/J)v; + Bi(¢, ·ljJ) = !1 · 7/;(vi) + h · C;,, ·tb(vk), VljJ E V;, t. < T, 

¢(T) = ¢o, /p (T) = ¢1. 

To allow for the possibility that u1 belongs to Vo, VN or to VM ratl1 er than 
to Vc, we adjoin to (23), (25) the concl itio11s 

ri(Vj, t) = Pi(Vj, t) = 0, Ei.i =/= 0, ll j E Vv, 

{ 
Eij[Ki(r; + Ri1·i) ](vj , t) = 0, 
c-iJlKi(P; + R;p;)](vj, t) = 0, E;.i =/= 0, Vj E VN, (27) 

{ 
c-i1(Cit) 1YCC< + R ;r;)](v}, t) + {JC;.7p;(vj , t) = :>...,J(t), 
E;j(Ci1f [I(;(p; + R.,p;)](v;, t) - (JC;j r,(uj, t) =pi) (I), l' j E VM, 

The local opt imali ty system is t herefore (2:) ) - (27) . 

3.1. Domain decomposition 

'I' he idea of domain clecornposi tion is to decouple Lhe global optimal i Ly system 
(7), (8), (12), (13) associated with the JWnali zed cost hmcti oJJ <l i (< !) th mugh n11 
iterat ive procedure in whi ch the coupli ng conditions nt the rnu lt ipl c ve rt.i c:es (t l1 e 
t hird and last conditions in (3) and (7)) arc replaced by the following Robin-Ly pt~ 
boundary condition s: 

(c+)T[}·'((·n+l)' R n+J)](· t) ()C· n+l( I) \"' E;J., ik \ i 7 i. + 1 ; Ti U~; . . + ,u ,/.:Ji; ·uk.> , = / i l.: · 

(c+ )T [r"'(( n+l )'+R· n+L)](' t) BC· .. n+ l ( t·) ·- ·n Cik ik \. i P; 1.,,p i liA-, - . ,k l i. Uk, . - !'·; !; · 
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where (3 > 0, >-?k• 1-L?k are arbitrarily chosen L 2 (0, T; [{P) functi ons aucl for n ~ 1 

\ n ·- 2(3 '""' C n( ) (3. C "'(· ) /\ ik .- d 6 jkPj Vk, t - i.lcP; llk, t 
k jE'h 

- :k L Ejk(CJkf[Kj((rj')' + R jrj' )](v1., t) 
jEh 

+c:;k(C;tf[K;((7·i) ' + R;r;)](vk , t), 

n 2(3 '""' C n ( ) fJ' C n ( ) f-Lik := - d 6 jkTj Vk , f + i lcf' ; Vi" f 
k j EI., 

- :k L Ejk(Cj,JT[K i((p'J) ' + R ipj)](vk, t) 
jEI" 

+c:;k(C;tf[K;((p;')' + R;p;')](vk, t ). 

(29) 

(30) 

The decomposition expressed in (28) was introduced by Leugering ( 1999), who 
a rrived at it through an augmented Lagrangian approach combined with a sad
dle point iteration. Thus for ·i = 1, . .. , n c, one considers t he seq uence of local 
problems 

M;r~+l = [K; ((r~'+ 1 
)' + Rir~+ l )]' - R{K;((ri+ ' )' + Ri'rJ'+ 1

) - S;r ;'·+ 1, 

Mdii+ l = [K;( (Pi+1
)' + R;pi+l)]' - RTK;((p7+1

)' + R;p;'+ 1
)- S;p;'+ l' 

(x,t)EQ;, (31) 

E;k [K; ( (ri+ 1 
)' + R; 1·~+ I )] ( 7!j, t) = -ptl- 1 (v1. t) , 

E;k[K;((Pi+J )' + R;pi+ 1 )](vj, t ) = 0, Vj E Vc , 

c:;k[K;((r~+ 1 )' + R;rrl-l) ](vi, t) = 0, 

E;k[K;((Pi+l)' + R;pi+1 )](vj,t) = 0, Vj E VN, 

E;k il;k[K;((ri+ 1
) ' + R;r~'+ 1 ) ](vk. t) = 0, 

E;kil;k [K;((Pi+l)' + R;p;'+J )](vb t) = 0, Vk E VM, 

c:;k(C;tf[K;((7·;'+l)' + R;r~+ l )](v," t ) + (3C;kp;'+1 (vb t) = >-;;, , 
E;k(Cit,f[K;((Pi+ 1

)' + R;pt1.1 )](v," t)- (3C;k<'+1 (vk , t) = 1t;k, 
Vk E VM, 

(32) 

(33) 

(34) 

(35) 

(36) 
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where Zio =zo o K i, z .;1 = ZJ o K i · 

From the discussion in the prev ious subsection it ca n be seen that the above 
system is the optimali ty system for the local optimal control probl em 

(38) 

where (when Vj E Vc) 

T · T 

Jt '"' (ft, h)=~ 1 (lftl 2 
+ *lhl

2
)dt + 2~ .~ I/3C;r.:r7+

1
(v," ·) + i<~%1 2 dt 

+~( llrr+l (r)- ziO II ~, + 11 7;r+l (T) - z; 1 II~J, 

subject to the variational problem 

(-rr+ 1
, ¢)v, + B;(r;•+t, ¢) = f1 · ¢(vj ) + (h + >- ~k) · C;k~6(v~,J , 

V¢ E vi, 

rr+l (0) = r-r+l(O) = 0, 

The following convergence result is proved in Leugering (1 999) 

(39) 

( 40) 

THEOREM 3.1 Let {ri,Pdr;;1 be the solution of the global optirnai'ity systern 
(7), (8), (12), (13), and {rr+J ,pr+1 }~ 1 be the solutions of the local optirnaldy 
systems (31) - (37). Then as n _, oo, 

(rf,Ti)-> (ri,Ti) in C([O, T] ; V; X 'H;), ·i = 1, ... ,ne, 

(pi,fJi)-> (pi, Pi ) in C( [O,T]; H; X V;). i = 1, ... , ·ne, 

p~ (vk, ·)-> p;,, (vk. ·) strongly in L2(0, T; JRP), 'v'v ~c E Vc . 

4. The limit as n, __, oo 

In t his section we study t he limi t as "' -> oo of the optima li ty system (31) - (37) 
for each fixed value of the iterat ion parameter n . 'vVe therefore oJJ1it the iteration 
index and begin by considering the limit asK-> oo of the optim ali ty system (23) 
- (27) in which it is assumed that the inputs Aik := A;~c(- ; ~>. ) , J<iic := Jt .. ;~c(-; K:) 
depend on "'· We consider in detail only the case v1 E Vc , t hat is, t he system 
(23) - (26), and comment brieOy on the other possibili t ies v1 E VN, ·u1 E VD, 

Vj E VM. The solu tion of the opt imali ty system is denoted by T.,(-; tr.), p;(-; K) . 
The optimal controls are 

ft(t) := -p£(vj, t; "'), f2(t) := -/3C;~cp£(vk, t ; ~>. ). 

Jt is assumed that .A;k( · ; K), J<iic( · ; K) satisfy 
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and that t he local problem 

(r;,'I/J)v. + B;h, ·t/J) = f1 · ·tj;(vj) + h · Cil. '¢; (vk), 'II·~' E V;, 
r;(O) = r;(O) = 0, 

.I. E. Li\CNESE 

( 42) 

h, h E L2 (0, T; IRP), is exac:tly coll trollable to V; x 'H;. for T > To, which is 
equivalent to t he observabi lity assumpt ion 

ll( ¢;o,¢il)ll~,xv:::; CT (T(I¢;('vj,t)l 2 + IC;k(pi(vk ,t)l 2 )rlt 
.fo 

for T > To, where ¢; is t he solution of 

(¢;, '1/J)v, + B;(¢;, '1/J) = 0, 'V't/J E V;, 

¢;(0) = ¢;o E V;, ¢;(0) = q); J E 'H·i· 

It is known that for every T > 0 the reverse inequali ty is true: 

(43) 

We remark that if Vj E VN the first term ou tlte right band side o f (42) is omitted 
(i.e., we set ft = 0), as is the first term in the integra l in (43). If IIJ E 1'~\.r , t he 
first term on the right hand side of ( 42) is replaced by f 1 • C;j'~J (vj) a nd the first 
term in the integral in (43) by IC;j~~;(vj, t)l2. lf VJ E VD the first Lerm on the 
right hand side of (42) and the first term in the integral in ('13) are dropped and 
the space V; is modified to inc] ude !.he requirement that ·«;( ui) = 0. 

Let }1 , f~ be such that the corresponding solu t ion f.i of (42) sat is li es 

i\(T) = z;0 , df; (T) -d = Z;1, t 

and set f7:(-) := /2(-)- A;k( ·; K.). Then 

J['(ff, ff) ::; J["(ft,{f) = ~ .iT(!.i l (t) !2 + * l ./~" (t) ! 2 )dt 
1 ;·7' + 

2
/3 

0 
I,BC;k 'l'\(vk, t) + Jlik(t; t>- )!

2dt. 

Tt follows that 

Jt, !2, C;kr;(vk, ·; t;.) are bounded in L2 (0, T; lHP), 

V/Z(r;(T; K.) - z;o) is bounded in V;, 

V/Z(r;(T; K.)- z;J) is bounded in 'H;. 

Fl·om (41) a nd the bouncledness of g ·, !2 we also have 
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Therefore 

and, as "' __. oo through some subnct of "' > 0, 

where 

ft __. f'(>, !2--> f:f weakly in L2 (0, T; JHP), 
h(-;"'),r\(-;"'))--> ('r;(-),r;( ·)) weakly* in L""(O,T;V; x H;) 

and strongly in C([O,T];H1- '(0, £;) x ('W(O,ti)) '' ), 
C;kT;(vk, ·; "') --> C;kr;(vk, ·) strongly iu L2 (0, T; lHP). 
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(d5) 

(4G) 

Ti(O) = r;(O) = 0, (48) 

r;(T) = Z;o, r;(T) = Zi l· (49) 

Set 

U~d = {h, hE L2 (0, T; IFF ) : the solu tion of (21 ), (22) 

with Aik = >-.fk satisfying (49)}. 

Then ff, f:f E Uid. For any f1, f2 E W I we have a ac 

where Pi ( · ; "') is the solu tion of (21), (22) with >-.n, = AiJ, (- ; 1\.). Si 11 ce X ;k (- ; t;,) --> 
>-.fk strongly in L2(0, T; ffiP), it follows that (p;(·; r..), p;(-; 1;.)) --> (p;(-). p;(-)) 
strongly in C([O, T]; V; x H;), where p; is the solu tion of 

(5 1) 

Therefore 

T 

l imsupJ;"(f~,f2l:::: ~ f (lf,(tW + ~ lh(t)l 2 )cit 
K,->00 2 J 0 (J 

T 
_j_ _2_ r J(.lf"" .. ~ . f ., . ~\ I ,. 00{2_.11 '.-<( ./" ./' \ ~ 11'i / r- n\ 
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On the other hand, as "' --> oo through a subnet we have 

T T fa (IJ;xo(tW + ~ l ff' (t) l 2 )dt +~fa IP'Cikr; (vk , t) + ~~ffl 2 dt 

< liminf(J; (IfJ"(tW + blf2(tW)clt 

+~for I,6'C;k r;(v~c , t; n,) + l~ik (t ; !i".Wdt) 
< lim inf Jt·(ff, /2). 

Therefore 

where 

.J .E. L i\GN ESE 

(53) 

(54) 

(55) 

and where p; is the solution of (50), (G 1). Jt follows t hat (fl, f f') is t he l' lement. 
in U~d that minimizes J;(h , h ) subject to (GO) , (51). Therefore, the limits in 

(46) hold as"'--> oo through the entire net"'> 0, and t hen (52), (53) imply that 
!1--> f ! and /2 --> /2 strongly in £ 2(0, T; !RP) as"'--> oo. As a consequence 
(r;(-; K,), r;(-; /{,)) --> (r;(-), 7\(-)) strongly ill C([O, T]; V; X 'H;) where 1';, is the 
solution of (47)-(49). 

Now consider the adjoint st8 te p; ( ·; r;.), whi ch we wr ite asp.,(-; t>.) = q.; (-; t;.) + 
s; (- ; "'), where q; (- ; "') differs from p; (- ; ''" ) in tha t 

instead of (26), and s;(-; "') differs in t hat 

instead of the fourth equat ion in (25) . For every T > 0 we have th e est i rn ate 

·T 

ll (q; (- ; "') , q;(- ; K,))II~ ( IO,T);V;x'H ; ) :S CT / IJ3C;A:1'; (v," t ; ii.) + p.;, k( t ; n:)l 2
dt . 

.fo 

and from the observability assumption (43) we have forT > 1o 

"' ,_ ' • , ~ \\ tt 0 

'I' r II I • \1 2 , I/"'! _ ( . ~, ,_ \ 12\ r/.J. 
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Therefore 

·T 

ll(p;(T;t£),J\(T;K))II~,xv~ :S: Crr / [\(p;- l]i)(u7,f;n.)l 2 

' Jo 
+IC;k(P;- q;)(vk , t; KWJcit 

:S: Cr 1T (\f~(t)\ 2 + if2(t) \2 

+ I!JC;k1'i('Vk, t ; K.) + /-Lik (t ; r.:) i2 )dt. 
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Applying this inequality to t he difference of solu tions correspondin g lo different. 
values of t£, we obtain 

(p ·(Y. K) p' ·(T t£))----> (p ·o ·o·1) st.ro1wlv in H x V* 1 l 1 
) 1 ) 1, ) 1.0 1 .. 1

" b o.l 7, 'L 

for some (p; 0 , p; 1 ) E H; x Vi. Since also 

(JC;kr;(vk, ·; K) + !likC; ~-.:)----> ,dC;kr;('uk, ·) + fL'tf:(-) strongl y in L2 (0, T ; Ui.l'), 

it follows that 

where p; is the solut ion of 

N!;p; = [I(;(p; + R;pi)]'- R[ K;(p; + R;pi) - SiPi· (:r,t) E Q., 
E;j[I(;(p; + R;p;)](vj, t) = 0, E,.J =F 0, L'j E Vc, 
E; kTl;k[K;(p; + R;p;)](vk , t) = o, 
E;k(C;tf[K;(p; + R;p;)](v~;, t)- ;3C;,c't';(vk, t) = JL'J:, ·u;, E FM, 

p.;(T) = p;o, p;(T) = p;1. 

This solut ion has the add it iona l regllhlrit.y 

Pi(vj, '), C;kp;(vk , ·) E L2(0, T; [Rl'). 

and we have 

fF(-) = -lim"~oo p;(uj, ·; t-r.) = -p;(vj, ·), 
f~ (-) = - lirn~< ~oo (JC;k]!; (vk, ·; K) = -fiC;kJI·, (v~c, ·) 

( ,)(j) 

(57) 

(5i)) 

strongl y in L2 (0, T; liF'). Th e solution Jl; of (56), (57) rn<~y iJ C' l c1 kcn in the 
transposition sense: 

(( -p;(t),p;(t)), (¢(t) , q~ (t)))v. xH; = (( -p;J, p;o) , (c/Jo, q'> 1 )k xH, 

- 1T[f1(t) · p;(vj , t) + h(t) · C;kJJ;h, t) ]dt 

·T 

+ ./ ((JC;kr;(vk, t) + JL f'k) · Cii.4'>(u," t)dt, (59) 
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where ¢ is the solution of 

(¢, '1/J)v, + Bi(¢, '1/J) = fi · ·1/J(vj) + ./2 · Ci,,·~1;( vk ), \;f~; E V;, t < T, 

¢(T) = ¢o, ¢(T) = ¢1 · 

If we choose h (-) = -T;(vj , -), h(-) = - (3Cik.ri(uk, ·) + >.. '?f.', cf>o = .:.;o, ¢ 1 =Zi t , 

then ¢ = Ti and (59) implies 

((Pil, -Pio) , (zio , zi i) )v,x 'H ; = j·T [IPi(vj, tW + ;3(ICikP;(uk , t)l 2 

() 

+ICikTi(Vk, t)l 2
)- Xf1 'Pi(Vk, t) + p.fk '1' ;(Vi;;, t)]dt. 

We have proven the following result: 

(GO) 

THEOREM 4.1 Suppose that T > 1o , that (43) holds and A;k(-;K:)----> >..fk, 
Jl.ik(-; n:) ----> fL'fk stmngly in L2(0, T; JR.P) ns K ----> oo . Let T;(·: !'C) , PiC ; K) be 
the solution of the optimality system (23) - {27) wdh inputs A;k(-; K.), f £;~o(-: n:) . 
Then 

(Ti(·; n:) , t\ (-; n:)) ----> (Ti(-), riC)) in C([O, T] ; v i X H.i): 

(Pi(·; n:), PiC; n:))----> (pi (-), pi(-)) in C([O, T ]; H ; X vn, 
Pi(vj, ·; n:)----> Pi(vj, ·) stmngly ·in L2 (0, T; JR.P) if vi E lfc, 

cikPi(Vi;;, ·; n:) ----> c ikPi(Vk, ·) stmngly ·in L2(0, T ; JR.7'),. Ilk E 1;;,.J: 

where ri, Pi satisfy (47) - (4.9) , (56) - (58) with (Pio, ]iii) E H; X vi the ·u.n·ique 
solution of {60). This latter system is the optimal-ity system for· the state con
strained optimal contTol pmblern 

min Ji(h, h) 
u~d 

where Ji is given by (55) . 

REMARK 4.1 Ifv1 E \fDUVN, the first term in the integral itt (GO) is not present 
and one sets h = 0 in the definition of the cost fun ctional J;. [f vi E 11M, the 
first term in the integral in (60) is repla ced by 

,B(ICijPi(Vj, tW + ICijri(vj , tW)- >..'tj · Pi(vj , t) + f£'t] · ri(vj , t) , 

and the cost functional Ji is given by 

where Pi is the solution of 
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Pi(O) = Pi(O) = 0, 

Pi(T) = ZiO: Pi(T) = Zi !· 

REMARK 4.2 Assume that vi E Vc (the other possibiliti es are hnncll ed simi
larly) and let us commeut fu; ·Lher 011 eq uat.io11 (GO) fo r (p;0 , p;1 ), whi ch in fact 
may be constructed in a manner simil ar to the Hilbert Uniqu('ness Method. 
This pair is chosen so that the solu t.ion of tlw problem 

{ 
{ 

Mii:i = [Ki(< + R;ri)]' - RT P..-,(,.; + Rir;) - S; l· ;, 
MiP·i = [Ki (P; + R ;p;)]'- RTf(;(p; + R.;p;)- S;p." 

Eij [Ki(r; + Ri1';)](vj, t ) + p.;(vj. t) = 0, 
Eij[IC(p; + Rip;)] (vi, t) = 0, Ei1 =/= 0, Vj E 11c, 

{ 
EikiTii, [Ki(< + Rir,)] (vk> t) = 0, 
Eik U;k[Ki (P~ + R ;p;)](vk, t) = 0, vk E 1;;vr, 

(:r , t ) E Q., , 

{ 
Eik (Cit f [Ki(r; + Riri)](vk, t) + ;JC;kPi( vk> t) = .>..ff:: 
Eik (citf[Ki (P~ + Rip;)](vk , t) - (JC;k1'i (vAJ t) = tt f'k, 

ri(O) = ri (O) = o, Pi(T) = p;o, li;(T) = p, , 
satisfies 

Ti(T) = ZiO: i'.;(T) = Z; J. 

(GJ) 

(G2) 

For arbitrary (PiO:Pil) E Vi x 'H.;, (61) has a unique solu t ion (it is Lhe optim a
lity system for an un constrained LQR problem). This solution rn ay be wr itten 
ri = r? + rf", Pi = P? + p'f', where 

r? , P? is the solution corresponding Lo .>.. f1 = ft 'if = 0, 

rf", pf" is the solu tion corresponding t.o p;o = p; 1 = 0. 

ForT > To we may defin e a space Fi whi ch is th e compl etion of V; x 'H.; with 
respect to the norm 

[j.']' ] 1/ 2 

IJ(p,o,p, l)JIF, = 
0 

(IP?(1'1 . t)i 2 + IC!i,JJ?(u,,,t)l 2 + I C,A ,. ~J(u, . t) l 2 )1lt 

Indeed , if II(Pio:PiJ) IIF; = 0 tben cl early r? = 0 ami the11 th e ob,;eJw tbility 
assumption (43) gives PiO = Pil = 0. Jn fact , it may be shown t1 sing (!13) a11cl 
(44) tha t Fi is the same as the sp<tee H.; x V;* with equi va lent 11 orrns. In adcliLion, 
one verifies that 

((Pio ,P.il ), ( -i·?(T), rf(T)) )rc xv, = II (P;o,p; , )II],.,. 

Let Ai denoLe the canon ical isomorphism F; H Ft = 'H ; X vi 0 Then if (- Z; I ' i;o) E 
F;* and if we set 
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we will have 

r?(T) = i;o, r?(T) = z; J . 

It follows that (62) will hold if we choose 

(p;o, p;t) = i\i 1
(( - z;J, z;o)- ( -i·.f"(T), T~(T))). 

It may be checked that (63) is the same as (60). 

4.1. Application of the T heorem to the op timality system 

We assume that 

' 0 0 . d d t f' , E 11 ··Err A;k, f.l;k are m epen en . o "' ' vk fl:r , 1. L k. 

Then according to Theorem 4.1 the solut.i ou 7·;1(-;n.), p)(-;r;.) of (31)- (37) 
corresponding ton = 0 converges as r;, --> oo in t he ma.nuer clesc:ribecl iu Theorem 
4.1 to r}, Pl, where rf, pJ sati sfy (31) - OG) with n = 0 and 

rl (0) = r} (0) = 0, r!(T) = z;0 , r) (T) = z; 1 , 

p} (T) = P}o, P; (T) = P;1, 

and where (p}0 , Ph) E H; x Vt is the soluti on of (w hen v 7 E Vc) 

{ (Pll , - p}o) , (z;o , z;t) )v. x'H., = fo r [ipj(vj. tW + ,B(ICikP!( ' 'k, t) 1:! 

+IC;kr}(vk, t)1 2
)- >-?~c · p) (vk, t) + P·?k · r) (v,,, t)]dt. 

In particular, 

C;kr} ( Vk, '; "') -t C;krJ (- ; "'), C;kP) (ukl '; /i'.) --> cikP) c ; /{). 
'Vk E VM, (64) 

strongly in L 2 (0, T; IRP), hence 

c;k(Cj;,JT[K;((rlJ ' + R;"rnJ(v~c, ·; t;,) _, >.~" - CiloP) (v,,,, ·) 
:= c;k(C;t)T[J(;((r})' + R;r} ) ] (v~c , -), 
Cik(Cj;,JT[K;((p!)' + R;p) )](vk, ·; t;,) _, l'·?~c +ciA:'!'} (v,,., ·) 
:= c;k(Cj;,JT[I<;((p! )' + R;p) )](vk, ·) 

(65) 

strongly in L2 (0, T; JRP). The convergence ex pressed in (G4) aud (G5) holds for 
every vk E VM and i E Ik. It follows from the definitions (29), (:30) of>.~, fkfk 
that as "' -> oo 

1 2 "' 1 1 \d·; "') _, d 0 cjkPj(vk, ·)- c,,,.p, (1'k, ·) 
k jEh 

-~ L C:jk(Cj;JT[Kj((r})' + Rjrj )](vk, ·) 
k jEik 
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2 
f-L1k(o; "') -> -d L cjkro] (vk , 0

)- C;. k'l'i (uk , 0

) 

k jEh 

-: L E:jk(Cjkf[Kj((pj)' + RjpJ)](ub ·) 
k jE'I,, 

- E:ik(cj;f[I<i((pD' + Rp!.) ](vk, 0

) := 11L.U 
strongly in L2 (0, T; ffiP) 0 It fo llows from T heorem 4.1 that. as '' _ _, 00 

(Tt(.; K;),Tf(- ; /\.)) -> (r}(-), it(.)) in C([O, T]; V1 x H; ), 

(p1(-; K; ), pn; h:)) _, (pi(.) ,pf(.)) in C ([O, T ]; H i x Vt), 

pf (vj , 0

; K) _, p;cvj , ·)strongly in L2(0, T ; lRP) , viE Vc, 

CikPI(vk , 0

; h:)-> CikPf (vk, 0

) strongly in £ 2 (0, T; lll 7'), 't '~o E F~., , 

where Tf , pf satisfi es (3 1) - (3G) with n = I and 

r}(O) = if(O) = 0, r}(T) = z;o, i f( T) = Z; 1, 

2(T) 2 o2(T) 2 Pi = Pio: Pi = Pil : 

and where (pr0,pf1) E H; x V;* is the soluti on of (when ui E \!c:) 

·'I' 2 2 / 2 '2 2 :2 ((P;l : - Pio),(zio,zii))v;x H; = [JTJ ;. (uj , t) J +fJ(JC;~c TJ;(l 'k ,t ) J 
0 0 

+J C;kr f(1!k, t)l 2
) - >-lk 0 pf(ub t) + fl·.!h · ·rfeu~o , i) ]dto 

One may now proceed induct ively to obtain the foll owing resul t . 

THEOREM 4 02 Assume that~·?," , >.?,k E L2 ( 0 , T ; JR~') are ·i.ndcpenden/, ofK, Vk: 
vk E \!M , 'i E Ikl and let .,.~+ 1 

(-; K), p~ I- I (- ; K) , n = 0, I , 0 0 • • o be the solut-ion of 
the optimality system {31} - {37}0 Then as"-> oo, 

(TI'+1(-; K), -r;+ l (-; rc)) -; (<t-1-l (-)or0·;•+l (-)) in C([O, T]: V; X Hj ), 

(p;+J (-; K) , p:'+ \; ~>:)) -> (p~'+l (- ), p;•+ 1 
(-)) in C([O, T ]; H ; x V;'), 

p~'+l (vj, 0
; K) -> p~'+ 1 (vj , ·) strongly in £ 2 (0 , T ; IR~') , ll j E Vc, 

cikP;+l ( Vk, 0
; K) -; C;k]Jr +J (t>k: 0

) strongly ·in L2 (0 , T; IR7') ,' I!!; E \'M, 

wheTe r;+l , p;+l satisfies {31} - {36) with >- ;k, ~·7k y'iven by (29) a:nd {30)0 anrl 

r;+l(O) = r;+l (O) = 0, r; +J (T) = Z;o , r'o:'+1 (T) = Z; ( , 

P7+l (T) = p;Q+ I ' p;'+ 1 (T) = p~~+ 1 ' 

and where (P:1"1-l , p;\+1
) E H; x V;* 'is the sol'U.tion of {when vi E Vc ) 

·T 

(( n+l n+ l ) ( )) j [J n+l ( t) J2 Pil ,-P;o , Z-iO, Zi.1 V; xrc= 
0 

P; vi, 

+ ,B(J C;A:P7+1 (u~o, t )J 2 + JC; ~,:T;t+ l (v~o, t) J2 ) 

(66) 
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5. Convergence 

In this section it is proved that t he aggregate of local solut ions {r;.'+ 1
, p;<+ 1

} ~~~ 
of (31)- (36), (66), (67), where -\fk, J.L;Io are given by (29) and (30), converges as 
n--+ oo to the solution {1·i, p;};~ 1 of the global optirnali ty sys tem (9) , (12) - (16) 
for the global, state constrained optimal control problem (17) subjec t to (12) , 
(1 3). The proof follows along the lines of the proof of Theorem 5.1 of Leugering 
(1999) . We first observe that { ri,p, }~ 1 satisfy the local boundary conditi ons 
(36) at the multiple nodes and therefore 

n :2: 0, 

satisfy the local problems (31) - (36) with ,\~k, Jl~ replaced by 

where 

Aik := 
2f L CjkPj(Vk, t) - !3CikPi(Vk , t) 
( k jEh 

- d
2 L E'jk (Cj")T[K1(rj + Rjrj)](vk, t ) + E'ik(C;UT [K ;(r; + R;ri )](uk> t), 
k 

jEik 

2/3 
J.Lik := -d L cjkT/Vk, t) + f]C,kri(u~c, t) 

k jE'h 

-J L E'jk (Cj~f[Kj (pj + Rjpj)](vk, t) + E'·; ~c(C~f [K;(p; + R;p;)](vk, t). 
k jEI,, 

ln addition, 

P-n+l (T) _ pn+l _ . . _ -n+ l 
i - ,o p,o ·- P,o ' -n + 1 (T) _ , n+ 1 , .. ·-.on+ I Pi l - Pii - p., I . - Pi I ' 

where c/>,t := ~, (po,Pl) is t he solu tion of (16), 

Pio := Po o 11'i E 'Hi, Pil = A[(A- 1 PI ) o 1r;] E V;'. 

T he solution 7-;~+l ,K+ l has the regularity 

(1-;~+ 1 J2i1) E C([O, T]; Vi x 'Hi), 

(p-n+l p-n+l) E C([O T]· '}{ x V* ) 
t ' 't ,t ' ' 2 l ' 

p~+l(vj,·), CikP~+ 1 (vk,·) E L2 (0, T ; ffi P) , Vj E 11c, u~; E VM, 

and satisfies (31) - (36) in tbc following sense: 
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where 

-fi;'+ 1 (vj , t) · rp(vj) 
- ((3C;,, fit~ 1 (vk,t)- >-;/,(1:)) · (/J(ll,, ), 

-((JCijP:•+ l (vj, t) - >- i.j( t)) · ~l)(v.i) 
- (i3C;kP~+ 1 (v," t) - >- ~!,(t)) · q) (u~.c) , 

-(f3C,~cfi;'" 1- 1 (v~c, t)- ~;J;( t)) · (Mu~c), 

depending on whether (vj E Fe, vk E 11/\f ), (vi, vk E VJVJ ), or (r::i E VD U 
1/;v, v~c E VM), respectively, 

(( -fi~i 1 (t),fi7+l(t)), (¢(t), rP,t(t)))v, x 'l-t, = (( - i57/ 1
, j!;~+ 1 ), (1;o, (/J J ))v, x'H, 

-1T (F, fi~+l )(vj, Vk, t)dt + 1T ((JC;~c7:;'+ 1 (u~c,t) + ti;'AJ · C;,,c,?(v,, , t) dt, (G9) 

0:::; t:::; T, YJ1,h E L2 (0,T;llP), (¢o, ¢ J) E Vi x Hi, 

where 

again depending 011 whether (v1 E Vc, v~c E \IM ), (vj , v, E liM ), or (v j E 

VD U VN, v~c E VM ), respectively, and where 1> is the solution of 

(¢, 'l/;/v; + Bi (¢, 'l/;) = (F, ·1/;)(vj , vk, t) , \:1·1/; E Vi 

¢(T) = ¢o, J;(T) = rP 1. 

The following convergence result will be proven: 

THEOREI'vl 5.1 Assnrne that T > To and the obsC'rvab·ility ass'U:rnpl.ions {14) and 
{43) hold. Then as n -+ co, 

(if , 7-:~t)-+ 0 weakly* in £C>O(O,T:V; x H.;) , 

(pf,fif.t)-+ 0 weakly* in L00 (0,T;H; X vn, 
(fiw, fifJ ) -+ 0 weakly in Hi x Vt, 
fif; ( Vj, ·) -+ 0 strongly in L2 (0, T; JRP). 

Proof. We sum (68) and (69) over i = 1, ... , n e and obtain 

n,; 

"'[(-n+l ,1,) B (-n+l ,~, ) "" -n+l ( ) , ( ) L...., ri,tt ''+'i vi+ i ri , '+' ·i + L...., Pi; 'Vj, · · q;i, v; 

i = l j:v, EVe: 

+ ) ) ( (1(;" _i?'+l(., ,_ . ) - ).n, (.)). ("' , A,.{., , \- n 'rf,/, . c ) J. 

(70) 
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i=l 

_ "(( -n+l -n+l) ("' ,~, )) - L - pil ,P;o , '!'iO, 'l'il v ,xH;. 
i=l 

- L iT h · p~+ 1 (vj , t) dt - L LiT 9ik(t) · C;kP~t+ 1 (vk , t) dt 
j:v,;EVc t k:v~oEVM iEI,, t 

+ I: I: iT (/3C;kr:r+ 1 (vk , t) + ii'J..(t)) · C;k,c/J;(vk, t) dt, (71) 
k:vkoEVM iE'I'- t 

'tlf;;, 9ik E L2 (0,T ;IRP), (c/J;o,c/Jil) E V; x H ;. 

Now sett= 0 in (71) and choose c/J;o = cPiJ = 0, 

f;J) = -jj~+ 1 (vj, ·), Vj E Vc, 

g;k( ·) = -j3C;kP7+1(v, ·) + .\fk(-), Vk E VM. 

Then c/J; = r:r+l and we obtain 

From (36) we have 

- .\rk (t) . cikP7+1 
( vk, t) = 2~ 1 ( c;t)r [K; ( (r:r+l y + R;r;'+ 1

) JCvk, t w 
- 2~ 1.\fk ( t) 12 - ~ IC;kf5;'+1 (vk, t)l2, 

iiik(t) · C;krr+l(vk , t) = d13 1(Citf[IC((jj~+
1 )' + R;p;+ 1 )](vk, t)l 2 

1 ~-n (t)12 /)I C -n+l( t)12 -2/)J.-lik -2 ikT; Vk, · 

Therefore (72) implies 

T 

0 = 2 L 1 lf57+l (vj , t)l 2dt 
. 0 J 

J:VjEVc 

+ L L 1T [f3(1CikP7+1 (vk, t)l 2 + IC;k7-:;+ 1 (vk, t)l 2
) 

k:vk.EVM iEik O 

+~ (I ( c;t)T [K;((f57+l )' + R;pr+l )]( Vk, tW 

(72) 

+I ( c;t)T [K; ( (r:r+l )' + R;r:r+J) J ( v, t) 12) - ~ ( 1.\:;k ( t) 12 + IP·f~r (t) 12 ) J dt, 
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which we write as 

j
·T 

En+l = -2 . L 
0 

IP~i+l(vj, t)l 2dt 
J:VjEVc 

+* L L 1T (15-iHtW + IP7dt)l 2
) dt, 

k:vkEVM iEik O 

where 

En+l := L L /T [,B(ICikP~+ 1 (vk,tW + IC.ik7-;;+1 (uk>t)l 2
) 

k:vkEVM iEI,, . O 

+* (I ( c;tf [Ki ( (p~+l )' +Rip~+ I) l (vk' t) 12 

+l(c;tf[Ki((r:r+lY + Ri1-;r+l)J(vk, t)l 2
)] dt. 
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(73) 

We proceed to calculate the double sum on the right hand side of (73). To 
simplify the notation we set 

Dikri := Eik(Citf Ki(r~ + Riri)· 

Then 

5-;k = d L cjkP'](vk, t)- ,BCikP7(vko t) 
k jEik 

- ~ L Djkij(vx., t) + Diki7(vk, t). 
k jEik 

We have 

l>-7k(tW = ~
2

1 L cjkPj(vk, t)l 2 + !32 ICikP7(vx., t)l 2 

k jEik 

- ~
2 

cikP7(vk, t) . L cjkPj(vk, t) 
k jEh 

+~I L Djkrj(vx., t)l 2 + 1Diki7(vk> t)l 2
-: D;ki7(vk> t) · L Djk'rj(vk , t) 

k jEik k jEik 

8,8 " C -n( ) " D -n( ) 4,BD -n( ) " C -n( ) - d2 L..,.; jkPj Vk, t · L..,.; jkT'j Vk, t + d ikT; Vk, t · L..,.; jkPj Vk, t 
k jEik jEik k jEI, 

+ d cikP7(vk, t). L cjkrj(vk, t)- 2,BCikP7(vk , t). Dikr7(vk, t). 
k jEik 

Therefore 

~ L L l>-7k(t)l 2 
= L L (,BICikP7(·vk , tW + *IDikri('Vk, t)l 2 

(74) 
k:vkEVM 'Eik k:v,.EVM 'Eik 
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-2CikPf(vk, t) · Dikrr(vk. t)). 
Similarly, 

/3 L L lii~(t)l 2 
= L L (mc.uJ7 (vk,tW + *1Du,JI?(u,,,t)l 2 

(75) 
k:v,,EVM iEik k:vkE\/M iEI, 

+2Cikrr (vk, t) · DikPf(vk, t)) . 

From (73) - (75) we obtain 

En+l =En- 2 . L 1T lfJf;+l (vj, t)j2dt 
J:v-;EVc 

(76) 

+2 L L 1r (C;krr · DikP~' - C.;kfJi' · DikiT)(v~o, t) dt. 
k:vkEVM iEik O 

Next, use (71) with n in place of n + ], t = 0 and ¢i =if. By utilizing the 
local boundary conditions (36) we obtain 

o = . L for lfir; (v1, t) l2ctt 
J:v1EVc 

It now follows that 

and then, by iteration, that 

(77) 

where l::~~}'ae = (a1 + an+I)/2 + 2::~',2 ae. vVe deduce frorn (77) t hat 

f L 1T lfJt(vj, t)l 2clt < oo, 
e= l j:vjEVc O 

{En}~=l is bounded. 
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and, on a subsequence, 

(79) 

for some rfk,pfk,Rrfk,F;'J} E L 2 (0,T; ffiP). Tn fact, it rnay be proved as in 
Leugering (1999) that the convergence in (79) is t hrough t he ent.ire seque]l(;e . 
Therefore we may pass to t he limi t in (~36) to obtain 

(80) 

(8 1) 

By summing (80) and (81) over i. E Ik we nud that 

(82) 

from the th ird and fourth of whi ch fo llows Lhat 

(83) 

The bounded ness of {En} together with (78) im pi ies that. 

\Vrite p-n = q-n + s" where q-n has homog·eneOLts boundary da t.n a nd sn (T) 
t t 1- ' . t . 'l 

.9~ 1 (T) = 0. The bounded ness of { E" } impli es that (.5j\ sj;J is bounded in 
C([O, T]; V; x H;) and, together with the observnbility assumpt iou (4:-l), that 
(Pio· Pi]) is bounded in H; XV;*. Hence WI', q.'/tl is bouuclecl in C( [O, T]; 'H; X vn 
and therefore so is (pi', z3i~ 1.). TL foll ows that , on a subsequence, 

u-:;', r~J--) ('i\,r;,t) weakl y* in L 00 (0 ,T:V;. X 'H ;.), 

(pf , p~ 1 )--) (pi>fji,t) weakl y* in L00 (0,T;'H; x Vt), 
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Upon passing to the limit in (68) and (69) and utili zing (82) and (83), it is seen 
that ii, Pi is a solution (in an appropriate weak sense) of the system 

{ 
Miii,tt = [Ki(i~ + Riii )]'- R[ Ki(i~ + R;ii) - Si'i"i, 
MiPi,tt = [Ki(P~ + Rijji )]'- R[ K;(jj~ + Rd3i)- S,pi , 

ii(vk, t) = Pi (vk> t) = 0, vk E VD , 

{ 
Eij[Ki(i~ + Riii)](vj, t) = 0, 
Eij [Ki(P~ + Ri Pi )](vj, t) = 0, Eij =f. 0, Vj E Vc U \IN, 

{ 
Eikrrik[Ki(i~ + Riii )](vk. t) = o, 
EikiTik[Ki(P~ + RiPi)](vk , t) = 0, vk E Vu, 

{ Eik(CjJT[Ki(i~ + Riii )](vk, t ) = Rif , 
Eik ( CjJT [K; (jj~ + Rijji)] ( Vk, t) = pik, 'Vk E \IM' 

r:i(o) = -Ti(o) = o, Pi(T) = PiO, Pi(r) = Pil. 

(:r:, t) E Q.i, 

From (82) and (83) it follows that {i;}7~ 1 is the solution of the global system (3) 
with fk = 0 and vanishing initi al data. Therefore ii = 0 in Qi, 'i = 1, ... , ne. On 
the other hand , it is also seen that {jji}7~ 1 is a solution of the global system (7) 
and satisfies Pi)vj, ·) = 0 for every j : 'Vj E Vc. The observability assumption 
(14) then implies that PiO = Pil = 0 if T > To , hence Pi = 0 in Qi, i = 1, ... , ·ne. 
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