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Abstract: A comprehensive convergence theory of dynami cal 
thin shell models for the purposes of control theory relies heavily on 
a thorough analysis of the static model and the complete speci Gca­
tion of the spaces of solu t ions of the asymptotic solution for general 
midsurfaces ran ging from the plate to arbitrary C 1 

'
1 midsurfaces. 

In this paper the existence of solution to the membrane shell 
equation is studied in a bounded open connected dom ain w (Lip­
schitzian when w has a boundary/') in a C 1•1 rnidsurfac:e for homo­
geneous Neumann boundary cond it ions or homogeneous Diri chl et 
boundary conditions on a part / 'o of T It is proved t llat its tan­
gential part is solu tion of the Ted1tced memhmne shell cqv.ation in 
H 1(w)N (resp. H~0 (w)N) unique up to an element of a finite d imen­
sional subspace, while its norm al com ponent belongs to a weighted 
L2 (w) space by the pointwise norm of the second fundamentCl l form . 
It is also shown tha t the reduced equation is equivalent to the equa­
tion for the projection onto the linea r subspace of vector functions 
whose linear change of rnetTic tensoT is orthogonal to th e second 
fundamental form of the midsurface. 

Keywords: shell s, membrane shell equat ion, asymptot ic shell 
models. 

1. Introduction 

Thin shells are two-eli mensional approximation s of three-eli mensiow1l elastic 
bodies as their thickness becomes srna 11. From the mathematical and pract ical 

1 Th is research ha.s been supported by Nat iona l Sciences and Enginee ri11 g Research Counc il 
of Canada research grant A- 8730, <:tnd bv a FCJ\ R. gra nt from t he JVIini stCI-C' de I' Education 



482 M.C. DELFOU H. 

points of view, such models make sense provided Lha.t the loading conditi ons are 
chosen in such a way that the three-dimensional model and the two-eli mensional 
approximations both converge to some asymptot·ic shell model. A fairly large 
and rich body of literature addresses this issue for t he stat ic model and i L is pos­
sible to identify which of the thin shell models have good asym pLotic propert ies . 
They can be used in the optimal design of static shell s as long as the asymp­
totic properties of the optimal thin shell are preserved through th e optimi zation 
process. 

In their standard version t he associated control problems make use of dy­
namical models. They are obtained by including a kinet ic: energy term in the 
energy balance (potential energy and work of the applied loads of the static 
model). For the models to be compl etely coherent and accurate, it is necessary 
to show that as the thickness goes to zero, the dynamical three-dimensional 
model also converges to an asym ptotic dynamical model. Good dynamical thin 
shell models should converge to an appropri ate asymptotic dynamical model. A 
comprehensive convergence theory of dynamical t hin shell models reli es heavi ly 
on a thorough analysis of the static model and the complete specifi cat ion of the 
spaces of solut ions of the asymptot ic solu tion for general midsurfaces ranging 
from the plate to arbitrary c l,J midsurfaces . 

In this paper we focus our attention on the membrane shell equation whi ch 
is one of the pieces of the big puzzle. In recent papers (Delfour , I 998 , I 999a, 
Delfour and Zolesio, 1 997b, 1 999) it was established that the polyuorni al P(2, 1) 
model is both pertinent and basic in t he theory of thin shells. Tt was shown in 
Delfour (1998) that its solution converges to the solution of a coupled system of 
variational equations. For the pla.Le and the bending dominated shell it yields (as 
the thickness 2h goes to zero) tbe membrane shell equation and the asymptotic 
bending equation. 

The first variational equation of th is asymptotic coupled system coincides 
with the variational equation characterizin g the a.symptot'ic P(O , l ) nwdel. It 
was shown in Delfour (1998) that this equation decom poses into two equations: 
a first equation containing the Love-Kirchhoff group of terms aud a second 
equation which coincides wi th the classical m embrane shell equation. T be de­
tailed correspondence with the covariant form of the membrane shell equation 
is given in Delfour and Zolesio (1997). The decomposition is achieved by vari ­
able elimination which results in the explicit introduction of an effective com­
pliance CeP associated with the initial three-dimensional compli ance C . Thi s 
two-dimensional effective compliance inherits the propert ies of continuity, sym­
metry and coercivity of t he initial three-dimensional compli ance. 

In this paper the membrane shell equation is st udied in a bounded open con­
nected domain w (Lipschitz ian when w has a boundary 1) in a C 1 

'
1 submanifold 

of codimension one for homogeneous Neumann boundary condi t ions or homo­
geneous Dirichlet boundary conditions on a. part /o of l ' when l 'o has non-zero 
HN- 2 Hausdorff measure. It is a companion paper to Delfour (HJ98) where 
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P (O, 1) model and the membrane shell equation are defined as compl etions of t he 
appropriate quotient spaces. It gives a complete characteri zation of the space 
EP without extra condit ion on the second fu ndamental form . Such a char­
acterization is currently available for the plate and for un~f'orrn ell'ipt'ic shells 
in Destuynder (J 980), Ciarl et and Locls (I 996c), Ciarlet and S<:lll chez-Palencia 
(1993 , 1996). It also shows that we can a lways associate with the vector func­
tions of the space EP an equivalence class of tangent ial components which tun1s 
out to be solu tions of the reduced membrane shell equat-ion. Thi s red uced equa­
tion is also connected with a projection onto a linear subspn ce of elernents of EP 
whose linear change of metric tensor is orthogonal to the second fundamental 
form. Another consequence of t he characterization of EP is t he fact that in 
the asymptotic convergence of the solut ion of the P(2 , 1) model we uow know 
t hat t he tangential component of the di splacement of the midsurfacc strongly 
converges in H 1 (w) N and the normal com ponent in a weighed L2 (w) space by 
t he pointwise norm of t he second fund amenta l form. T he characteri zation of 
the spaces E 0 and EP given in this paper , <md the one of E 0 1 given in Delfour 
(J 999a) for the P(2 , 1) model, sharpen and complete the abstracL resul ts of 
Delfour (1998). Some of t he resul ts have been announced without proofs iu 
Delfour (1999b). 

Finally for N = 3, this paper ex tencls to arbi trary second fun clarnental forms 
D2 b the available existence of solu t ions obtained in Ciarlet <l ttd Locls ( 1994a, 
1996a) for g0 = 0, homogeneous D irichlet boundary conditions on the whole 
boundary, the specia l constitutive law c- 1 c = 2 ~· c + /\ trc I and the un-ifonn 
ell'ipticity of the two-dimensional C 2 -midsurface w. However in Lh e e<1se of uni­
fo rm elliptic shells uni queness does not so far seem to follow direct ly in an 
obvious way from the tecbniCJues used in the present paper. T he [irs( exis teuce 
and uniqueness result seems to be clue to Des tuynder ( 1980) under relat ively 
strong condi t ions. For a domain w with a C 3 boundary 1 in an analyti c rniclsur­
face, the existence and uniqueness of solu t ion s ( ·il~, 'V~) in Hd (w) 3 x L2 (w) was 
estab li shed in Ciarlet and Sanchez-Pal en cia ( 1993, 1996). T l1 e comli t ions were 
relaxed in Ciarlet and Lods (1994a, ·1996a): t he midsmface is of class C 2 and 
t he boundary 1 is Lipschitz for the ex istence (midsurface C 5 and the boundary 
/ ' of class C '1 for existence and uniqueness) . 

Notation, assumptions and background materia l 

The inner product in RN and t he double inner product in L (RN; RN) (space 
of N x N matrices or tensors) m e denoted as 

N 

X. y = LXiYi, 
i=l 

N N 

A ··B = LLA;jBi.i · 
i. = 'l j = l 

* 111 denotes the transpose of of an arbit ri1 ry /;; x m mn trix i\1. 
A summary of some of t he main definiti ons illl cl resnl ts \Nhi ch are necessarv 
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The submanifold r of codimension one is specified as Lhe boundary of a subset 
n of RN. It is assumed that w is a bounded (relatively) open subset of rand 
that r is of class C 1•1 in some neighborhood of w. This is equivalent to saying 
that the algebraic distance function b = bn of r2 is C 1 •1 in that neighborhood. 
Its gradient 'Vb coincides with the unit exterior normal n to r on w and its 

Hessian matrix D2b with the second fundamental form. P ~f I - n *n will 
denote the orthogonal projection onto the tangent plane tow ([n *n ]ij = ni n1 ) . 
Further assume that w is Lipschitzian and connected when w has a non-empty 
boundary 'Y · For a detailed account of the intrinsic differential calc:ulus on 
a C 1•1-submanifold, the reader is referred to the now available lecture notes 
Delfour and Zolesio (1997) , Delfour (1998). Finally, it will be convenient to 
introduce the following notation for the decompositions of an N x N matrix T 

into its tangential and normal parts along w 

Tp ~f PTP, Tnn ~f Tn · T!, 

[t]T = TP + (PTn) *n + n *(PTn) + Tnn n *n 

and the spaces of symmetrical matrices (or tensors) 

2. The membrane shell equation 

It was shown in Delfour (1998) that the membrane shell equation can be ob­
tained by decomposition of the variational equation of the asymptotic P(J, 0) 
model which also yields the typical group of terms occurring in the Love­
Kirchhoff condition. It involves an effective compliance CeP which retains the 
properties of the three-dimensional compliance C. For the purposes of this 
paper it is convenient to start with the following assumption on the effective 
compliance. 

AssUMPTION 2.1 The effective compliance (Delfour, 1998) is a tensor valued 
function Cep: w---. L(Sym~ , Sym~) such that for all X E w .. Cep(X) is a linear 
bijective and symmetrical transformation of Sym~ , 

c;) E L 00 (w; L(Sym~, Sym~ )), and 

::Ja > 0 such that \:/X E w, \:jy E Sym~, c;)(X )T" T ~ 0: IITII 2
. 

The membrane shell variational equation is given by: for all v 0 E H 1 
( w) N 

r 
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where the right-hand side is specified by a linear functional Pf. Asso<.:iate with 
c:f the space 

V ~f {v E L2(w) N:vr E H 1(w)N} C H c~f L2(w)N (2) 

and define EP as the completion of the quotient space VI ker c:~ with respect to 
the norm associated with the inner product 

1 c:f (u) .. c:f(v) df. (3) 

Similarly for homogeneous Dirichlet bounda ry conditions on a part l 'o of ; , 
denote by Ef/o the completion of the quotient space 

I p def{ 2( )N I( )N} v"YO ker c , v"YO = v E L w : Vr E H ')'O w 

H ~0 ( w) ~f {f E H 1 
( w): f I "YO = 0} 

with respect to the norm generated by the scalar proclu<.:t (3). By Assump­
t ion 2.1 on CeP, the bilinear term in (1) is continuous and coercive in EP. Vle 
obtain the following general existence and uniqueness theorem where u11iqueness 
in the space EP means a unique equivalence class iu the quotient space, that is 
- the solution is unique up to an element of ker Ef. 

THEOREM 2.1 Let Assumption 2.1 on CeP be verified. 
(i) Given gP E (EP)', that is - there e.T'ists c > 0 such that for all v0 E 

Hl(w)N 
l£P(v0 )1 :=:: c llc:f(v0)ll u(w) (4) 

the variational equation: to find ·v0 E EP such that for all 1J0 E H 1 (w)N 

1[C;)c:f(v0
)] .. c:f(v0)clf = fp(v 0

) (5) 

has a zmique solution tJ0 ·in EP. 
(ii) Assume that w is connected and that ; o i.s a subset of; with strictly posit·ive 

HN _2 measure. Given f!P E (E!/r,)' , that is - there exists c > 0 such that 

for all v0 E H~0 (w)N 
I£P(v0)l:::; c ll c:f (v0)llu(w) (6) 

the variational equat-ion: to find v0 E E!/r, such that for all v0 E H~0 (w)N 1 [C;) c:f ( v0
) j .. c:f ( v0

) df = fp (v0
) (7) 

has a unique solution v0 in E!/r,. 

3. The reduced membrane shell equation 

The membrane shell equation can be decomposed into a system of two equations. 
For test functions v E V, that is, (v~, v~) E H 1 (w)N x L2(w), 
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:Jc > 0, \iv~ E H 1 (w) , \ EP (v~ n) \ ~ c 1\u.;; D2 b\\ u ("'·) ~ c'il ·v .~\k: (c.: ) 

==? :lfp E L2 (w) such that £P (v~ n) = l fp v~ df 

It will be convenient to introduce the function 

By construction, f!: \J D2b\\ E L 2(w) . 

if I\D2h(X)II =1- 0 
if I\D2h(X)\I = 0 

Denote by Hl(w)N (resp. H~0 t (w) N ) the subspace {u E H 1 (w)N (resp. 

H~0 (w)N) : v · n = 0} of tangent ia l vectors. The decomposition yields t he two 
equations 

[C;ft c~(v0 )] .. D2b = ! P = J!: I\D2b\l 

\iv~ E Hf(w)N , l [C;~ cf(v0 )] .. c~ (u~) df = eP(v~ ) (8) 

where by condition ( 4) on f. P 

In the case of the plate (D2b = 0) , cf (v0 ) = cf (v~ ) + v~ D2b = t: r (vF) and 
there is only the variational equation 

which completely specifies vF E Hl (w) N/ ker cf (resp . H~0 t (w)N) a lld f, ~ is 
arbi trary. This result genera li zes to C 1•1 midsurfa.ces withouL add iug extra con­
ditions on D 2b. It turns out tha t the second eq uati on (8) specifies the tangent·ial 
part v~ of v0 up to an element of some appropri a te equ ivalence class provid ing a 
na tural decomposition of the membrane shell equat ion into a11 equa t.i ou for the 
equivalence class of ·u~ and an equation for v~ again modulo a.not li er equivalence 
class. In the case of the plate the corresponding equivalence class for D?, is so 
big that there is no information on ·u?, and we have uniqueness for (; ~ in t he case 
of homogeneous Dirichlet boundary cond it ions on a part. of the bound ary. 

Denote by [v]e the equivalence class of v in E P (resp. E~~ ) . Let 

clef { " } clef w0 = x E w : D-b(x ) = 0 and w+ = w\wo. 

For v E V (resp. V-10 ) define the function 

, , clef ( ( 0 \ 
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Using the identity c:f ( v) = c:f ( vr) + vn D2 b, it is easy to verify Lhat for all v E V 
(resp. v,o) 

(10) 

For each vr E H/ (w)N (resp. H~0 t(w)N) define the tensor 

( 11 ) 

the quotient space 

p def 1 N p p clef 1 N -P v = Ht (w) I ker fr (resp. v)'O = H yot (w) I ker cr) (12) 

and the space 

Consider the reduced membrane shell equation: to find 'U J' E vP (resp. vl~) 
such that for all wr E H~(w)N (resp. H~0t(w)N) 

L c;fE'f(vr) .. f"f(wr)dr = eP(7rs(wr)) (14) 

By condition (4) on eP there ex ists c > 0 such that for all w r· E Ht1 (w)N 

and equat ion (14) has a. unique solu t ion in the completion of t he quotient 

space V P ~f VI ker E'f with respect to th e topology generated by the norm 
IIE'f(vr)IIP(w)· We now give a sharper ex istence theorem for the reduced mem­
brane shell equation and the membrane shell equat ion . This theorem is based 
on a characterization of the elements of the spaces EP and E~ . 

THEOREM 3.1 Let Ass·umption 2. 1 on CcP and (4) on eP be verified. 
(i) There exists a solution vr in Hl (w)N (resp. H~0t(w)N) to the reduced 

membrane shell equation (14) v.n:iqv.c up to an clement of kcr €{: and 
[7rs(vr)]e = [7rs(1'!)]e (15) 

where [v]e is the solution of the m embrane shell eq·uation (5) (rcsp. (7)) 
in EP (resp. E~). 

(ii) There exists a solution oft such that ·ti.r E Hi (w)N (re::; p. H~01. (w)N) and 
un iiD2bll E L2 (w) to the m embm;:.e shell eq1wtion (5) (resp. (7)) which is 
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{iii} ker ff is finite dimensional. When D2 b 
ker cf is also finite dimensional and 

I= 0 almost eveT!J'Where ·in w 1 

kercf = { v : vr E ker i f and Vn = 

This theorem necessitates the following theorem on the structure of the spaces 
EP and E!/c, which follows from a sequence of lemmas. 

THEOREM 3.2 Let Assumption 2.1 on CeP be verified. 

{i} ker ff is finite dimensional and the space V P = VI ker f f (resp. V :0 = 
V'"Yo I ker ff) is complete joT the norm II i f ( vr) II p (w). 

{ii} The space EP (resp. E!/c,) is eq'IWl to 

{ 
. <tr E Hl(w)N(resp. H~0t(w)N) } I I· , _ P 

ur + Un n · and 'lln IID2bll E L 2 (w) ,eJ cr (1 7) 

Specifically for each [v]e E EP 1 there e.Tists a unique [nr ]v E V P = 
Hl(w)N lkerff (resp. v,~ = H~a t(w) N l ker i f) such that 

[7rs(ur)]s = [7rs(v)]s (18) 
and for each ur in the equivalence class [vr]v the normal component 

def { C,~Jcf(v -'Ur) .. D 2 b in wo 
Un = c;) D 2 b .. D 2 b ' 

0, in w+ 
is such that Un IID2bll E L 2 (w) and 

[ur + <Ln n]s = [v]e. 
Conversely for allur E Hl (w)N and 'l!n IID2bll E L2(w) 

[ur + Un n]s E EP. 
{iii) When D 2 b I= 0 almost eveTy'Where ·in w, then ker cf is find e rhrnensional. 

Define the closed linear subspace 

sP ~f {vEEP : c;) c f(v) .. D2 b = 0} 

(respS!/c, ~f{vEE~: c;)cf(v) .. D2b=0}) 

of EP (resp. E!/c,). We first make sense of the map 1r,c; on EP. 

LEMMA 3.1 The map 

[v]e 1-t 7rs([v]s) ~! [7rs(v)]E : Ep --> sP 

is 'Well-defined, l-ineaT and continuous . Moreover 

---------=EP Er 
7rs(V)Ikercf = 7rs(1flker cf) = SP 

Vv E SP, cf(7rs(v) ) = cf(v). 

(1 9) 

(20) 

(21) 

(22) 
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P roof. For each v E V, c:f (v) = 0 impli es c: ~(rrs(v)) = 0 and hence 

[v]e = 0 =? [rrs (v)]e = 0 

So the map (20) is well-defined and linear from V / ker c: f in EP <I lid 

rr5 (V)/ ker c:~ = rr5 (V/ ker c:n. 

By direct computation it is easy to ver ify that 

"lv E V, c;)c:~(rrs(v))·· D2 b = 0 

and hence [rrs(v)]e E 5P SO that 

rrs : Vjker c:~-* rrs(V)j ker c:~ C SP. 

489 

(23) 

The map rrs is also continuous. On wo ll c: ~(rrs(v)) IIL2(wo) = llc:~ ('u)llr.2(wo) and 
on w+ 

But from Assumption 2. 1 ou C eP 

3o: > 0, 'VX E w , 'VT E Syrn~, c;~ (X)T .. T 2 a:jjTjj 2 

which implies that 

D2b D2b 
c;) IID2bll .. IID2bll 2 0: > 0 in w+ 

and 

So that for all v E V 

llc: ~(rrs(vr))IIP(w ) ~ c'jjc~(vr) II P(w) · 

Since EP is the closure of Vjkerc:f with respect to the norm llc: l~(u)IIL2(w)• rrs 
extends to a continuous linear map from Ep to sP. Identity (2 1) is proved as 
follows. With any v in SP we can associate a sequence {vk } in V such t hat 

By continui ty of rrs 



490 rvi.C. DEl.POllR 

But 

On wo 

cf (ns(vk)) = cf(vk) -> c=:f(v) in L 2(w0)NxN_ 

On w\wo 

ePt:r v .. IID2ull D b l c-l p(· ") D-.b 

ll
c-1 p( k) D2b 2 II II ? II 

-1 D 2b D2b --2- s; -: , p f r u .. --2-
CeP IID2bll .. IID2bll liD bll £2("' \ "'o) c liD 1>11 P(c.;\:..:o) 

and 

II - 1 p k D2b II II -1 p D2b II Cepfr (v ) .. IID26II _, Ccf.> f r ('u) .. IID26II o = 0 
L2(w\wo) L-(:..: \ wo) 

since c;Jcf(v) .. D2b = 0 for v in SP. Therefore 

cf(ns(vk))-> c=:f('u) iu L 2 (w)N xN 

and 

cf(ns(vk)) -> c=:f(ns(v)) = c=: f(v) in L2(w) NxN_ 

Then, for each v E sP there exists a sequence {v"} in 11 such that 

[ns(vk)]e-> [v]e in EP . 

This establishes (21) and extends (22) from (11/ker t:f) n sP to sP. Moreover 
from (22) for all vEEP c=: f(ns(ns(v))) = cf(ns(v)), [7rs(7rs(v))]e = [ns (v)]e, 
and ns is a projection. • 

LEMMA 3.2 The map n 5 : Hl(w)N -> U is a continuous linear bijection and 
U is closed for the topology generated by the norm 

The space 11 P is complete for the norm I If f ('ur) II £2 (w) and ker if is finite di­
mensional. 

Proof. By definition ns is surjective. Jt is injective since ns{ur) = 0 implies 
that vr = 0 on wo while on w\wo 

c-1 P( ) D
2 u 

ePEr vr .. IID2bll n 
1Jr- . o . -o . ~ = 0 =? Vr = 0 
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since vr is orthogonal to the second term whi ch is a fortiori also eq ual Lo zero. 
By Korn 's inequality (38) in Theorem 4.1 of t.he Appendix the s p<~c:e Hl (w )N 
endowed with the norm 

1/? 
ll vri iH 1 = {lls;(vr) ll 2 + llvrll 2

} ~ 

is complete. By definit ion of 7rs(u r· ) and expression (JO) of s ~(7rs('ul')) 

117rs(vr)llu = { lls{:'(7rs(vr))lll2(w) + llvrl l],2(w) 

+ II IID2bll c~~c~~~~~)~~:b 11
2 

}

112 

S cllvr li H'(w) · 
·· I' U( w\wo ) 

But we shall show that there exist A > 0 and a: > 0 such that 

llsf(7rs (vr ))11l2(w) + A { llvr ll lz(w) + II II D 2bll ci~~~~~,) D~:~~ 11
2 

} 
•. I' U(u:\ ... ·u ) (24) 

~a: ( 11s;(vr)lll2(w) + llv l'll l2(w)) · 

Therefore U is closed for the chosen norrn and 1rs is an isomorphi sm. Defin e 
the Hi lbert space H as the closure of U with respect to the norm 

2 clef 2 2 . 2 
lltt ii H = ll ttrl lu(w) +II li D bll uniiP(c..·)· 

The injection of U into H is com pact. Pick auy bounded sequence { 1rs (v~)} in 
U. By the previous equiva lence of norms {/12} is a Cauchy sequenc(' in H1

1 (w)N 
and there exists vr E Hl (w)N and a subsequence, still denoted {·o(q , which 
weakly converges tour in H1,

1 (w)N. Therefore 

v~----* vr in L2(w)N- strong 

e: {:(v~)--" c:;(vr) in L2 (w)N xN_weak 

P k D2b P D2b . 2 
==> sr(vr)"II D2bll ----* c: r(vr) .. II D2bll m L (w)-strong. 

Hence 

7rs(v~)----* 7rs(vr) in H-st rong 

and the injection of U iu to His c:ornpnct.. In et ddi t ion for the coul.inuous linear 
map A: U --t U' defined as 

(Au,v) ~f l C;f sf(u) .. c: f(u)d l' 

[A+AI]- 1 is compact and by Lemm a ·'1.2 of the Appendix ker A is finite dimen­
sionaL But 
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Since -rrs is a bijection, then ker sf is also finite dimensional and them;e the 
topology on the quotient space 11 P defined by the. norm II i f (vr) II is complete. 
To complete the proof it remains to establish inequality (24). On w0 

11-rrs(vr)IIH = llvr ll u(wo) and ll cf(-rrs(vr))I IL2(wo ) = llc f(vr)ll £2 (wo )· 

On w\wo the norm ll-rrs(vr) I17-I is equal to 

II 11 2 II c-J cr(v!+ D2b II D2b lll l2 
vr £2(w\ wo) + ; I D 2 b .. D 2 b ? 

e P L-(w\wo) 

and the L 2 (w\wo)-norm ll cf(-rrs (vr )) II is equal to 

ll
cP ( v - c ;) cf(vr ) .. D2b n) 112 = llcP(v ) - c;;~ c{: (vr) .. D2b D2bll2 

1 1 c-1 D2b .. D2b 1 r c-1 D2b .. D2b 
eP £ 2 eP £2 

2 ~llcf(vr)lli2 -llcg)~~~.~ ·~~: biiD2 bi iiC 
Finally 

P { li ef S(vr ) 11 2 + ll vr 11 2 

ll cr(-rrs(vr))ll
2 
+ ll-rrs(vr)l l

2 
2 ~ll cfS(vr) l l 2 + llvr ll2 

Choose >. = 1 and a = 112. 

LEMMA 3.3 The map 

[vr]v f-) -rrs([vr]v) ~/ [-rrs (v)]E 
: 11P = Hl(w)N l ker i f --> Ul ker c ~ 

on w0 

on w\wo 

• 

(25) 

is a well-defined isomorphism, where [v]v denotes the equivalence cla.ss of v 
in 11 P , 11 P is endowed with the topology generated by the norm. II if ( vr) II and 
U I ker cf by the norm lie-f ( v) II on EP. Moreover 

sP = Ulkercf = -rrs(Hl(w)N) I ker cf = -rrs(11P ). 

Proof. The map (25) is well-defined and injective since 

sf ( vr) = cf ( -rr s ( vr)) 

implies 

[vr] v = 0 ¢=> [-rrs(vr)]E = 0. 

It is surjective since for any ['U] in U I ker cf, there exists vr E Hl(w )N such that 

[u]E = [-rrs ( vr) ]E. 

It is hi-continuous since by definition of i f ( vr) the norms are equal 



Characterization of the space of solutions of the mem brane shell equal ion 493 

Since VP is complete for that norm by Lemma 3.2, U I ker cf is necessarily 
closed in EP. Finally, from (10) it is easy to see that for a ll vr E Hl (w)N 

C;f E~ ('rrs( Vr) ) .. D2b = 0 

and u I ker E~ c sP 0 Moreover , from (21) in Lemma 3. 1 

--~~---=EP EP 
7l's(V)Ikercf =1T's(VIker cf) =SP. 

But H£ (w) N C V and 

Ulker cf = 1T's(Hl(w)N)Ikercf C 1T's (V)Iker cf, 

In the other direction first observe that we a lways have from (10) by using the 
identity cf(v) = cf(vr) + Vn D2b for each v E 1/ 

E~ ('71's( v )) = E~ (1T's (vr) ). 

Therefore for each v E V we have [1T's(v )] e = [1T's (vr)]E and 

1T's(V)IkerE~ C 1T's(Hi (w)N)Iker E~ = Ulker cf 

:::;. 1T's(Hl(w)N)Iker cf = Ulker cf = 1T's(V)Iker cf c sP. 

Finally, since U I ker cf is closed in EP 

---------=EP 
1T's(V)Ikercf = Ulker cf = 1T's(11)1ker cf = S P 

Ul kercf = 1T's(V)I kercf = 1T's(VI kercf} = 1T's (VP) = SP. 

This completes the proof. • 
LEMMA 3.4 For each vE EP , the projection [1T's (v)]e is the uniq·u.e solution in 
S P of the variational equation: for all w E H 1 ( w) N 

(26) 

and there is a solution vr E Ht1 (w )N unique up to an elem ent of ker ff to the 
variational equation: for all wr in Ht1 ( w) N 

Moreover 

[1T's(v)]e = [1T's(vr )]e. (28) 

All this remains true for Dirichlet boundan; conditions on a part rn of the bound-
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Proof. Since SP is a closed linear subspace of EP we already know that 
the variational equation (26) has a un ique solution in sP. So, it is suffi cient to 
show that 7rs(v) is a solution. It is easy to check that 

if D2b(:c) I=- 0 

if D2b(x) = 0 

But c;)c~(w)·· D 2b = 0 for all wE SP and hence c;~ c~(v - ns(v))·· D2b = 0 
and 7rs(v) is a solution of (26). By Lemma 3.3 for each v E EP there ex­
ists a unique [vr]v E VP such that [ns(v)]E = [ns(vr)]E and f~(vr ) = 
c~ (7rs (vr )) = c~(7rs(v)). From property (22) in Lemma. 3.1 for each w E sP 
E~(w) = c~(7rs (w)) and there exist a unique [wr]v E yP such that f~(wr) = 
c~ (7rs (wr)) = c~(7rs(w)) = ff, (w). It is t hen sufficient to substitu te these 
identi t ies in (26) to obtain (27) . • 

LEMMA 3.5 

{i) The space EP is equal to 

(i·i) 

{ur +1tn n: u r E Hl(w) N and 'U.n IID2bll E L2 (w) } l ker cf (29) 
Specifically for each [v]E E EP , there exists a unirj1t.e [vr] v E VP = 

Hl(w )N I ker €f (resp. V...ic = H~.01 (w )N I ker f f) such that 
[7rs(vr)]E = [7rs (v)]E (30) 

and for each ur in the equivalence class [nr]v the normal C:O illpunent 
def { c;d c~. ' ~(iJ o - ur ) .. D2b , 

Un = C.pD2 b .. D 2 b 

0, 

in wo 

is such that Un IID2bll E L 2 (w) and 
[ur + 'Un n] e = [v]£. 

Conversely for all urE Hl(w)N and 'Un IID2 bll E L 2 (w) 
[ur + Un n]e E EP . 

( 31) 

When D 2 b I=- 0 almost everywhere ·in w , then kcr c {~ is .fi:ti-ite dimensional. 

The lemma remains tme for Dirichlet boundary conditions on a par·t ~io of the 
boundary with H[,

10
(w )N and Ef/o in place ofHl(w)N and H}

10
t (w) N . 

Proof. (i) From Lemma 3.4 for each [v]e E EP there exists a unique 
[vr]v E v P such that 

[7rs(vr )]e = [7rs(v)]e 
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L2 (w). Now for the vector function u = ur + '~~·n n 

c:f(v -u) = c:f(v) - c:f(ur) -1LnD
2 b 

= c:f(v)- C,)D2b·· D2b - J, 111 W Wo 
{ 

c-J c~(v) · · D
2 bD?l . \ 

0, in wo 

{ 

c.~~E~(ur.+ D2b D2b in w\wo 
- c:f ( ur) + c,.) D2b. D2b ' 

0, ill wo 
p p p p _p 

=> Er (v- u) = Er (1rs(v)- c:1 (1rs(n) = 0 => c:1 (u) = cr (u). 

and [n]E = [v]£. Conversely, for 'tLr E Hi (w)N and 'tln jj D 2bjj E L2(w) 

c:f(ur + 1Ln n) = c:f(ur) + 1Ln D2b E L2(w)N xN 

and [u]E E EP. 
(ii) When D2 b i= 0, then the identity 

c:f ( u) = c:f (ur) + lln D2 b = 0 
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uniquely determines the normal component '1Ln associated with ur E ker Ef in 
(31). Then, kerc:f is isomorphic to ker [f and hence finite dimensional. • 

Proof. Proof of Theorem 3.] (i). Going back to Lemma 3.4 if [v0]E E EP 
is the solution of the membrane shell equation (5): for all v0 E H 1 (w)N 

[ c;~ c:f ('v0
) .. c:f ( v0

) clr = Jf (v0
) 

then for all w E H 1 ( w )N 

l c;)c:f(7rs(v0
)) .. c:f(w) dr = ./~ c;~c:f('v0 ) .. c:f(w) clr = £p(w) 

rvroreover, from Lemma 3.4 there exists a solution fl.r in Hl (w)N unique up to an 
element of kerEf to the -reduced meml.rrane shell eqv.ation: for all '~~'r E I-fi (w)N 

l c;)Ef(ur) .. [f(wr)df = £P(7rs (wr)). 

and [7rs(v0)]E = [1rsU£r )]E. Parts (ii) and (iii) follow from Lemma 3.5. The 
proof remains true for Dirichlet boundary conditions on a part / 'o of the bound­
ary with Hl,

10
(w)N in place of H/ (w)N. • 

4. Earlier results on membrane shells and regularity 

In the previous sections we have shown existence of solution with tangential 
component v~ in Hl (w)N (resp. H~0 t(w)N) and normal component v~ such 

that v~ jjD2 bjj E L2 (w) unique up to an element of ker c:f to the membrane 
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has a non-empty boundary 1) in a C 1•1 midsurface for homogeneous Neumann 
or Dirichlet conditions or for shells without boundaries. The reduced mem­
brane shell equation completely characterizes the tangentia l compouent up to 
an element of the finite dimensional subspace ker ff. 

For N = 3, this completely relaxes the condi t ion on D2 b and generalizes the 
existence result in V and V, 0 obtained by Ciarlet and Locls (1994a, 1996a) for 
g0 = 0, homogeneous Dirichlet boundary conditions on the whole boundary, t he 
special constitutive law c-1 E = 2 {t E +.A trc I and the uniform ellipticity of the 
2-dimensional C2-midsurface w: 

(32) 

(recall from Delfour and Zolesio, 1994, t hat th is means t hat w is a domain whi ch 
is locally contained in the boundary T' of a uniformly strictly convex subset of 
RN - observe that D2b(X)~ · ~ = D2b(X)~r · ~r ). 

However, so far, uniqueness in the case of uniform elliptic shell s does not 
seem to follow directly in an obvious way from the techniques used in this 
paper. The first existence and uniqueness result seems to be clue to Destuyncler 
(1980) under relatively strong condi tions. For a domain w with a c:J boundary 
1 in an analytic miclsurface, the existence and uniqueness of solu tions ( v¥, D~) in 
HJ(w) 3 x L2 (w) was established by Ciarlet and Sanchez-Palencia (1 993, 1996) . 
The conditions were relaxed by Ciarlet and Locls (1994a, 1996a): the miclsurface 
is of class C 2 and the boundary 1 is Lipschitz for the existence (rniclsurface C 5 

and the boundary 1 of class C4 for existence and uniqueness). See a lso Sanchez­
Hubert and Sanchez-Palencia (1 997). 
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Appendix 

Given n in R N, n =1- 0 (resp. r ~f on =1- 0) the dis tance function (resp. oriented 
distance function) is defined as 

dcl. dcl 
dn(x) = mf IY- xi (resp. bn(x) = cln(x)- clRN (:1;)). 

yEO -n 

\Nhen n is a domain of class C1•1 in RN , b = bn is C1•1 in a neighborhood of 
every point of r and the converse is true. Its gradient 'Vb coincides with the 
exterior unit normal n to the boundary on r. T he projection p onto r and the 
orthogonal projection P onto the tangent plane T,T are given by 

p(x) ~f x- b(x) 'Vb(.&), P(x) c~f I - 'Vb(:r ) *'Vb(:r), 

where *11 denotes the transpose of a column vector \1 in R,v. Given /;; > 0 and 
an open domain w in r, a shell of thickness 2/,: is t.he open domain 

Sk(w) dJf {x ERN: [bn(:r)[ < k, p(x) E w} 

in RN. When w = r the shell has no bov:n.dar!J; otlwrwisc we deuote by I ' the 
(relative) boundary of w in r and by 

the lateral boundary of Sk(w). Simi lculy for /o C ~( ,we 11se th e 110Latiou 

L;k(io) dJf {x ERN: [bn(x) [ < k, p(:r) E lo} 

DEFINITION 4.1 (TANGENTIAL SOBOLEV SPACES) Let w be a IJOun.ded (rela­
tively) open subset in r . Assume that ther'C c.ris ts h > 0 Sllch lhrd bn hclon,r;s to 
C1

•
1(Sh(w)). Define 

HI 1·P(w) = f : w---+ R : def{ :3 k, 0 < /;: :::; h } 
such that f o p E H' 1

•
1'(Sl. (w)) 

The definition of W1 ·~'(w) is iudepenclent of h . 

LEl\•IMA 4.1 Let w be a bounded open s·u.bset of r for wh·ich the nSS'/I.!II.)J fions of 
Definition 4.1 are verified and consider a fimction f : w -> R. Tf thclc e.rists 
0 < k:::; h s1tch that f op E W 1

•1'(Sk(w)). then 

fop E HI 1·P(Sh(w)) (34) 

and for all 0 < k ::; h 
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Proof. Consider the map 

def k 
y .___, R(y) = p(y) + hb(y)'Vb(y) : Sh(w) ----) Sk(w) . 

It is clearly well-defined since p(R(y)) = p(y) and lb(R(y)) l = lkb(y)/hl < k. 
Similarly the map 

def h 
x .___, S(x) = p(x) + kb(x)'Vb(x) : Sk(w) ----) Sh(w) 

is well-defined and R(S(x)) = x and S(R(y)) = y. Moreover both R and 
R- 1 = S aJ·e Lipschitz continuous. From Necas (1967, Lem. 3.1 , pp. 65- 66), 
the map 

u .___, u oR : W 1·P(Sk(w))----) W 1 ·P(Sh(w)) 

is an isomorphism. In particular, choosing u = v o p E W 1·P(Sk(w)), we get 
u oR= v o poRE Ufl,P(Sh(w)). But 

k 
v(p(R(y)) = v(p(p(y) + hb(y)'Vb(y))) = v(p(y)) 

since 'Vb, band pare defined in Sh(w). This implies that 

v o p = (v o p) o R E W 1·P(Sh(w)). 

• 
It can be shown that the Sobolcv spaces defined in this way coincide with 

Sobolev spaces defined by local maps and that there is a direct relationship be­
tween tangential derivatives and covariant derivatives. The tangential gradient 
associated with an element f of the Sobolev space W 1·P(w) is given by 

'Vr f = V(f o P) lw E £P(w). 

The same constructions apply to Sobolev spaces of vector functions v ----) R N 

Drv = D(v o p) lw E £P(w)N crv = E(v o p) lw = ~(Drv + * Dr·v). 

The projected derivatives are defined as 

Dfv = PDr(v)P E £P(w)N c: fv = Pcr(v)P. 

The smoothness of the boundary 'Y of the domain w in r is characterized 
by the smoothness of the normal set generated by the flow of the gradient of b 
through l ' in a. small neighborhood of w. Tf I ' is the (relative) bo11nd a.ry of w in 
r, the lateral boundary of Sh(w) 

~h('y) d~f {x ERN : lbn(x) l < hand p(:r) E 'Y} (36) 

is a submanifold of R N of codimension one 1WTmal tor. T he smoothness of the 
boundary "( of w in r is characterized by the smoothness of the la teral boundary 
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DEFINITION 4.2 Let w be a bounded open subset off which satisfi es the as­
sumptions of Definition 4.1. 

(i) Given an integer k 2: 1 and a ·real nu:mber 0 ::; ,\ :::; I , the boundaTy ; ·is 
Ck,>.. if there exist h. > 0 and 0 < h' :::; h such that the piece ~ ~~· (! ) of the 
lateml boundary of Sh(w) is Ck,>... 

(ii) The boundary 1 is Lipschitzian 4 there e:rist h > 0 and 0 < h' :::; h s·u.ch 
that the piece l:h'(r) of the lateral bo·unda:ry of Sh(w) is Lipsch.itzian. 

(iii) The domain w is connected ·if theTe exists h', 0 < h' < h. such that Sh' ( w) 
is connected. 

The above definitions correspond to the classica l definition s in R N. 
From previous considerations condition (i) is equiva lent to statement that the 

oriented distance function bsh(w) associa ted with t he set Sh(w) has the required 
smoothness in a neighborhood of l:h. ' (r ). 

DEFINITION 4.3 Letw be a bounded open su.bset off which sat·isfi es !.he assump­
tions of Definition 4 .1. Further assume that w is connected with 11. L-ipschitzian 
boundary/, and that r o is an (N - 2)-Hausdarff measurable subset of ; such 
that HN-2(/o) > 0. Given 1 :::; p :::; oo, define 

wher-e 

1 def { , 1 P } W,.~P(w) = f : w --> R : f o p E H L:;,(I'o )(Sh(w)) 

W~;:hal(Sh(w)) ={F E W 1·P(Sh(w)) : F b .bo l = 0} 

l:h (ro) = {x: Jb(x) J < h andp(x ) E ro}. 

In that framework it is possible to give a. direct proof of Kon1 's inequality 
for a C 1•1 midsurface w (see , for inst ance, Delfour a nd Zol ~~s io , 1997). 

THEOREM 4.1 Let w be a bo·unded open subset off satisfy·ing the assv:rnpt'ions of 
Definition 4. 1. Further ass1tme that w is Lipsch'itzian when w has a non-empty 
boundary f. There exists a constant c( w) > 0 such that 

Vv E Er(w) ~f {v E L2(w)N : Vn = v · n = 0 and c{,(vr) E L2(w)NxN } 

111Dr(v)JI2 df:::; c(w)2 1lvl2 + llcf(v)JI 2 df 

1JJDf(v)JJ2 df:::; c(w)2 1Jvl2 + llcf(v)JI 2 df 

andEr(w)={vEH1 (w)N: Vn=v·n = O onw}. !npar-t·icular-

{ 
2 p 2 } l / 2 { ? p 2 } 1/2 JJv JJ £2(w) + llcr (v)Jiu(w) and llvll £2(w) + JIDr (v)JJ L2("') 

are equivalent norms on the space 

. . r/,f . 

(37) 

(38) 

(39) 

(40) 
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LEMMA 4.2 Let V and H be two Teal HilhcTt spaces w·ith contin:uov.s compact 
injection of V into H and ident·ify the elements of the dual H' of H w'ith those 
of H. Assume that A : V ___. V' ·is a linear cont·in:tL01lS sym:rnet·ri.wl opem.tm· 
which is V -H coercive, that is -·- there e.1:ist. A and o > 0 such that 

'Vv E V, A l v l ~ + (Av, v)v' xV ~ ol l v ll ~. 

Then 

def 
ker A = {v E V : Av = 0} 

is a fini te dimensional subspace of V and 

:lc > 0, 'Vv E kerA, ll vllv :S clvlf-1· (42) 

Proof. Clearly we can always pick /\ > 0 and >.I + A lms <1 continuous 
symmetrical inverse [>.I+ A]-1 : V' ___. 11. Tu part icular , from the compactness 
of the injection of V into H , t he operator [AJ + A]- 1 is cont inuous linear and 
compact from H to H. Hence the multiplicity of all its non-zero eigenvalues 
is finite, that is, the eigenspace associated with an eigenvalue I'· =1- 0 is finite 
dimensional (see, e.g., Riesz and Nagy, 1965, Chap. VI , §9 ~3, p. 20 1). For any 
0 =f. v E ker A, Av = 0 and 

[AI + A]v = >.v 

and v belongs to the eigensubspace of [AI+ A]- 1 for f.L = 1/,\ =f. 0. Therefore, 
ker A is finite dimensional. Moreover , by V -H c:oercivity 

and we get the equivalence of norms on ker A. • 




