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Abstract: In this paper the vector optimization problem ()
with continnous and convex objective functions on a compact con-
vex feasible set is considered. We form a new vector optimisation
problem (P) from (P) by adding an objective function to the prob-
lem (P). The necessary and sufficient conditions for the sets of effi-
cient solutions of these two problems to be equal are given. In the
case where the set of efficient solutions of the problem () contains
that of (P), we also suggest how the difference between the sets of
efficient solutions of the problems (P) and (P) might be evaluated.
Examples are given to illustrate our results.
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1. Introduction and notations

In this paper, we study the following vector optimization problem
P=(X,F" R), (1)
where
1) X C R¥ is the feasible set;
2) F*(x) = [fi(x);.- -, fa(x)]T : X — R"(n > 1) is a vector-valued function,
each is called an objective function;
3) fi(i € {1,...,n}) is the objective space and
Y=F"(X)={yeR" |F'(x)=y,xe€ X}

18 the feasible ohiective set:
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4) R is the binary relation on R":
¥ =iy = 11,937 €RT
(y‘,yg) ERsy'<y’aVie 15000 )
i <yPAdie{l,...,n}:y! <yl

The solution of the problem (1) consists finding all solutions that are efficient
in the sense of the following definition.

DEFINITION 1 A wvector x° € X is said to be an efficient solution of the problem
(1) iff there exists no x € X such that F™(x) < F*(x?).

The set of efficient solutions of the problem (1) is denoted by E(X,F").
Throughout this paper we assume that:

A.1. X is a nonempty, compact and convex set.
A.2. Each fi(z € {1,...,n}) is a continuous and convex function.

We form a new vector optimisation problem (P) from (P) by adding an
objective function f,41 to the problem (P). If the set of efficient solutions of
the problem (ﬁ) equals that of (F), then the objective function f,4; is called
nonessential. The concept of nonessential objective function was proposed by
Gal and Leberling (Gal and Leberling, 1977; Gal, 1980). They investigated,
however, only a linear vector optimization problem. In this paper, the concept
of nonessential objective functions is generalised. If the problem (P) satisfies
the assumptions A.1, A.2, we show necessary and sufficient conditions for the
objective function f,41 to be nonessential (Section 2). In Section 3, the eval-
uation of the difference between the sets of efficient solutions of the problems
(P) and (P) is proposed and the sufficient conditions for that difference to be
contained in the boundary of X are given (Corollary 2).

Before going further, let us introduce some notations. For a set A in R,
clA, intA, bdA are respectively the closure, the interior and the boundary of A.
The Euclidean norm of a vector x € R is denoted by ||x| = (Xh_, 22)%.
The Euclidean distance function between a point x° and a set A is denoted by
d(x% A) = infxea ||x° — x||. The symbol B(x°,§) denotes an open ball with a
centre x° and a radius § > 0, i.e. B(x% ) = {x € R¥ | ||x° — x|| < é}.

2. Nonessential functions

Let fo.41: X — R be a continuous convex function and let E(X,F"*+1) denote
the set of efficient solutions of the problem

P = (X,F**' R), (2)

where F+1 (x) = [fl{x)1 sy Sk fn+1(x)]T'
With these notations we introduce the definition of the nonessential objective
function.
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DEFINITION 2 The objective function f,41 is said to be nonessential if
E(X,F"*!) = E(X,F").

Let E(X, fnt+1) denote the set of solutions of the following single objective
optimisation problem

Min{ fos1(x) 1 x € X}.
In other words
E(X, far1) ={x" € X |Vx € X : fu1(x°) € fap1(x)}.

THEOREM 1 Let the problem (1) satisfy the assumptions A.1, A.2. Then the ob-
jective function f,41 is nonessential if and only if the following three conditions

hold:

i) E(X,F") C E(X,Fn+?);

it) E(X,F") N E(X, fn41) # 0;

i) Vx € X \ B(X,F")3x’ € RF : F"H (%) < FHi(x).

Proof. The condition i) is immediate from Definition 2. To prove condition ii)
is suffices to note that under the assumptions A.1, A.2 the set E(X,F"t)n
E(X, fu+1) is nonempty (Galas et al., 1987). Hence, by the definition of nones-
sential objective function, also the set E(X,F")N E(X, fo+1) is nonempty. For
the condition iii), suppose to the contrary that there is x° € X \ E(X,F") with
the property

__Iax.- € Rk :Frr+1(x!) S FH‘H‘(XU).
In particular
_‘ax-" c X i Fn-}-l(xf) S F“+l(x0).

Consequently, x° € E(X,F"*'). This is a contradiction because, by the as-
sumption E(X,F") = B(X,F**t1), x% € X \ E(X,F"*1).

“«" In view of condition i) we shall show only that E(X,F**!) c E(X,F").
Set x € X \ E(X,F"). Suppose that x € intX. Then

36 > 0: B(x,9) C X.
By condition ii) there exists x! € R* such that
Vie{l,...,n+1}: fi(x!) € filx)ATi € {1,...,n+1} : fi(x) < fi(x)(3)

Let x? = (1 — A)x + Ax!, where 0 < A < 1 is selected such that x* € B(x,4).
The convexity of f;(i € {1,...,n+1}) and (3) imply that F"+1(x?) < F*+!(x).
Hence, x ¢ E(X,F"t1) and in this case E(X,F"*!) c E(X,F"). Suppose now
that x € bdX. For x° € E(X,F") N E(X, fut+1) only one of the following cases
holds:
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a) F"(x%) < F"(x),
b) neither F*(x’) < F(x) nor F*(x) < F"(x°).

In case a), since x° € E(X, fu41), we have F"*+(x%) < F"+l(x). This
means that x € BE(X,F"*!) and E(X,F"**) ¢ E(X,F").

In case b) we may assume without loss of generality that

£i(x%) < filx), i€{1,....1}, (4)
fi(x") 2 fi(x), je{l+1,...,m}, (5)
f'ﬂ-+1(xu) < .fu+1(x)| (6)

where at least one of the inequalities (5) is strict. If there exists x® = (1= A)x+
AxY, for some 0 < A < 1, such that

[i(x*) < fix), je{l+1,...,n},

then by (4), (6) and the convexity of fi, fn41 we have
fi(x®) < filx), i€{1,...,1},
Fas1(x®) < fagr(x).

Moreover, since X is convex, x* € X. Thus x ¢ E(X,F"*!) and E(X,F**!) C
E(X,Fm™). Assume now that there is an index j € {{+1,...,n} such that

£y > Jilse;

for all x3 = (1 — A\)x + Ax”, where 0 < A < 1. Since x ¢ E(X,F"), there exists
x* € X with the property

F(x!) < F"(x). (M
If fng1(x*) < fag1(x), then it is clear that x € E(X,F"*1). If
Fragt (B> Foqa (%), (8)

then we may build the two-dimensional simplex A(x,x", x*), because the ob-
jective functions are convex and conditions (4)-(6), (7), (8) hold. Applying
Darboux’s Theorem (Engelking and Sieklucki, 1986) to the set A(x,x%, x*) and
each objective function, by condition iii), we conclude that there exists x° €
A(x,x%, x*) such that F**+1(x®) < F"+(x). Hence, since A(x,x% x%) C X, we
have x € E(X,F"). Consequently E(X,F*+!) c E(X,F"). |

It is interesting to observe that, in the case where X < X, one of the
conditions in Theorem 1 can be dropped.

LEMMA 1 With the assumptions A.1, A.2, if X C X, then the conditions ii)

amd 23i) dm Thearem 1 are emuinalent.
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Proof. The proof is easy to obtain by applying the definition of an efficient
solution and the properties of a convex function. |

Generally, if X ¢ R¥(k > 1), the lemma above is not true. The following
example shows this fact.

ExAMPLE 1 The set X, the vector-valued function F"(x) and the objective
function f,41(x) are given by

X = {[z1,22)7 € R? | 21 + 425 < 24, -2, — 2>
S _63 ) S _]-1 3$1 = 23:2 S 32}:
F%(x) = [—22, —4z1 — 23],

fa(x) = 521 + 3zs.

X,

Figure 1. Condition ii) of Theorem 1 does not imply condition iii).

In this problem
E(X,F*)nE(X, fs) = {[0,6]"},
but there is, for example, x° = [6,1]7 € X \ E(X, F?) such that
-3x € R? : F3(x) < F3(x?).

In Fig. 1, the set E(X, F?) (bold line) and the set E(X,F3) = X, are illustrated.
Of course, function f3 is not nonessential.
Now let us change functions f; and fs into
fi(x) = —z1 — 229,

Y ST N ISRy P
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Figure 2. The condition iii) of Theorem 1 does not imply the condition ii).

In this case condition iii) holds, that is
Vx € X \ E(X,F?)3x’' € R? : F3(x¥') < F3(x),

although E(X,F?) N E(X, f3) = 0. The bold line in Fig. 2 represents the set
E(X,F?). The set E(X,F?) is the north-east edge of the feasible set. Again,
function f3 is not nonessential.

It should be noted that the condition i) of Theorem 1 is not obvious. But if
the vector-valued function F"(x) is one-to-one on the set F(X,F"), then this
condition holds (Gutenbaum and Inkielman, 1998).

Theorem 1 can fail if the objective functions are not convex.

EXAMPLE 2 The set X, the vector-valued function F" and the objective func-
tion f,41 are given by

X={zeR|-2<0,2 <6},

2 1 5
F(z) = |z?, 5(&: —4)" + 2|,

2
falz) = —-5(.:'; —3)2 +5.
Fig. 3 shows the set X and the objective functions. It is easy to see that

E(X,F’)={z€R|0< 2 <4},
E(X,F3) =X,

s wr Wy o TV OF A rms
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F(x)
A

1, (x)
) .

& -

Figure 3. The conditions of Theorem 1 hold, but the function f3 is not nonessential.

Hence, by Lemma 1, conditions of Theorem 1 hold. But the function f3 is not
nonessential. Obviously f3 is not convex.

3. The evaluation of extension of the set of efficient solu-
tions

Now we mention some consequences of Theorem 1 and Lemma 1.
COROLLARY 1 With the assumptions A.1, A.2 the following implication holds

E(X,F"*"Y)\E(X,F")=0= inf {d(x,E(X, fat1))} =0.
xeE(X.Fr)

Proof. The proof is immediate from Theorem 1 and the definition of Euclidean
distance function. =

It is worth noticing that with the assumptions A.1, A.2 the condition
inf xe px Fry1d(%, B(X, fni1))} = 0 is necessary, but not sufficient for the set

E(X,F"1)\ E(X,F") to be empty. As an example, in R, let
X={zeR|0<z<6}
and
EX,F")={z€X|l<z <3}, EXF*)={3}.
It can be seen that E(X,F"*t1)\ E(X,F") = {3} # 0, but

inf  {d(x, E(X, fas1))} = 0.
xXeE(X . Fn)

Heouvraturoar tho fAallavwrineg nranncifFicsn holde
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PROPOSITION 1 Let the problem (1) satisfy the assumptions A.1, A.2 and let
the set E(X,F™) be closed. If X C R or the condition i) of Theorem 1 holds,
then

E(X.F'"H\EX,F")=0& inf {d(x,B(X,fa41))}=0.
xeE(x Fr)

Proof. In view of Corollary 1 we shall show only the implication “< . For this,
observe that the set E(X,F") is compact, because it is closed and contained in
the feasible set, which is compact. Furthermore the Euclidean distance function
is continuous. Hence if z'nfer(_\,‘F,.){d(x,E(X,f,1+1]} = 0, then there exists
x% € E(X,F") such that d(x°, E(X, fo4+1)) = 0. Moreover, since f,4+1 is con-
tinuous, the set E(X, fo41) is closed. Therefore x° € E(X, fn41) and the set
E(X,F")NE(X, fat1) is nonempty. Finally, due to Theorem 1 (and Lemma 1 if
necessary), E(X,F") C E(X,F"*!) so the set £(X,F"+1)\ E(X,F") is empty.

|

From Proposition 1 we conclude that, if the assumptions of that proposition
hold, then we may use the number infy o v oy {d(x, E(X, fauy1))} as the eval-
uation of the difference between the sets of eflicient solutions of the problems
(P) and (P).

In t.he case_where X c R the number s’nfer(X‘F,,){d(x, E(X, fut1))} has
a very interesting property.

REMARK 1 With the assumptions A.1, A.2, if X C R, the set cl(E(X,F"t1)\
E(X,F")) 1s a closed interval and its length equals

inf {d(z, E(X, fn41))}
zeE(X,Fn)

It is rather obvious that if we drop the assumption X C R, then the remark
above becomes false. Nevertheless we give an example of this fact.

EXAMPLE 3 The set X, the vector-valued function ™ (x) and the objective func-
tion fao41(x) are given by

X = {[z1,22)" € R? | =25 + g(21) <0, where

_J 0,522 —day +12 foray <4
g(z1) = {4 forazy >4

.’]'32—650,—:82+$1—3$0}
F2(zy,20) = [(z1 —4)2 + 22 = 1, (=1 = 7)% + 25 - 2|

P we %o i T - - |
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3 | const

Vv

A =\( prs: £, # const

Figure 4. The set cl(E(X,F?) \ E(X,F?)) is a line segment.

From Fig. 4, it can be seen that
E(X,F?) = {[z1,22) € X |4 <31 < T, 22 =4},
E(X,F¥) = {[z1,22] € X |zo =21 — 3,7 < 21 <9} U E(X,F?).

Hence, the objective function fs is not nonessential. The set cl(E(X,F3) \
E(X,F?)) is a line segment (bold line) and its length equals

inf _ {d(x, E(X, f3))} = 2V2.

xeE(X,F2)

Now let us change the objective function fs into
fa(.’b“l,m‘g) = (.’.B]_ = 1)2 + (3'12 - 6)2 — 3.

In this case the objective function fs is still not nonessential, because
E(X,F?) = {[z1,22] € X | 22 = 0,52} — 42, + 12,2 < 21 < 4}
UE(X,F?).

But now, the set cl(E(X,F3)\ E(X,F?)) is a curve segment (v = 0,5z% —
4z + 12) and its length is greater than mfxes(x F,}{d(x, E(X, f3))} = 2V2.
The bold line in Fig. 5 represents this set.

We finish this section by presenting sufficient conditions for the difference
between the sets of efficient solutions of problems (P) and (P) to be contained
in the boundary of X.
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const

Figure 5. The set cl(EB(X,F*)\ E(X,F?)) is a curve segment
(2 = 0,523 — 411 + 12).

COROLLARY 2 With the assumptions A.1, A.2, if the condition i) of Theo-
rem 1 holds, then E(X,F"*')\ E(X,F") C bdX.

Proof. The case where E(X,F") C E(X,F"+!) is trivial. If E(X,F"+1)\
E(X,F™) # 0, then the proof is obtained from the proof of Theorem 1. |
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