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Abstract: The paper considers a problem of optimal control of
a linear system with the parameters dependent on the states of a
Markov chain. The cost criterion is quadratic in the controls and
states of the system. The criterion parameters also depend on the
states of the Markov chain. Two models of observation of the Markov
chain are adopted - delay for one step and no delay. It is shown that
under appropriate mean square detectability and stabilizability con-
ditions the infinite horizon optimal control problem for the general
case of Markovian jump linear quadratic systems has a unique mean
square stabilizing solution. Necessary and sufficient conditions are
given to determine if a system is mean square stabilizable.
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1. Introduction

The paper concerns linear discrete time systems with quadratic criteria both
having parameters dependent on a Markov chain. Such systems were studied
by Ji and Chizeck (1990). The case of iid. parameters was considered by
many authors. For references see Ji and Chizeck (1990) and de Koning (1982).
The aim of the paper is to find appropriate stabilizability and detectahility
conditions which assure a unique solution for which the control system is sta-
ble. Related results concerning the stability of such systems were obtained by
Costa and Fragoso (1993) and Fragoso, Costa and de Souza (1993). The control
of such systems were considered recently by Blom (1991) and Yang and Bar-
Shalom (1991). A general system discribed by a linear difference equation in a
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Hilbert space with three types of disturbances, control-dependent noise, state
dependent noise and purely additive noise was considered by Zabczyk (1975).
However, these results were based on other assumptions about the parameters
or knowledge taken into account in the construction of the control. Here, two
different models of information available at each moment are considered. In the
first one, similarly as in Ji and Chizeck (1990), the knowledge of all past controls,
the past and present states of the system and Markovian parameters is assumed.
The other one is based on the assertion that only the values of the Markovian
parameters are known, i.e. there is a delay of one step in the observation of
these random parameters. A generalization of the stochastic and mean square
(ms-)stability for the considered control problems is given (see Zabczyk, 1981,
and Klamka, 1991 for basic definition and results). Relations between these two
kinds of stability are investigated. To formulate the condition of stability for
the optimal control in the infinite horizon case ms-detectability is introduced,
which generalizes the ms-detectability for the systems with i.i.d. parameters
considered by de Koning (1983). Necessary and sufficient conditions for the
existence of the solution of the infinite-horizon control problem are established.
Conditions for the ms-stability are given. The differences between these two
available models of information are pointed out. The results for the model with
delayed observation of the Markov parameter are a generalization of the control
problem with i.i.d. parameters considered by de Koning (1933). Suggestions
of computational methods of verification of the obtained conditions are given.
The stochastic controllability of considered systems (see paper by Klamka and
Le Si Dong, 1990, for related results) will be subject of other paper.

The organization of the paper is as follows. In the next section, preliminary
notations and definitions are given. The finite horizon optimal control problem
is solved in Section 3. Next in Section 4, problems of stability of the system are
considered. Section 5 is devoted to the solution of the infinite horizon optimal
control problem.

2. Notations and formulation of the problem

At the beginning of this section some notations are introduced and basic math-
ematical facts are mentioned. Next, the problem of optimal control for systems
with randomly varying description in the finite and infinite horizon case is for-
mulated.

Scalars are denoted by lower case Greek letters, column vectors by lower
case italic letters, matrices by capital Greek or italic letters. Capital scripts will
be used to denote spaces and bold italic letters for operators. Exceptions from
these rules will be noted. The transpose of vectors or matrices is denoted by
superscript T'.

Let R™ denote the Euclidean n-space. For @,y € R", the inner product
- oo w— mly and the norm |zl = (»T+Y/2 pa4mn denotes the space of all
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real m x n matrices with norm || 4| = lst |Az|, where A € M™" and z € R"™.
zi=1

Denote M™" by M™ and let 8" C M™ be a space of the real symmetric matrices.
The zero and identity element in M™ are O and I, respectively. Matrix A € 8"
is called non-negative definite il lor every @ € R" we have 27 Az > 0. If in
addition 27 Az = 0 implies = = 0, matrix A is called positive definite.

The set of all non-negative definite matrices of 8™ is denoted by K". Put
FE = {1,2,---,s}. We will denote by M" the set of functions defined on IF
with values in M™". Denote by I the clement of M7, such that F(i) = I
and let © € M be such that ©(i) = O. Tor f € MPE" we define norm
| flle= Igéa%{ £ (r)|I}. Space 8§ with norm || - ||, is a Banach space.

The paper deals with a discrete time linear system with Markovian jumps,
modeled by

Try1 = A(re)zy + B(r)ug, (1)
where k =0,1,---,N, z € R", up € R™, Ae M, Be M™. N can be
finite or infinite. It is assumed that zq is given and {ry}_, is a homogenous
Markov chain defined on a fixed probability space (Q, F, P) with values in [E.
Let (p;)iem and (p;;)i jem denote the initial and transition probabilities for this

Markov chain, respectively. Let @ = (ug,uy,...,uxy—1). In the finite horizon
case, system (1) is considered with the cost criterion

(i, zo) E{Z 2T Q(ri)xi + ul R(ri)wi] + 25 H(rn)zn|xo} (2)
and in the infinite horizon case with the cost criterion
J(@,x0) = B[Y _ 2T Q(ri)a: + uf R(ri)uilzo] (3)
i=0

where Q,H € Klj;,, Re K.
Denote r¥ = (ro,r1y...,7%) and 2k = (w0, upy ..y Tp—1, Uk—1,2%). The dif-
ferent classes of admissible controls can be considered for system (1) with cri-
terion (2) or (3). We focus our attention on two different classes of strategies:
(DO) w; = gi(2% ') — the control at moment i is based on information about
the states, controls and states of the Markov chain up to moment i;

(D1) w; = gi(z%, r*~!) — uses the same information about the states and controls
of the system as in (D0) but there is a one step delay in the observation
of the state of the Markov chain.

DEFINITION 1 Assume that the control laws {g;} belong to class (D0) ((D1))
and the system is gz’ven by (1) with criterion (2). The problem of finding the
control sequence ©@* which minimizes Jy (i, xzq) for all zo and determining the
minimal value Jy(u*,20) is called the finite horizon optimal control problem
without delay in the observation of the Markov chain (with a delay in the ob-
servation of the Markov chain for one step).
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DEFINITION 2 The infinite horizon optimal control problem without delay in the
observation of the Markov chain (with a delay for one step in the observation of
the Markov chain) for system (1) and criterion (3) is to determine the control
@* in class (DO) ((D1)) which minimizes J(4,x) and to find the minimal value
J (ﬂ* 3 5‘30) .

Related optimal control problems were considered in de Koning (1982, 1983),
Ji and Chizeck (1990). Ji and Chizeck (1990) considered the case of control poli-
cies (D0). The problem with delayed observation of the Markov chain parameter
is a new one. A unified approach to the problems is proposed. A comparison of
the solution of the problems for classes of strategies (D0) and (D1) allows us to
underline the differences between the two models. For i.i.d. random variables
{rn })_,, the knowledge of 7o, . ..,7%—1 has no influence for the posterior distri-
bution of r. Taking this into account, the results of the paper for the class of
control policies (D1) are a generalization of the considerations in De Koning’s
papers (1982, 1983) for r; with discrete distribution.

3. Finite horizon optimal control

In this section the finite horizon optimal control problem for system (1) with
cost criterion (2) is solved for both cases of admissible sets of controls (DO0)
and (D1). The results were obtained with the following dynamic programming
principle (DPP) for systems with the Markovian parameters (see e.g. Kumar
and Varaiya, 1986, for DPP in an i.i.d. parameter case).

Let

Tha1 = fr(Tr, ur, Tx), (4)

for k =0,1,...,N — 1, where z;. € R" and 7 is the Markov chain defined in
Section 2. An admissible control law is: any sequence § = (go, g1,--.,gn) such
that ux = gr(2®,7%). Denote by G the set of admissible controls. The cost
criterion for system (4) and given § € G is defined as

N-1
I (G, 20) =B{ D cxl@r, ur,m) + en(@n,7v)|20}
i=0
For § € G define the cost-to-go at moment n by
N-1
Tn N (G, 29", 1) = B{) _ ci(af, uf, ™) + en () |=", 7"},

i=n

where z¢ and u! are the state and the control process corresponding to control
law g, respectively. An admissible control law § € G is called Markovian if g
depends only on (zy, 7). Gar denotes a class of Markovian policies. We can
formulate the following DPP, Kumar and Varaiya (1986):
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LemMmA 1 (DPP) Define recursively the function

wn(z,7) = en(z,7)
wp(z,r) = i:&f{cn(m, u,7) + E[wps1(Zns1, Pne1)|zn = 2,70 =71} (5)
forn=N-1,...,0.

(i) For arbitrary § € G we have wy(zd,r,) < Jon(G,29",7™) a.e. and
In(d, o) > Bwo(zo,r0).

(i) If § € Gpr is optimal, then the infimum in (5) at moment n is altained
ot Up, = gn(®,7). We have then wn(zd,r,) = Jon(g,29",r") a.c. and
J* = ;25']”@’ xg) = ;ggEJD,N(E, xo, 7o) = Ewp(zo,70).

(iit) If for each n the infimum at state 29, in (5) is attained by w, = gn(2%,15)
.8
'-'.Un(.'li,%, ?‘n) = cn('rgngn(xia Tﬂ)r rﬂ) =+ E[wn-!-l (93?;.{_11 7‘n+1)|$€u '."‘,1] a.e
then g is optimal in G.

Let us consider the case of controls (D0) for the system described by (1). For
A e ME*, B € MY, we adopt the following convention: A(r)B(r) = [AB](r).
The point of the following lemma is in the preliminary calculation of criterion
(2) for the given controls.

LEMMA 2 Suppose
w; = —L(r;)z; (6)
where: L € ME", then for every xg
In (i, o) = z3 EDY H(ro)zo
Operator Dy, : Sjp — S, is defined by
D X(r)=ELX(r) +Qwr(r)
and
ELX(r) =YL (ME[X(r)|ro = r]¥L(r)
where Qr,(r) = Q(r) + [LTRL)(r) and ¥ (r) = A(r) — [BL](r).
Proof. By (6) we can write (2) as
N-1
JIn (%, o) = E{ Z 2] Qr(ri)zi + = H(rn)zn|zo}
i=0
and
N-1
In N (@™, 1™) = B{) _ af Qu(ri)x; + sy H(rn)zy|z™, "}

=1
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Using state equation (1) and the Markov property of parameter r,,
N-1
In,n (@ 2", 7") = B{ Y 27 Qr(ri)a; + z H(rn)zn|en, rn}.
i=n
We have Jy (@, 2V, 7N) = 24 D H(ry)zxn. Suppose for backward induction
g (Ba™ ™) = 0 D Hi s Jouns

We have

N-1
Jan(@, 2", ) = E[Z 2] Qu(ri)xi + ey H(ry)an|z™, "]

N-1
= E{E[Z 2T Qu(ri)x; + e H(rn)zn 2™+, v |z, 7"} =

i=n
= mE:QL (?‘,3}3«"“
N
+B{E[ ) 27 Qu(ri)ei + 2 H(ry)znla,r" e, "} =
i=n+1

% 2T QL (rn)zn + BlzTUT (1) DY " H (1 1) U L (1) Tula™, 7] =
= :rf:[QL(rn) + SLDf_“_IH(T“)]En = a:f:‘l)f"‘H(rn)a:n

For n =0 we get Jn (@, xo) = BEJo,n (U, x0,70) = :::[{EDfH(ro)xu. |
Denote X(r) = E[X(r)|ro = 7] for X € Sj.

PROPOSITION 1 Solution @* of the finite horizon optimal control problem with-
out a delay in the observation of the Markov chain is given recursively as follows

W, = —LPY " H(r,)z,
forn=0,1,...,N—1 and

In (@, x0) = T EDY H(ro)zo,
where Dy X(r) = D g X(r) and

LX(r) = [(BTXB+ R)* BT X A|(r).
The open form of operator D, is as follows

D.X(r) = Qr)+[ATXA|(r)
—[ATXB(BTXB + R)* BT X A|(r),

where: X € S¢.
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Proof. It suffices to use DPP together with the results of Lemma 2. | |
Now, consider the case of controls based on the observation of states and for-
one-step-delayed observations of the Markov chain. To simplify the description
of results, let us suppose that at the moment —1 the Markov chain is also
defined. We assume P(r_; =1) =1 and P(rg =i|lr—y = j) = p;, i,j € IE. The
cost criterion can be retyped in the equivalent form
N-=1

(1, zp) E{Z[’L (ric1)m;

i=0
+-u3‘1'?(?'i_1)u,-] + .:I.'?;;rﬂ(?‘;\:‘l).‘t;\r]l'g} (7)
and
N—-1

i‘l’l,N (ﬁ! z" ' T 1) = E{ Z [xg—Q(Ti‘—l )1’1

+uj R(rio1)u) + e} H(ry—1)enla”, r"*}.
Let ¥ € M%, - and X € M%. Denote ¥TXW(r) = E[I7T (rg,r1)X(r1)
‘p("ou ?‘1)]'-'"(1 = '-"]-

LEMMA 3 Let us consider system (1) with cost criterion (7). Suppose

Uy = —L(T‘,;_l):l‘:i N (8)
where: L € MBE*, then for every xo
In (@, o) = 23 GF H(r—_1)xo, (9)

where: G, : S — Sg is defined by
GLX(r) =HLX(r) +QL(r)
where
HLX(r) = ¥TX UL (r),
Qr(r) = Q(r) + [LTRL|(r) and ¥1(r,5) = A(r) — B(r)L(s)

Proof. As in the proof of Lemma 2, the backward induction and the
properties of the conditional expectation give

Iy (T, #',r0) = &7 G " H(ro)z1.
We thus get
Jo n (@ xo,7-1)
= a B[Q(r0) + (A(ra) — B(ro)L)" G~ H(ro)(A(ra) — B(ro)L)]zo
which yields (9). |
In the next proposition, the solution of the finite horizon optimal control

problem for system (1) with cost criterion (2) and class of admissible controls
(D1) is given.
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PROPOSITION 2 Let the system be described by (1) with the cost criterion given
by (2). The solution of the finite horizon optimal control problem with a delay
in the observation of Markov parameter r,, for one step is given by

uy = 0

w = LGN H(r,_1)z,
forn=0,1,...,N—1 and

In(@) =2l GY H(r_y)zo,
where G, X(r) =G, X(7),

LX(r) = [(BTXB+ R)*BTX A|(r).
The open form of operator G. is as follows

G.X(r) = QUr)+ ATXA(r)
—[ATXB(BTXB + R)*BTXB(r)

Proof. This follows by the same arguments as in Proposition 1. We use
DPP given by Lemma 1 with the obvious modification, the Markov property of
parameter 7, and the propertics of the conditional expectation. ||

4. Stability of the system

In this scction the stochastic and mean square stability for a closed-loop discrete
time jump linear system are developed. Firss some definitions concerning the
ordering and properties of positive operators in a finite dimensional Banach
space are recalled.

Let & be a Banach space. A set K C § is called a cone if the following
conditions are satisfied (see Krasnosel'skij, 1964, IHorn and Johnson, 1988): (i)
the set K is closed; (ii) if z,y € K, then az + gy € K for all o, B € R, o, 8 > 0
(iii) of each pair of vectors z, —a at least one does not belong to K, provided
that « # 0. By means of a cone K one can define a partial ordering relation <
in Banach space §. This is introduced in the following manner. Let x,y € S.
We have z X y if y — x € K. Lincar opecrator A : S — S is called positive if it
transforms cone K into itself. It is easy to check that the set ™ is a cone in 8"
and the set K is a cone in Sjp. For A € K", we write A = 0 if A is positive
definite. Similarly for A € K7, we define A > © if A(i) is positive definite for
every i € IE.

Let A : M}, — M%.. The spectrum of A is denoted by o(A) and the
spectral radius by p(.A). Operator A is called stable if p(.A) < 1. The space

& is linearly isomorphic with Rsn® . We have: A is stable if and only if

lim A"X = 0 for every X € M7p,.

n—oco
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Operator A : § — 8 is called monotone in set 7 C S if it follows from
x <y, x,y €T that Az < Ay. Let K be a cone in §. A linear operator is
monotone if and only if it is positive. In further considerations, operators on S
will be used. In this space, all norms are equivalent. Let us mention that if the
sequence {.A,} of positive operators is bounded and increasing with respect to
relation <, then there exists a positive operator A such that for every X € K
we have lin;0 A X = AX and A, N < AX. The following lemma (sce de

n—

Koning, 1982) for JE = {1}) concerning linear, positive or monotonic operators
A : S} — Si is stated:

LEMMA 4 Let X € S. We have _
(i) If operator A is monotonic and positive, then A’ for every i € IN is
monotonic and positive.
(i) If A is linear and positive, then || Al = ||.AI||..
iii) If lim A"X =0 for X € K", and X = O, then A is stable.
IE
n—oo

Proof. From the definitions follows (i). The monotonicity of norm || - ||,
and operator A gives (ii). To prove (iii) let X € K. There is a > 0 such that
I < X and by the monotonicity of A we have

p'(A) = p(A) < | A = AT« < al A'X ]l — 0

when i — co. Then p(.A) < 1 and A is stable. |
The main purpose of this consideration is the existence and the properties
of the solution of the following Lyapunov-type equation

X=AX+B (10)
(see Krasnosel’skij, 1964, pp. 86-91, and de Koning, 1982).

LEMMA 5 Let A be linear, positive and B € K, then
(i) If A is stable, then there exists a solution X € K.
(ii] There exists solution X = © and B > ©, then A is stable and X = ©.

Proof. Let us observe that if A is stable, linear and positive, then X =
S A*B is well defined. X fulfils (10) and X = ©. Let now (10) have a

k=0
solution. Using induction and assuming X > © we have

n—1 n—1
X=) A'B+A'X=) A*B=B>©
k=0 k=0
for every n > 1. Hence we have lim A"B = ©. Using Lemma 4 (iii), A is
Ti—00
stable. |
Let us consider the stability of the closed loop control system

Trt1 = W(rh—1,T8) 2k (11)
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for k=0,1,2,...,N—1. System (11) can be obtained from (1) when we assume
controls (6) or (8). In the case of a system without a delay in the observation
of the Markov chain (i.e. controls (6)), ¥(s,r) = ¥p(r) = A(r) — B(r)L(r).
In the case of system (1) with controls based on the observation of the Markov
chain delayed for one step, ¥(s,7) = Wi (s,r) = A(r) — B(r)L(s).

DEFINITION 3 (Ji and Chizeck, 1990) Closed loop system (11) is conditionally
stochastically stable if for every initial state xg and r_, there exists a finite
number M(zg,7—1) > 0 such that

N

; T I, ; .
R E{kz_n% T|zo,7-1} < M(z0,7-1) (12)

System (11) is stochastically stable if for every initial state xy there exists a
finite number M (zg) > 0 such that

N

Jim E{)  aiak|wo, 71} < M(o) (13)
k=0

DEFINITION 4 System (11) is said to be conditionally ms-stable if for every zg
and r_,

lim E{z} zx|z1,70} =0 (14)
k—oo

and ms-stable if for every xg
lim B{afzi|zo,7-1} =0 (15)
k—oo

REMARK 1 Definitions 8 and 4 are for a system with U(s,r) dependent on two

successive states of the Markov chain. If W(s,r) = ¥(r), condition x¢,7_; given
in (12) and (14) could be changed to g, 7y.

We state without proof the following lemma

LEMMA 6 If system (11) is conditionally stochastically (ms-) stable, then it is
stochastically (ms-) stable.

Define for X € M,

GX(r) = E[UT(ro,7)X(r1)¥(ro,m1)|ro =1]
UTXU(r) (16)

ie G: Mp — M. We have from (14) by (11) and (16)

ElzTz,|z1,70) = 2T "I (ro)z;.
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REMARK 2 To calculate GX, one can use the stack and the stack inverse trans-
formation (see Bellman, 1970, Horn and Johnson, 1988).

We get
st(@X(r)) = st(m( ))—
= 3 P, ) ® U7, §))st(X (7)) =
JEE
= > e ¥(r, 5)st(X(5)) (17)
JERB

where ® denotes the Kronecker product of matrices, st is the stack operation (for
details see Lancaster and Tismenetsky, 1985) and ¥(r, j) = U7 (r, j) ® VT (r, j).
Expression (17) can be described shortly in matrix notation

st(GX) = ®(p)st(X),

where
pll‘?(lsl) Pm‘?‘(l,g) pls\?(lys)
d(p) = p¥(2,1) p2¥(2,2) ... p2s¥(2,5)
pa¥(s,1)  peals2) ... pes(s,s)

On the basis of the above definitions and Lemma 5 we get

LEMMA 7 (i) Operator G : My, — M, is linear and positive with respect to
K-
(ii) Closed loop system (11) is conditionally ms-stable if and only if operator
G is stable. B
(iii) Closed loop system (11) is conditionally ms-stable if and only if p(®(p)) <
1.

Proof. To prove (i), let us observe that G is defined by the expected value
which is linear. If X € K7, then for all 2 € IE, by definition, X () is non-negative
definite and for all j,i € IE we have that ¥(j,47) = ¥7(4,4)X (i)¥(j,4) is non-
negative definite. The expected value is a convex combination of ¥(j,%), hence
G X (j) is non-negative definite and GX € K. Statement (ii) follows from the
definition of stability for the operator and close loop systems. Statement (iii)
of the lemma follows from Remark 1. |

For ms-stability we consider the behaviour of V,, = E[zTx,|zg]. Let us
observe that

Vo = 2l BUT (r_y,70)G™ I (r0) ¥ (r—1,70)]20.

When controls fulfil (D0), ¥(r_y,79) = ¥(rp) and for controls fulfilling (D1),
W(r_y,r9) = A(rg) — B(ro)L, where L does not depend on the states of the
Markov chain.
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Space M" is linearly isomorphic with M™ and let G : M}“; — M}g corre-
spond to G : — M. For ¥ € Mg
GU(r) = E[‘I‘( ¥(r1)|ro = 7]

and we have

?n = (plli(1)1p2‘i'(2))"'1p3@(s))&)n(p)ﬂ (18)
From the above considerations one can formulate the necessary and sufficient
conditions for the ms-stability.

PROPOSITION 3 System (11) is ms-stable if and only if

lim V,, =0.
MN—00

From Proposition 3 we see that p(®(p)) < 1 is sufficient for the ms-stability.
One can use the following results to establish the relation between the
stochastic stability and ms-stability.

LEMMA 8 (see Feng and Loparo, 1990) For any F € R7* & € RI* qa e R,
we have that lim F®"a = 0 implies E Fd*a < co.

=00 k=0

ProrosITION 4 The (conditional) stochastic stability and ms-stability are equi-
valent.

Proof. The proof follows from (18) and Lenuna 8. |
The necessary and sufficient conditions for the stochastic stability can be
formulated as follows:

PropPOSITION 5 Closed loop system (11) is conditionally stochastically stable if
and only if there exists a solution M € K, M > © of the equation

M) = > pi¥ (5,0 M(@)¥(5,1) = 1(j), j € E. (19)
ielE
Proof. By (11) we have

T
E :.'.k Th= Z T ‘I’L 2V nTn

k=n

where ¥y, = _H*\I’(n‘—h?‘i) = W(rg—2,7k-1)¥("k-3,Tk~2) - - - ¥(Tn—1,7n) for
=n
k >mn and ¥, , = I. Denote

N
S(N —n,r) = E[Z ‘IJE:,?L‘I)K',”[T" = T]
k=n
N—n
= E[Z Qf:’o\l’k,gl'l‘g = ‘l"].

k=0
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The properties of the conditional expectation and the fact that {rp}2, is a
homogeneous Markov chain allow us to obtain the following relation

N
SN —n,r)=I+E[ > U U ,lrny=1]=

k=n+1
N
=TI+ E[WT(?‘vL—lsrn)E[ E \I}{,n.{-h ‘I’k,n+l|Tn]q1(f‘n—la7'n)|rn—1 = T']
k=n+1
=T+ B (ry_q,72) (N —n — 1,7,)¥(ry_1, ) |Fn-1 = 1] (20)

®(N —n,-) € K and it is nondecreasing because ‘Iif‘ﬂ_‘]?k‘n is positive definite
for every path of the Markov chain. From stochastic stability, ®(N — n,-) is
bounded. There exists a unique limit

M(j) = lim ®(k,j) forjelE
k—oo
and it fulfils the equation
M(j) = I + B[ (j,r1)M(r1)¥(j,71)lro = j]

for j € IE. This proves the necessity of the condition given in the proposition.
Now the sufficiency will be proved. Let the system of equations (19) have
solution M € K. Consider the stochastic Lyapunov function

Fi(ak, Tk-1) = &f M(ri—1)ax, (21)
k=0,1,.... We have from (11) and (21)
E[Fis1(@kt1, k)| ks Pk—1] — Fre(Trs Thm1) =
= E[x;{‘I'T(?”k—l,T‘k)M(?'k)‘I'(?'k—lu Tr)Th|Thy Thm1] — QTEM(?'k—l)ffk =
= T {BIUT (rp_1, ri) M (r1) ¥ (ri—1,7%) |Ths Th=1] — M (r—1) }2k =
= -—a:{xk. (22)

Let x # 0. Denote

ol
——t i 2
I<e=unTMo: )
From (22) and (23) we get
0 < E[Fit1(@k41,76) |2k ri—-1] £ (1 — @) Fi(@g, Tr—1) (24)

and we have

E[Fit1(@k+1, k)21, 70) = E[E[Frt1 (@1, 7o) |@rs Th—1] |21, T0)
(24)
< (1= @)B[Fi(zk, ri—1)|®1,70]) < ... £ (1 — @) E[Fy (22, 71) |21, 70]-

n
This implies the existence of lim B[Y Fiyi(2ks1, 7)|®1,70]). The conditional
k=1

Nn—00

stochastic stability follows. =



76 K. SZAJOWSKI and W.L. DE KONING

REMARK 3 For the system without a delay in the observation of Markov para-
meter r,,, one can prove (Ji and Chizeck, 1990) that system (11) is conditionally
stochastically stable if and only if there exists a solution M € I of the equation

—UT(5) ) piiM(i)¥L(j) =1 for every j € IE.
ielF

From (20) we have
D(k,7)

—I+ijt I _1 %)‘I'(.(h ) @T(JJ)Q)U“—I:J)@(LJ):
o
= Br-103) + Y7 (4, 5)@(k — 1,5)¥(j,j) =
= Br—1(3) + (4, 5)Br-201)¥ (G, 5) + (FT (G, 1))2@(k — 2,5) (5, 5))* =
k
=3 (TGN T B () (TG, 5)) 1+ (73, 5) @(0, 5)(B(, 5))* (25)
i=1

where: W(j,7) = /P;;%(j,7) and

BK(J) =TI+ ijin(js 3)¢)(k:.ﬂ‘1'(3: 2)
ielE
i#j
If system (11) is stable, then there exists klim &(k,r) = M(r) for every r € IE

and it is positive semidefinite. Put ®(0,7) = I and ®(0,5) = O in (25). We
have then

k

lim S (BT, 7)) Bt (G) (TG ) + (BT (G )G, )
-1
k

Jim Y (87 (5,9))' 7 Br-a () (20, 5)'

i=1

M(r)

Hence lim (¥(4,5))* = O and ¥(j,5) is stable for every j € E. On the
v+ 00
other hand if system (11) is stable, then by (25) we have that M(r) can be
approximated by recursively given sequence ®(k,r) with ®(0,7) = O.
Corollary. Stability ¥(4,j) for every j € IE is necessary for the stability of

(11). For stable system (11), M € K}, is a limit of recursively definite function
®(k,-) € K.

REMARK 4 For the system without a delay, the above corollary was formulated
and proved by Ji and Chizeck (1990).
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On the basis of the above considerations of the stability of closed loop system
(11) one can define the ms-stability of the open loop system (1). The definition
will be different for a system with a delay in the observation of the Markov
parameter and when the Markov parameter at moment n is observed.

DEFINITION 5 System (1) is ms-stabilizable by controls fulfilling (D0) if there
exists L(r) such that closed loop system (11) with U(s,r) = U (r) is stable.

The condition of ms-stabilizability will be formulated later.

5. Infinite horizon optimal control

Now we focus our attention on the infinite horizon optimal control problem for
discrete-time linear system (1) and quadratic criteria (3), both with parameters
dependent on the Markov chain. The considerations of the section are devoted
to the system with delay for one step. Results for the system without delay fol-
low similarly. Before that, some properties of operators G, and G, are proved.
Similar properties will be formulated for D, and D;.

PROPOSITION 6 For every X € K% we have 0 = QNH < Gr H and G, is
E * L
monotonic.

Proof. From Proposition 2 we have for every z; and rg
E[Jn (@")|21,70] < E[Jn(@L)|71,70)
where iy, is given by (8) and from Lemma 3 we get
TGN H(ro)z1 < 2TGY ' H(rg)a:.

Let Hy =X Hy and N = 2, we have E[Jy(@*, Hy)|z1,70] < E[J2(@*, H3)|2z1,70)]-
Hence G, H, = G.H, and G, is monotonic. [ |

Up to this moment, we have been interested in the state equation only and
not in the output, because our performance index was expressed in terms of
states and inputs. Let us now define a fictitious output for our system. Let C'
be the square root of @ i.e. Q = CTC. Define the output equation by

yr = Cxy, (26)

For system (11) with output equation (26), the following notion of detectability
4s introduced.

DEFINITION 6 (A,C) is ms-detectable if E{ylyi|lzo} = 0 for every i € IN
implies E[z] z;|z0] — 0 as i — oo.



78 K. $ZAJOWSKI and W.L. DE KONING

LEMMA 9 System (11) with output equation (26) is ms-detectable if and only if
2T G"CTC(r_1)xo = 0 for every i € IN implies lim x3 G"I(r_1)zo = 0.
TL—+ 00

Proof. The lemma follows from the definition of ms-detectability and the
definition of operator G. |
Similarly as in de Koning (1982), one can show the following

LEMMA 10 Let R(s) be positive definite for every s € IE, GO > 0 or Q(s)
is positive definite, then GY © is positive definite for every s € IE, control L €
ME" and N.

N-1 _ _

Proof. From Lemma 3 we have a7 GOz = E{ Y 27Q(ri_1)zi +
U?R(T.g_])ui}, for U; = -—-—ng, g B 0,1,‘..,N -1. If iEggngO = 0 and
R(s) is positive definite then u; = 0 a.s. fori =0,..., N —1 and zJ G} Oz =

N=i. ., _
zTGNOxy = 0. If Q(r) is positive definite for 7 € JE then GY O = ¥ HL(Q+
i=0
[LTRL)) = Q. Hence G} © is also positive definite. M
One can state the following lemma

LEMMA 11 When R(s) is positive definite, (A, C) ms-detectable or Q(s) positive
definite, then (Vr, (Q + [LT RL])Y?) is ms-detectable.

The proof of the lemma follows from Lemma 10 and the definition of the
ms-detectability.

The properties of operator G, and G, stated in Lemmas 9, 10, 11 and Propo-
sition 6 show that the finite horizon optimal control problem is an approximation
for the infinite horizon control problem (sce de Koning, 1982).

THEOREM 1 If system (1) is ms-stabilizable by a control dependent on the de-
layed observation of the Markov chain, then S(r) = !\}iln GYNO exists and S is
—0o0

the minimal solution in K, of the equation S = G.S.

Proof. Since {GY©} is increasing and bounded, S(r) = h}im GN O exists.
We have gi"“@ =G. (g;ﬁ"e). It follows that § = G, S. If S; is another solution
of this equation, then G0 < GiS; = §; and S < 5;. |

THEOREM 2 Let S = A}im (}f’r@ exist and u; = —LS(r;—1)z; for every i € IN.
We have

J(@) = T Szo.

Considerations similar to those in the proof of Theorem 5.2 in de Koning (1982)
prove the statement. We can also obtain the stakbility condition for the optimal
control.
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THEOREM 3 Let S = J\}im GNO exist. If R(r) is positive definite for every
r, (A,C) is ms-detectable or Q(r) is positive definite then system (11) with
W(r,s) = ¥ q(r,s) is stable and S(r) is the unique non-negative definite solu-
tion of the equation S = G..S.

The equivalent conditions and theorem can be stated for the system without a
delay of the observation of the Markov chain. To this end, operator G, should
be replaced by D. and R, Q by R, Q, respectively.

On the basis of the solution of the infinite horizon optimal control problem
one can state the criterion of stabilizability.

THEOREM 4 System (1) is ms-stabilizable by controls based on the delayed ob-
servation of the Markov chain if and only if sequence {K,(r)}, obtained from
the following recursive equation
Kn = T + ATI_{n—] A(T)
— ATK, B(I+ BTK,_1B)*BTK,_,A(r) (27)

with initial condition Ko(r) = 0 for every r € IE, converges to a set of symmet-
ric, non-negative definite matrices as n tends to infinity.

Proof. If R(r) = I and Q(r) = I then the assumption of Theorem 3 are
fulfilled. By Proposition 2, we have (27). Hence the statement follows from
Theorem 3. £

6. Conclusions

A problem of the optimal control of a class of a discrete time Markovian jump
linear systems with perfect observation of the states of the Markov chain has
been investigated. The quadratic cost is assumed. Two different models of the
observation of the states of the Markov chain have been considered. The first one
is without a delay in time, the second one with delay for one step. The differences
between these observation schemes have been pointed out. The controls for the
finite horizon of the control have been constructed. For the infinite horizon case
the solution as well as stability conditions have been formulated. It is mentioned
that the delay for one step model is related to the independent parameter case
considered by de Koning (1982).
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