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Abstract: In tltis paper a uovcl robust adaptive fulll~Y controller 
is proposed for tlw nonlinear systcn1 with state-dcpcwlcnt lllH:er­
taiuty. Compared with the conventional adaptive fulll~Y controller 
that dctennines the fuw:tiou wltidt bouwls the llltcertainty iu tlw 
system dyuamics by of-f-line utlculation on the local state space, tlw 
proposed method determines that fuuctiou by the fulll~Y iuferencc 
so that guarantees the stability of tlw closed loop system globally 
011 the whole state space. In addition the method is applied to the 
multi-iuput system. V,Tc applied the proposed method to the 13um 
Control of the Tokamak fusiou reactor whose dyuamical equations 
contain the state-depcwlcut uncertainty and proved the effectiveness 
of the scheme by the simulation results. 

Keywords: adaptive fulll~Y controller, rolmstncss, multi-input 
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1. Introduction 

TI.eceutly active studies have beeu conducted 011 the uoulinear coutrol schcllles. 
Mauy researchers have bceu iutcrestcd iu the feedback linea.rilla.tiou tedmiquc, 
sec Isidori (1080). 13ut the IIICrits awl dc111erits of that approach arc dear uow. 
For iustauce , the input-output or iuput-state linea.rilla.tiou pcrformauce iutprovc­
lltcut is the maiu a.dvautagc of the fccc lback liuea.rillation sdwme, whereas its 
major drawback is that it lw . ., difficulties iu dcaliug with the system with para-
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the control of system with panunetric llUCe1taiuty. Heuce, we have sccll ac­
tive st11dics iu the field of adapt ive uouliuear coutrol , like Sastry alHlKokotovic 
( 1 98G) , Sastry and lsiclori ( 1989) , Taylor , I<okotovic , 1\tia rino alHl Kauellakopoll­
los (1989), Kaitcllakoponlos , Kokotovic alHl lVImiuo (1 991), which eula r).';e the 
applicability of the feedback liuearil\aLion tcclmiqne to the syst.e11ts with para.­
lllctric lmccrtaiuty. 

Dnt when the systclll coutaius state-depeudeut l!ltcertaiuty or the iu tcnml 
distHrbmH:es, sec Nareudm awl AwwswaJJty (1989), even the sdwme of adapt ive 
nonlinear control l!l entioned above cal!lJOt he easil y applied to s11ch a systciJt. 
lVIcamvhilc, Illany papers have clcJJlonstrated tlmt iutelli).';eut co11trol is dfcctivc 
in ckaliug witlt the systmns whose uwdcliug is not easy. Aud son1e of adapt ive 
flll\l\Y control methods , Waug (1994) , Waug, lVJeudcl (1992) , Wan)!; (199G), l~<wc 
slwwu s1u:ccssfnl applicabi lity to tlw systeuts with statc-dcpeudent mH:crtainty. 

In this paper we propose a uovcl adaptive flll\Z.Y control sdteiJJe wltidt gnar­
autees the global closed-loop syste1u st.ability iu t iH) face of tlw systeJJl lllJ­
certaiuty dnc to the in tcnml distnrlmuces. Compa red with tl1c couvcutioual 
adaptive fllZZ.Y coutrollcr tl1aL gnarautees ouly local stability, the proposed cmt­
trollcr gnarautces the global dosed-loop systel!l sta.hility by iut rod11ctiou of uew 
method of estimating t he fn11< :tiou wltich gives the 11pper bo111Hls of the llll<:cr­
taiu term iu the system dywu uics by ntecUl of the fnzzy iufcrem:e. AlHl to prove 
the dfectivcuess of the proposed sdtClJJC, we applied it to t he Dnm Coutrol of 
the Tokamak f11sion reactor, Park , Yo11ug-Hwau, Park, Gwi-Tae (1995) , Dolan 
(1 982) , Hauey, Perkins, lVIanclrekas, Stacey ( 1 990) , wlwse dynamics contaius 
state-dcpeH<lcnt lllt<:ertainty. 

Tlw sim11latiou rcs11l ts show tl1at tlw proposed sd wmc is s11perior to the 
couveutional adapt ive f11zzy coutrol uJetlwds. The orgauizatiou of this pa per is 
R.s follows. Section 2 presents the desigu of a rolmst a.daptive f11ZZY controller. 
Applicatiou of the proposed Jttetlwd to the Dmu Coutrol of the Tokalllak f11siou 
reactor is dea lt with in Section ::l. F inally, Section tl couc!Hdes the paper. 

2. Design of robust adaptive fuzzy controller 

2.1. Control objectives 

Cousidcr the nth-order uouliuca.r systc1ns of the fon11 

x fun +f). 

17 i: (1) 

1 [h ( i:), h ( i:), ... , J, ( i ) r 
where f ; ts nuknowu contii ii!OitS functions , 'll. i E ~ is the iupn t of the system 
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he ::t.va.i lablc for Iueasmeiuellt. Tlw colltrol objective is to dcten11illc a colltrol fi. 
sud1 tlmt t ile closed-loop systeiiJ lllllst. he glolmlly stable aud t il e trackiug error 
e = Dm- D slwuld be as sumll as we detenJJiuc. 

A rcfereuce 1nodcl is ddilled a.s: 

.i:nl Amxm + Dmf 

Dm Xm 

:f:n1 [:rrn.l, :l:rn.2 , · · · , .'tnuJ.]T 

i' [r l , T2,··· , r-n ]T 

where i:m.,f E atn , Am ,Dm E arn xn a lld Am is a stable 111atrix. 

2.2 . Controller design 

If .{; is kliOWll fnuctiolls , tlw coutrol law 

n = -len +Am.?:+ Dm r 

applied to (1) resnlts ill 

.-f: = Am:l: + J3,f' 

(2) 

(4) 

which illiplies tlmt lilli 1.~ 00 e(t) = 0, a lllaill objective of COlltrol. However, .T is 
llllkllOWll. 

To solve this prol>lclll , we follow tile approacl1 froiJ J Wallg (1004), Waug, 
JvielJ(lel (1002), Waug (1000), i.e. iiHiircct adaptive fnzzy COlltrol, wlwre lllJ­

klloWll fuw :t ioll f; is replaced by a fnzzy logic syste111 ]; . 
To prcsellt tlw deta iled dcsigu steps, we 111ak<~ all a.ssUlllptioll. 

A::i::iUMPTION 2.1 Thenc; m e !.he followin.r; hn.rru.ist,ic des r:l'iption.s about the ?J:n.­

known fu:ncl:ions f ; (.7:) (from. h11:111.0:n e:rpe·ds): 

R (r) . 
l.f . J F :~: 1 i.:; A1 , . a.nrl 

THEN ft (x) is C1 ,. n:n.rl 1 f. ( -) . C' ,. a.nr . n .1: ?.s n 

wh r:l'e A;" and C; ,. a:/'e fuzzy sel.s in at, T = 1, 2, · · · , Lr. 

Step 1: lllitial Coutroll er Collstrndiull 
• Ddillc Uc as tile ueigilhorlwod of tile poiut x,,(t) ill ~n. 

(G) 

• Ddillc 111; fuzzy sets F ;1
; wl10se IIJ< ~ Jllhersilip fnlH:tiolls ft·F,'; lllliforud~r 

cover Uc; which is tile projcdioJJ of Uc uuLo tile itil cuonlillate, when~ 

l; = 1,2, · ·· , 1\1; alld i = 1, 2,· ·· , n. Vlc rcq t1irc tlmt P/;'s im:lndc the 
A/'s ill (G). 

• Fro111 tile lillg nist ic dcscri ptiou (G) , coustmct t l1 c fn zzy mlc base fo r t he 

fuzzy logic systeJJI::i /; (:l:JO;) 's , each of which collsists of l\11 ,1\12 , ··· , l\1n 
niles whose IF parts CO!ilprisc a ll tlw possible COIIlhiuaLioliS of t ile F;'s for 
i = 1, 2, · · · , n. All( I fJ; is dciilled later as iu (8) of fnzzy ba.sis fnlH:tiou 
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Specifically, the fnzzy mlc ba.-;c) of j; (xjiJ;) consist of the mlc 

R.r(l1' ··,!.,) · IF :1: 1 i8 F1 11 and · · · n.nd :1: 71 i8 F,/" (G) 

where l; = 1,2, · · · , 111; awl i = 1, 2, · · · ,n, aiJ(l G;(l 1 ,-··,l ,) ,s arc fnzzy sets in~ 
which arc specified as follows : if the IF part of (G) agrees witl1 tbe IF part of 
(5), set G/11···,l,)•s equa l to the corresponding C'/ 's; otherwise, set G;( 11 ,. .. ,1,) 

arbitrarily with the constraint tlu·ct the centers of G;( 11 •· ·,l,) be insi(k t he c:mJ­
straint set D. Therefore, the initial adaptive fu zzy cont ro ller is coustmcted frolll 
t he liuguistic mlcs ( 5) awl (G). 

Constmc:t the fuzzy basis fuw:tions 

(7) 

and collect thelll in to a n;,'~ 1 J\!f; - diJJJeJJSionaJ Vector ((i:) in a natura l ordering 
fo r l1 = 1, 2, · · · , 1111 awl In = 1, 2, · · ·, 11111 • 

Collect t he points at which f' G;(I 1 ,. ,1,) 's ac!Jievc tl1cir lllaxillJUIII values , in 

the sallie ordering as ((i:) , iuto vectors O;'s. Tlw ./;(x iO;) a!Hl.f;(:r l01, ·· ·,0,) 
a rc constructed as 

j;(xiO;) = o{((x) 
"- - - - - T - -
J ( .i: I(;) 1 ' · · · ' (;) n) : = [ (;) 1 , · · · , (;) n] ~ (:T:) = (-) ~ (:1:) 

- - - T 
El := [e1,02, ... ,on] 

Step 2 : Dctcnnination of .{11 (i:) that honnds l.f(i:)l 
Let tts nmke an assulll ptimJ for f(x). 

(8) 

(0) 

AssUMPTION 2.2 Th e TW 'nn. of .f(.i:) is bounded fo ·r all :1: ·in !.he r:omparJ subset 
Uc of~". ·i. e., 

1/(.r) l < f"(i:), WE Uc C ~(11 (10) 

I !·"· (-) · sn w J.e·re . T '1:11. n. 

Subject to Ass11111ption 2, it is aximnatic that t ltere exists an angle 19(0 ::::; 
19 < .;;: [ra.rl]) such that (tan 19) lx l boJnH!s l.f(i:)l for a ll x in the cmnpad. subset 
Uc o(~n , i.e., 

:W :;./ .. l.f(.i: ) I ::::; f"( i:) ::::; t.an1? · 1.1:1 < oo, 'V.i: E Uc C ~n (11) 

T hen to cst i1t1atc 11 satisfying tlw inecpta li ty in (11), we propose fu zzy sets 
"large", "1niddle" , "snta ll" denoted by e[, , e/.1 , e-s respectively in F ig. 1 a.JHI 
fuzzy mlc base( Il) <t!Hl a, fnzzy logic syst.<)JJJ (12) 1n <:olliJedion witlt tracking 
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Figmc 1. l'vfcJnbersiJip fnw:tious for cs, cf,1 , e"L 

l-Ien~ deta iled dcscriptious of tlic llleJJihersliip fnllctious for c"L, ef.J, es a rc 

i'·cl. (lei) 
1 f:L + Cfii 

{ 1•1 - n } l 
a-

1 + e- - , - 2 

l' cA 1 (lei) " ( 1( lcl -cAin e.7 p - -
2 (J 

i'·c-s(lel) 
1 

a.' = 
e5 + eM 

1-
( le l-o' ) 1 

1 + e- - , - 2 

wlwre eL, eM, es me clioseu arbitrarily at tlic dcsiguer's disposal awl !J awl 
a <"trc cousta!lts tliltt deten11ilH~ the slope of tlw graph. lu tl1is paper, for tlw 
coutrol of Toka11mk fnsion reactor iu Section 3, C£ , CJ\1, es arc choscu as 0.02 , 
0.010, 0.01, respectively, as sliowu itt Fig. 1. 

If lei is SI!Jal! tlicu 1? is 

(R) If lei is llliddlc tlw11 1? is 

If lei is lan~e tlwu 1? is 

if 
- [ra.r!] 
4 

371 
s [md] 

if 
- h·ar!l 
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1
? = l'-.-~ ( lc i)~+JI,o 1 (l c l )"\f + JI,-1 ( l e i)~ 

Jles (lei l+11e. _; 1 (lei l+Jlr.L. (I cl) 

.f" ( x) := tall19 · li:l , 
Vi: E Uc C ~n j"(i:) E ~ 
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(12) 

( 1::l) 

Fro Ill (Il) awl Fig.1 we call expect t lw.t 1? approadws -!5- as I el is greater tl1all 
e£. Awl we call sec that whell lei > f ; L, 1? dctcnuillcd -frmu (12) sHI-ficiclltly 
satisfies the illcqnality ill (ll ) sillcc 1? ---+ -!5- awl t au1? ---+ oo as lei > P-£ . (12) 
and (10) will be 11scd later for the proof o(boHwleduess of lei iu Step 4. 

Step 3: Error dyua1uics eq11atioll 
Define a coustrailled set n for <-1 sp<~cificd by tlw dcsigller. For 0 , we n:quire 

that (-) is boHlldcd, that is , 

n = { (-) : tr{ (-)f)T} ~ J\1} (14) 

where Jv! is positive collstallt sp<~cilied hy the desigllcr . A 

Now we replace j(x) ill ( ~l) by the fn,;,;y logic system f(i:) ill the fon11 of (8) 
allcl (D). The resnl tiug colltrol law 

( lS) 

is the so-called certainty eq11ivalcut collt rollcr in tlw adaptive control litcra.t mc 
(Sastry and Isidori, 1()80). Vl e append another co11trol tcnu, ·ii.8 , to Uw Ti.c sncl1 
t hat the final co11trol is 

Ti. = •ii.c + fi 8 (Hi) 

This add itional control tcnu ·ii.8 is called (Sastry aw l Isidori , 1()8()) snpcrvi­
sory co11trol for the reasons giveu n.t the cud of Step 4. 

SHbstitHtillg (1S) awl (Hi) into (1) awl after IIJallipHla.tion witl1 (4), we 
obtai11 the error cqnatioJ1 

e = Am e + [f(.i:) - .f(.r)] +li s (17) 

where e := .i:m- .i:. 
Siw:e Am is a stable Ill a trix, we k11ow that t here exists a 11nic[1 1< ~ posi ti vc 

definite syuuuctric n x n Inn.trix P which satisfies the Lyap111JOV cqttation: 

Am.Tp +PAm. = - Q (18) 

wlwrc Q is n11 arbitrary n x n positive defi11itc l!la.trix. 
Step 4: Dctcnllilla.tioll of SHpcrvisory co11trol ii 8 a.wl Lya.ptliJOV stability 

analysis 
Let. a Lyaptuwv fnndion caudidatc be Ve = ~ eT P c awl dwos<: tlw sHpcrvi­

sory co11trol ·ii.8 ;.'ts 

·ii s = { ~( I. :Pe/ I Pe l)(i.f(.r) l + f"(i:)) , /.: > 1, (lD) 
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wbere V8 is t ile value o f 11c whcu jej = c8 . 

T heu usiug (17) aud (18) we have tl w derivative of 11c a.s 

Vc ~ [cr (J1,Tp + P Am) c + 2cT P(.f(:"l:) - ,{(:~:)) + 2cTPfi s J 

l_TQ - + -Tp ('f_( _) {-(- )) -Tp -- 2c c e . 1: - . .T + e '11. 8 

1 ~ - ~2 - T::> (":-(-;) ~( -·)) - T::> -< - 2-AQ.,, ;., e +e 1 .f 1. -./1 + c J v ,. (20) 

1 - 2 - T ":- - ~ - - '1' -< -2 -AQ,., ;., Jej +Je PJ J ./(.7:)-.f( :~ :) J +e Pus 

< -~AQ,; , jej 2 + jcTPJ(i.f(:l:) j + jf (:l:)l) + eTPTi.s 

where AQ.,,;, is the lll ill illllllll cigem r;th w of Q. 
If jcj > eL, J.f(:l:) j < ./'"(.7: ) is g umautccd by t lw fuzzy logic svsteiii (12) alH l 

(10). A lso iu couuect iou wit h i/ 5 iu (10), we ha.vc t lw followiug <~qlln.tiou: 

jeT Pj( jJ(:l:)j + j,{(i:)j) + eT P'li.8 = 

jeT P j(jJ(i:) j + j/(.7:) j) - l.:jcTPj(jJ(:i':)j + f"( :T: )) 

=jeT P j(1- !.:) · jJ(:T:)j + jr.T P j(jf(:r:) j - /.: f~~(.7:)) 
< o (ifjc j -1 O) 

T lwn:fo re froi ii (20) a1H l (21) , we lmve tin: ro ll owiug: 

i f jc j > eL, then Vc < 0 o.nrl \fc :::; \IL < oo 

where \IL is t he vahw of Vc wbeu ji'j = I?£ . 

Pro Ill (22) we ca11 coiH:Illde t hat jc j :::; J (2~ ), \/.7: E ~11 , siuce 
1 .,1 1 /1 

lfc :::; \IL 
I \ j- j2 < 1-Tp - < \1 
2/\ J..J,, .; " e - 2c r~ - L 

j- j2 < ?~ 
e - ~' "p'lll i ll 

.1 

ji'j:::; (2~) 2 , \1:1: E ~( 11 • 
/'111 1 11 

Step 5: Ou-liue adap ta.tiou witl1 proje<:Liou a lgori L! JJJJ 

(21) 

(22) 

If w<~ choose t he ad ap tnt iou hw hn.scd ou pro.iect. iou algoritlJ JJJ (Sast rv <tl! d 
Isidori, 1D8!J) 

(.:.) -rPr;{T (.7:) 

if ( tr( (-)(7T) < J\I ) or ( t r( (-)(-)T ) = J\I a11d i'TPC-1{(:1:) 2: () ) 
(-) -~ P i'{T (:T:) + ["yeT PC-){(i:) f i r ( (-)(-)'~' )] (-) 

: (' ( I AA ( f \ f \ T \ 1 - 'r , , .... ~ / - \ . 1\ \ 
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tlwu we U\ll gnarantee 

tr((-)(-)T) ~ M 

Proof: 
From (20) we sec tltat if tr(8f-)T) = M awl e_T PC-){~ 0, thcu we l1ave 

r1 [tr((-)8T)] tr(Ge r + f-)f)T) 
rlt 

tr( - "(Pe{rc.:.)r - (-){e? P'Y) 

-21 eTC-)( 

< () 

And from (20), if tr(88T) = M ami e_T PC-)( < 0, thell we have: 

r1 [tr((-)(.:.)T) j = tr(G (.:.)T + 8f.)T) 
dt 

Hcm:e ( 20) gnaran tees ( 24) . 

(24) 

0 

The overall scheme of indirect. adap t ive fnzz,y coHtrol systems is slwwu iu 
Fig.2. 

3. Application to the burn control of the Tokamak fusion 
reactor 

3.1. The Tokamak fusion reactor model 

Tlw simplest model for the Tokamak fnsiou reactor is the z.ero dimcusioual 
model slwwu below after Park, Park (HJ00) : 

:i:1 h (i:) + gn (.r)u1 + gl2(i:)u2 

h (.r) = -c1 .1:1 , 

.Qll (i:) = 1 , 

.Q21 (.r) = - .T2{T1 , 

(" - 1 
-- 1 - a(:Jxllx2"" ' 

C3 = 0.1042Zc.f.f , 

h(i:) = (;2 < av > :1:1- c3 :~ : 1 .1:2°. 5 - c4:1:2 

gu(i:) = 0 

.CJ22(.r) = 100/(4.8.?:1) 

C2 = (0 .02 X 1023 )/12 

1 1 
(;4 = 

O.T 1l?;2 m o j).?: JLI:2m 

(20) 
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r r Reference l 
I Model r 

II Plant 

i = f(x) + ii, y = x 

"' + Fuzzy Controller 
.,/ /\ 

iic= -f(x) + Ami + Bmr 
+ 

Initial @ (0) t detennined by 
linguistic .Adaptive law I infonuation 

®= h(®,e,x) I 

~ 
+ 

Supervis01y control 

0 
v: e~V · 

iis= -{kPe/lPei }( if(x)l+f'tx)) 

Xm 

+ 
-

' x 
e 

f'~x) Fuzzy 
logic 

system 

F igm c 2. T!tc overa ll schcinc of indi rect adapt ive fuzzy control systciHS 

G21 
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where 
:1:1 the particle density in t he TokaJJJ<Lk fnsiou reactor, n [1020 /'1113 ] 

:r:2 the teuqwratnre iu the Tokaumk fusion reactor , T [keV] 
11.1 the particle supply, S[1020 /'111.3 8] 

112 tlH~ a uxiliary heating, P a ux [.MW/'1113 ] 

o, (1, Zcr.r : kuowu constauts 
l , 'Ill. : uukuowu constauts 

The uHcertai11ty of pa ra! JJcters l awl 'til. is classified a.-; follows , 'Vnug ( Hl94): 
• coustaut confine1uent law : l = ·ut. = 0 
• Boluu diffusion : l = 0, '//1. = - 1 
• neoclassical diffusim1 : l = - 1, '1/t. = 0.0 
Cle"'rly, the systclll (20) lms st ate-dependent uuc<!Jtainty due to the uw:er­

taiuty of l <1.!1(1 ·tn. 

3.2. Controller design and simula t ion 

The systeJ!l (20) is two-diuwusimml , so we choose n = 2, /111 = !112 = 0 in the 
fu:.~:.~y rule R.r(l, ,. .. ,l,) in the Suhsed.ioll 2.2. The reference !lJOdcl (2) is cl10seu as 
Am = - 00/ , 13m = 00/, where I is the identity llJ atrix. T he fu:.~:.~y sets in Fig. 
1 me chosen a.-; es = ().(Jl , efla = 0.010 , eL = 0.02. The systen1 (20) is asstuJwd 
such that there is no modeling error i11 tlw tenus .(]ii (x), i = 1, 2, j = 1, 2. 

Heuce we a.ss tune tlmt tlw llla.trix G ( :f:) = [ gll. (( ~)) 912 (( ~)) ] is JJOIJsiugt dar on 
921 .1 g22 :/, 

:f: # 0. Positive definite 111atrix Q l'\11(1 P is choscu appropriately. Subject to 
these choices we usc a coutroller al!Cl adaptation algorit!tJJI of the fomt s!JOwu 
in Sectiou 2. 

fi.( :7:) c- 1 (:r:)[-}(x) + A,.,:l: + 13,.,f - Ti.8 (i:) J 

{ 
- (kPeJ IPel)(\.f(:l:) l + J"(x)) , /.: > 1, 
() 

if Vc > 1fs 

if Vc 'S 1fs 

'Ve apply tl1is controller to the systeut (20) with va.ryiug l H!ld '1/t., sec Fig. 
::l . vVe choose !11 = 0.92 X 103 considering; the operatioll r<U![';<~ of :Q,, the output 
vector of tlJC rcfere11ce uJOdel. Fig;. 4 sl10ws tl1e state .1: 1 and its desired value 
:1:rn1 . Fig. 0 sl10ws the state .1:2 aJI( l its desired val ue .1 :m2 . F ig. 0 shows 
the tracking errors e1 awl e2 all! l confinns tlmt tlw errors r~xe hounded by the 
deterlllined value eL = ().02. Fig. 7 shows tlw control i11 puts '~~· 1 a11<l 'II.'J. . Fig. 8 
shows that tr(E-)(-)T) is hounded hy rvr. F ig. 9a a ll<! Fig. 91) CO!llpare .run wit]J 

!" ( :7:)' 

4. Conclusion 

We extend tlw rtpproa.ch of 'iVa11g (1994), Wa.ng, l'vi<~nd<~ l (1992) to the JJtttll.ivari-
c 
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nonlinear system globally. The estimated .{'1·(.1:) is good enough for control pur­
poses. But further research is required for the systems which have uncertainty 
in gi.i(x). For the demonstration of the validity of our proposed r!rethod, we 
apply the proposed controller to the burn control of the Tokamak fusion re­
actor which has the dynamic equation with state-dependent uncertainty. The 
simulation result shows that our scheme is effective. 
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