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Abstract: In this paper a novel robust adaptive fuzzy coutroller
is proposed for the nonlincar system with state-dependent nneer-
tainty, Compared with the conventional adaptive fuzzy controller
that determines the function which bonuds the mneertainty in the
system dynamics by off-line calculation ou the local state space, the
proposed method determines that function by the fuzzy inference
so that gnarantees the stability of the closed loop systemn globally
on the whole state space. In addition the method is applied to the
multi-input system. We applied the proposed method to the Burn
Control of the Tokamak fusion reactor whose dynamical equations
contain the state-dependent uncertainty and proved the effectiveness
of the scheme by the siimulation results.
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1. Introduction

Recently active studies have been condneted on the nonlincar control schemes.
Mauy researchers have been interested in the feedback linearization technique,
see Isidori (1989). But the merits and demerits of that approach are clear now.
For instance, the input-onfput or input-state lincarization perforinance iimprove-
ment is the main advantage of the feedback lincarization scheme, whereas its
major drawback is that it has difficultics in dealing with the system with para-
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the control of system with parametric uncertainty. Hence, we have scen ac-
tive studies iu the field of adaptive noulinear control, like Sastry aud Kokotovic
(1986), Sastry and Isidori (1989), Taylor, Kokotovic, Marino and Kancllakopon-
los (1989), Kancllakopoulos, Kokotovic and Marino (1991), which eularge the
applicability of the feedback lincarization technique to the systems with para-
metric uncertainty.

But when the system contains state-dependent nneertainty or the internal
disturbances, see Narendra and Aunaswaimy (1989), even the scheme of adaptive
nonlinear control mentioned above cannot he casily applied to snch a systeun.
Meanwhile, many papers have demonstrated that intelligent control is effective
in dealing with the systeins whose modeling is not casy. And some of adaptive
fuzzy control icthods, Wang (1994), Wang, Mendel (1992), Wang (1996), have
shown successful applicability to the systems with state-dependent nncertainty.

In this paper we propose a novel adaptive fuzzy control schiemne which gnar-
antees the global closed-loop system stability in the face of the system nu-
certainty due to the internal disturbances.  Compared with the conventional
adaptive fuzzy controller that gnarantees ouly local stability, the proposed con-
troller guarantees the plobal closed-loop system stability by introduction of new
method of estimating the function which gives the npper bounds of the uncer-
tain term in the system dynamics by mean of the fuzzy inference. And to prove
the effectiveness of the proposed scheme, we applied it to the Burn Control of
the Tokamak fusion reactor, Park, Yonug-Hwan, Park, Gwi-Tac (1995), Dolan
(1982), Hancy, Perkins, Maudrekas, Stacey (1990), whose dynamics contains
state-dependent uncertainty,

The simulation results show that thie proposed scheme is superior to the
conventional adaptive fuzzy control methods. The organization of this paper is
as follows. Scetion 2 presents the design of a robust adaptive fuzzy coutroller.
Application of the proposed method to the Burn Control of the Tokamak fusion
reactor is dealt with in Scetion 3. Finally, Scction 4 concludes the paper.

2. Design of robust adaptive fuzzy controller

2.1. Control objectives

Counsider the nth-order noulinear systemns of the form

F o= f(A+a

y = @ (1)
E = [m,m, o, nr,TlT

fo= @), L@, -, @)

i = [|w, ug, -, -u.,,_]T

where f; is unknown contiunous functions, u; € N is the uput of the system
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he available for mcasurement. The coutrol objective is to determine a control 1
such that the closed-loop system must be globally stable and the tracking error
& = ijm — 7 should be as small as we deternine.

A reference model is defined as:

T = Amfm+ Bnf (2)
In = Tm
Tm = [f"-'rnl s Tm2; 00, mtr):}.]T

To= [?.1’,...2:___‘.‘,."]7‘

where #,,,7F € R", A, B, € R and A, is a stable matrix.

2.2. Controller design

Il f; is known functions, the control law

il = —f('f) + At + BT (‘;)
applied to (1) results in
F = Apn® + Byt (4)

which fmplies that lin,_.&(f) = 0, a main objective of control. However, [ is
unkuow,

To solve this problem, we follow the approach from Wang (1994), Wang,
Meudel (1992), Wang (19906), i.e. indirect adaptive fzzy control, where nn-
known function f; is replaced by a fuzzy logic system f,

To present the detailed design steps, we make an assinption,

ASSUMPTION 2.1 There are the following lingquistic descriplions about the un-
known functions [;(%) (from hwman experts):

1'1’;{") :

IF ayis Ay and - and x,, 15 A"

THEN [i(7)is Cy" and --- and [,(%) is C,," (5)
where A;" and C;" are fuzzy sets in N, r =1,2,.-+, Ly.

Step 1: luitial Controller Coustruction

e Define Ue as the ueighborhiood of the point 2, (1) in 7.

e Define M; fuzzy sets 5 whose membership funetions jeg, nniformly
cover U, which is the projection of U, outo the ith coordinate, where
i = 1,2, . M; and 7 = 1,2, ,n. We require thar F,;I"H include the
A" i (D).

e [rom the linguistic description (5), construct the fuzzy rule base for the
fuzzy logic systems f,-(:?r[ﬁ,-)’s, cach of which consists of My, My, -+, M,
rules whose 11 parts comprise all the possible combinations of the F's for
i=1,2,-,n And 0; is defined later as in (8) of fuzzy basis function
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Specifically, the fuzzy rule base of fi(#|0;) consist of the rule

.Rf“l’ wh) IR zyis " and - and ay, is F,' (6)
THEN fy(z|0,) is G,"v") and --. and _f,,(.'r':m”) is Gl in)

where ; = 1,2,--- ,M; andi=1,2,---,n, aud Gt are fuzzy sets in N
which are specified as follows : if the I part of (G) agrees with the IF part of
(5), set G;( ) equal to the correspouding C;™’s ; otherwise, set G
arbitrarily with the constraint that the centers of Gt e juside the con-
straint set 2. Therefore, the initial adaptive fuzzy controller is constructed from
the linguistic rules (5) and (06).

Construct the fuzzy basis functions

el Ey (TTiqreryts (2:4))
gimtmelarndal () My S~ =1 .

7
I =1 :3=1"' z,,_1{n, EE (24)) 5

and collect them into a [Ti_, M; - dimensional vector &(#) in a natural ordering
for b =1,2,--- Myand [, =1,2,---, M,,.
Collect the points at which jig ¢y.-.0's achieve their maximmun values, in

the same ordering as £(7), iuto vectors 0;'s. The fi(#10;) and f,(2]0y,---,0,)
are constructed as

fi(#16;) = 0?‘5‘(5-) (8)
f('flol‘,l(}n) = Igl:' ] E ’_ —()f(F) (9)
= [{jl:(jﬁa 0 ]J
Step 2 : Determination of f*(7) that honnds |f ()]
Let us make an assmuption for f(7).

ASSUMPTION 2.2 The norm of f(&) is bounded for all # in the compact subset
Ue. of R". i.e.,

If(®)] < f3), VY2eU.cR" (10)
where f”('.'_) in N,

Subject to Assmmption 2, it is axiomatic that there exists an angle #(0 <
9 < Z[rad]) such that (tan9)|#| bonuds |f(#)| for all # in the compact subset

U, of R, i.c.,
30 st |f(@)] < f(F) < tand - |7 < 00, VEE U, CR" (11)

Then to estimate ¥ satisfying the inequality in (11), we propose fuzzy sets
“large”, “middle”, “small” denoted by er, ear, €s respectively in Fig, 1 and
fuzzy mle base(R) and a fuzzy logic system (12) in connection with tracking
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Figure 1. Membership functions for e, ey, ¢,

Here detailed desceriptions of the menibership inctions for ey, ejy, es are

g 1 e+ enr
L I — —_— g CLTEM
g AR 2
1 le|=e
tew (€)= car}r;(wi(M_ap_ﬂ*}?)
!"‘r:_s(lf_"]) = 1= %. Al s '!; CAf
1 + f’._{ [ } &

where e, epr, es are chosen arbitrarily at the designer’s disposal and O and
o are coustants that determiue the slope of the grapl. In this paper, for the
control of Tokamak fsion reactor in Section 3, er, ear, es are chosen as (.02,
0.015, 0.01, respectively, as shown in Fig, 1.

If |e] is simall then 4 is : [rad]

1

Ry If || is middle then 9 is d—ﬁ rad
8

1M 16l is laree then 19 is E[mrﬂ
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_ e (leD) FHueg, (18D 3E +iqy (1E) § ‘
0= teg (€D +pef, (1€ +pey (12]) (12)

SU(®F) == tandd - |7,
VieU.CR" f"(z)eR (13)

From (R) and Fig.1 we can expect that 9 approachies Z as [e] is greater thau

er. And we can see that when [ > e, 9 determined from (12) sufficiently
satisfies the inequality in (11) since ¥ — £ and tand — oo as |e| > eg. (12)
and (13) will be used later for the proof of boundeduess of || in Step 4.

Step 3: Error dynamics cquation

Define a constrained set € for @ specified by the desiguer. For €2, we require
that © is bounded, that, is,

Q={0: {067} < M} (14)

where M is positive constant specified by the designer.
Now we replace f(&) in (3) by the fuzzy logic system f(#) in the form of (8)
and (9). The resulting control law

ﬂc = _j:{'?') + Amn_: 1 Bm?_' (15)

is the so-called certainty cquivalent controller in the adaptive control literature
(Sastry and Isidori, 1989). We append another control tenn, i, to the i, such
that the final control is

i = g + ils (16)

This additional control term g is called (Sastry and Isidori, 1989) supervi-
sory control for the reasons given at the end of Step 4.

Substituting (15) aud (16) into (1) and after mauipulation with (4), we
obtain the error eqnation

6= Ané+ [f(n‘:) — f(®)] + us (17)

where € := @, — 7.
Since Ay, is a stable matrix, we know that there exists a nuique positive
definite synunetric n. x n matrix P which satisfies the Lyapunov equation:

AmTP + PAm == _Q (18)

where @ is an arbitrary n x » positive delinite matrix.

Step 4: Determination of supervisory control g and Lyapuuov stability
analysis

Let a Lyapunov lunction candidate be V, = %FTP?" and choose the supervi-
sory control iy as

o= | ~WPE/ AT+ @), k> 1 i Vo>V, (19)

"
= S O R o 4
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where V5 is the value of V, when |e| = es.
Then using (17) and (18) we have the derivative of V, as

: 1
V. =

I

T (AT P + PAw)E + 267 P(F(7) — [(7)) + 267 Piig

~%@7w(25 + & P(f() - J(7)) + & P

< ~3Aqua el + & P(F@) - J(3)) + P, (20)
< ——AQH”\|+-V Pl f(x) - F(@)| + " Pag
< = 3ulel? + P+ @) + ¢ P,

where Ag,,,, is the mininnun eigenvalne of Q.
If |e| > ey, [f(Z)] < f"(F) is guaranteed by the fuzzy logic system (12) and
(13). Also in councction with g in (19), we have the following equation:
e PI(1f()] + |F(#)]) + & Pa, =
&7 PI(F@)] + 1 @)]) = ke P @) + (7))
= [e"PI(1 = k) - [f@)] + [P (@)] = kf"(7)
<0 (iflel £0) (21)
Thercfore from (20) and (21), we have the following:
If |e] > er, then V, <0andV, <V, < o0 (22)

where Vi, is the value of V, when |¢| = ep.
From (22) we ca

(2,\,‘; —), V2 € N, since

Step 5: Ou-line adaptation with projection algorithin
If we choose the adaptation law based on projection algoritlhim (Sastry aud

Isidori, 1989)

© = —yPe"(z)
if (tr(©0T)< M) o (/;(()()T)—A/ and el POE(F) > 0)
O = —yPeET(3) + [yeT POE(T)/1r(0O] )]()

T e O\ N v =TV aneN R =N BN s
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then we can puarantee
mr(OeT) <M (24)
Proof: .
From (23) we see that if r(007) = M and €7 POE > 0, then we have
%[tr((—)f—)T)] = (00T +0067)
L
= ir(—yPeETOT — 0eT Py)
= —2v¢TOf
< 0
Aud from (23), if tr(00T) = M and &7 POE < 0, then we have
;_i[m-(et—)?“)] = (007 +007)
(1l
eT POE
ir(007)
= —29ir{PeETOT} + 2v2T POE
= )

= 2r(—yPeETOT + 4 0o’

Hence (23) gnarantees (24). O
The overall scheme of indireet adaptive fuzzy control systems is shown in

Fig.2.

3. Application to the burn control of the Tokamak fusion
reactor

3.1. The Tokamak fusion reactor model

The simplest model for the Tokamak fusion reactor is the zero dimensional
model shown below after Park, Park (1995):

g1 = fi(®) + gn(®)ur + gra(T)uz
gy = [fo®) + g21(F)uy + goo(F)uz (25)
n o= 3, =
H(#) = —eymy fa(F) = e2 < 00 > 21 — c32170%° — 479
(@) =1, 912(%) =0
g21(7) = —mafay,  goa(®) = 100/(4.82)
0=, 2= (3.52x10%)/12
1 1

3 = 0104274 , €4 =

T axylae™  affeylae™

Aan
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r Reference
—.-
Model
u Plant

£=f®+i, y=¢%

+ Fuzzy Controller
2 i, = -f(X) + AuX + BuF
Initial ((0) 1
determined by
lnguistic Adaptive law

information .
e ) - = e —— e
® e h(@ s €y L)

Ve >V * Y

’/ M Supervisory control f'{x) | Fuzzy
lsg—— logic

‘% <V u=-{kPe A Pe|}( |?(I-[)| +f‘ti)) system

Figure 2. The overall schemne of indirect adaptive fuzzy control systeins
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wliere
21 : the particle density in the Tokamak fusion reactor, n[1020 /23]
w9 ¢ the temperature in the Tokamak fsion reactor, T'keV]
uy @ the particle supply, S[10%0/m®s]
us : the auxiliary heating, Paux [MW/mn?]
a, 3, Zegp : known constants
L,m : nuknown constants
The uncertainty of parameters I and i is classilicd as follows, Wang (1994):
e constant confincient law : [=m =10
e Bolun diffusion : 1 =0, m = -1
e ncoclassical diffusion : [ = =1, m = 0.5
Clearly, the system (25) has state-dependent nucertainty due to the uncer-
tainty of I and .

3.2. Controller design and simulation

The system (25) is two-dimensional, so we choose n = 2, My = Ms =5 in the
fuzzy rmle R;”‘ “50n) i1y the Snbsection 2.2, The refereuce model (2) is chiosen as

A = =501 , By, = 501, where I is the identity matrix. The fuzzy sets in Fig.
1 are chosen as eg = 0.01, ep; = 0.015, ¢;, = 0.02. The system (25) is assumed
such that there is no modeling error in the terms gi;(2), i = 1,2, j = 1,2.

(@) g12(%)
921(%)  g2a(%)
2 # (). Positive definite matrix @ and P is chosen appropriately. Subject to
these choices we use a controller aud adaptation algorithin of the form shown
in Section 2.

u(7)

il (7)

Henece we assine that the matrix G(7) = [ ] is nonsingular on

G (@)= F(2) + AmT + BT — i (7)]

{ (kPR |PE)T@) + /@), k> 1, if Vo>V
0 ?f Vc < Vs

We apply this controller to the system (25) with varyving I and m, sce Fig,
3. We choose M = 0.92 x 10® considering the operation range of 7y, the ontput
veetor of the reference model. Fig. 4 shows the state oy and ifs desived valne
1. Fig. 5 shows the state 29 and its desired value 0. Fig, 6 shows
the tracking crrors e; and es and confirms that the errors are hounded by the
determined value e = 0.02. Fip, 7 shows the control inputs w; and s, Fig. 8
shows that fr(007T) is bounded by M. Fig. 9a aud Fig. 9b compare f(@) with

[*(@).

4. Conclusion

We extend the approach of Wang (1994), Wang,

o 1

Mendel (1992) to the multivari-
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Estimated value FU greater than Norm of f(x)
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Figure 10. Estimated value of f™(z).

nonlinear system globally. The estimated f*(Z) is good enough for control pur-
poses. But further research is required for the systems which have uncertainty
in g;;(#). For the demonstration of the validity of our proposed method, we
apply the proposed controller to the burn control of the Tokamak fusion re-
actor which has the dynamic equation with state-dependent uncertainty. The
simulation result shows that our scheme is effective.
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