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Hence

Ynia — Ynia* = h‘n Z[f(tn.j—layn‘j-l,us'rnjo) - f(tn,jv—hyn.j—-l.a's ?'nja’)]
=1
hu
+ ?[f(tmh Ynias 'rm'a) ol f(tm" Ynia's rniu")]

P~ ad

n

- ?[f(trlﬂy Unoa, rnﬂn) - f(tnﬂv Ynoa's Tnoa’ )]

i
= h, ZIf(tn.j—ls?}n.j——l.m'-"‘uja) = f[tu,j—l‘yn,j—l.n's'rnja)]
i=1

# h’n Z[f(tn.j-vlayn,j—l,a"s?'-uja) - f(tn,j-vlsyu,j—l.o’s?‘nja’)]
=1
h
_él[f(tni; Ynias Tnia) o f(tnia Ynie'sTnia )]

hy
- ?l[f(tuﬂa Ynlas rnﬂu] - f{tnlh Ynoa's Tnla )]

..|_

hy
# ?[f(tﬂi‘! Ynia', ?'m‘o) = f(tm'} Unia's Tnia’ )]

h,
- j[f(tnﬂr Ynoa', 7':100} = f(tn(h Ynoa's Tnoa' )]

It follows that

bk :
(1 =t T) “ynict = Ynia’ [l S h‘RLZ ”yn‘j—l,n Lo yu,j-—l,n-‘ﬂ

i=1

+2MT|a — &'| + 2h,M|a — o|.

Since h,, < 2/L, it then follows from the discrete Bellman-Gronwall inequality
that

“ynjn ™= ynm'l S 01“ = “!la i=0,... f N.

The Lipschitz equicontinuity of G, (7,4) follows as in Theorem 3.3. =]

The following theorem gives error estimates relative to a given discrete re-
laxed control:

THEOREM 3.5 For a given discrete relazed control v, € Ry, let yy, Yn be the
corresponding discrete states and §,, the corresponding solution of the continuous
state equation. If the function f is Lipschitz continuous w.r.t. (t,y) on D, then
(¢ denoting various constants)

W = Wallae < chn,
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and if f is C* w.r.t. (t,y) on D, with partial derivatives continuous on D, then

7 — ?;"u"oo < Ch",
IG“( ﬂ) - rn l S Chi.

Moreover, if n’ > n and N,, # N
|Gr(rn) = Gnr(rn)| € chy (or ch?).

Proof. We write

) =9"+ 0! F(8,Un(s),ra(s)) ds + /: an(s)ds + /vt an(s)ds,

where t' := maxy,, <¢ tn; and a,(t) was defined in the proof of Theorem 3.2. If
f is Lipschitz continuous w.r.t. (¢,y) with constant L”, we have

’

t
/ an(s)ds ‘ < L"(M +1)Thy,
0

and if f is C? w.r.t. (t,y) on D, using the error estimate of the trapezoidal rule

j: ay(s)ds

In both cases, we have

t
/ n(8) ds
Jt!

Consequently

< cTh2.

< L"(M + 1)h2.

19 (8) = gn(®)l < / 1£(8 Gy 7n) = £(8, T 7n)ll ds + chay (or chi)

< L/ 5n(s) = Fu(s)|| ds + chy (or ch?).

By Gronwall’s inequality
[ (t) = Gn (Il < chn (or ch2) in I.
It follows that
|G (ra) = G(ra)| = l9(ynn) = 9(Fn(T))| < chn (or chy).

Finally, let ' > n with N,, # N, and let 7, denote the continuous state
corrc%pondmg to the discrete control r,, considered as an element of R,,. Then
Un = Ynr and

IGn(?'n) -Gyt (?'n l = lg(yn'\’ = Q(Jn’N b
< 19(ynn,) = (Jrl T))l Ig(yn (1) = 9(yn ‘N, B
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Next we define, for given r,, € R,, with corresponding discrete state y,,, the
approximate discrete adjoint state z, as the unique solution (which clearly exists
for h,, sufficiently small) of the following linear implicit trapezoidal scheme

h
Zni-1=Zni+ = [sz nuym,'rm) + 2p,i- lfy(tn i—-lsUn,i- larm)]

i=N,...,1,
N = gy(Ynn)s

and for given r,,7, € R,, with y,, z, corresponding to r,, the approximate
discrete directional derivative of G by (with obvious notations)

D“G(T'n, ?ﬂ'. e rn)
_ by
T
- Z[sz(tmt?ms Tni — rm) + Zn !—1f( bn,i—1s Yn,i— l:"'m f‘m)]

f (2 OSEO.3O.7(0) = ra(0)
+ 2, (0 f(t (), (£),Tn(2) — Tn(2))] dt.

We suppose that h; is chosen sufficiently small so that the approximate discrete
adjoint scheme has a solution for every n and r,, € R,,.

THEOREM 3.6 Let (r, € R,), (Fn € R,) be sequences of discrete relazed con-
trols such that r, — r and 7, — 7 in R asn — oo. Then z,, — z, z; — z,
z¥ — z, with z = z,., uniformly, and D,G(r,, Ty — o) — DG(r,7 — 1), as
n — 0o, Moreover, we have (for the two smoothness cases of Theorem 3.5)

10 = Zalloo < cha (or chl),

where z, denotes the solution of the continuous adjoint equation corresponding
to r, and y,, and

]DnG(rrn?u = rn} = DG(T}”F“ o ?"ﬂ)i < Ch,l (m‘ Chi).

Proof (sketch). The convergences of z,,, z, 2z are proved similarly to Theo-
rem 3.2 and using Theorem 3.2. The last convergence is straightforward, con-
sidering the second expression of D,G. The last two inequalities follow easily
from Theorem 3.5 and the error estimate of the trapezoidal rule. ]

Theorems 3.5 and 3.6 show that if f is C? w.r.t. (¢,y) in D, then, for given
discrete controls, the correspondent discrete states and approximate adjoints
and cost derivatives are approximations of order h? to the correspondent ex-
act ones, i.e. to those corresponding to control discretization only (control
parametrization). This result justifies to some extent the discrete approxima-
tions used.

The following control approximation theorem is proved in Chryssoverghi et
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THEOREM 3.7 For every r € R, there exists a sequence (w, € W,, C Ry,) of
discrete classical conlrols such that w,, — r in R.

4. Approximate relaxed descent method

Consider the following algorithm. The implementation of this algorithm will be
described later.

ALGORITHM

Step 1. Set n :=1 and choose r; € R;.
Step 2. Find 7,, € R,, such that

dy 1= DyG(r4, T4 — ) = _min DHG{TH\F:: —Tn).
TLER,

Step 3. Find a,, € [0,1] such that

Gu(rn +an(Tn — 1)) = in Gp(rn Tn = 7Tn))
(rn + an(Tn — 0)) Qlél{:]l‘ll] (rn + a(Fn — 7))

Step 4. Choose any r,, € R, such that
Gn(ry) € Gn(rn + an(Fa = 10)).
Set 41 :=7),, n:i=n+ 1 and go to Step 2.
We suppose that the function f is at least Lipschitz continuous w.r.t. (¢,) on D.
THEOREM 4.1 Every accumulation point r € R (and such points always exist)

of the sequence () generated by the Algorithm satisfies the necessary conditions
for optimality

DG(r,7—17) >0, for everyr € R.
Moreover, d,, — 0 (in Step 2) for the whole sequence (d,,).

Proof. Since D,G(rn, T, — 7a) is clearly (linear) continuous w.r.t. 7, on the
compact set R, = [M(U)]Y and G, (r, + a(7n — 7)) is continuous w.r.t. a on
[0,1] (Theorem 3.4), there exist 7, € R, and «a € [0, 1] satisfying Steps 2 and
3, respectively. Since R is compact, let (r,)nek, (Fu)nex, K C {1,2,3,...},
be subsequences of the sequences generated by the Algorithm that converge to
r,T € R, respectively. Clearly, by Step 2, d,, < 0 for every n. By Theorem 3.6

dp = DpG(rn,Tn —Ta) = d = DG(r,7—1) <0, asn — o0, n € K.

We shall prove that d = 0. Suppose, by contradiction, that d < 0. One can
easily see that the function
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defined on [0, 1], has the derivative
@f(a) — DG(?‘,; + a’(Fn = rn)s Fn e r!l)’

By the Mean Value Theorem and the continuity of DG (Theorem 2.2), we then
have, for a € [0,1]

G(T'n + O'(Fn - 'rn.)) = G(Tﬂ) = QDG(Tn + ﬂ'?(?n b Tn): Ty — ?'n)
— O!(d + eun)s

for some o’ € [0, a], where €4, — 0 as n — 00, n € K, and @ — 0F. Hence

G(rn + &(Tn —7n)) = G(ry) < “g,
for a € [0,6] (with 6 > 0),n > J, n € K. Since
(@ G(rp + afn — 1)) = G(ry))

is a bounded sequence of equicontinuous functions (Theorem 3.3) that converge
pointwise to the function a — G(r + a(F — r)) — G(r) (Theorem 2.1, continuity
of G), the convergence is uniform on [0, 1]. Hence

G(r +a(7 1)) - G(r) S 05 +

for a € [0,6], n > J, n € K, where ¢,, — 0. Similarly, by Theorems 3.4 and 3.2,
the sequence

(@ Gu(ry + a(Fy — 1)) — Ga(rn))

also converges uniformly on [0,1] to @ — G(r + a(F — r)) — G(r). Hence
Ga(ra + (T = 7)) = Ga(ra) S a5 + 0o,

for a € [0,8), n > J, n € K, where 6,, — 0. By Steps 4 and 3
Ga(r') = Galra) < Gulra + an(Fa = 1)) = Ga(ra) < 55 + 00 < 85,

for n > J', n € K. Now, the control r,,4; is equal to the control v/, € R, C
R, 1, but considered as an element of R, 4. Therefore, if h,41 < hn/2 (resp.
hpt1 = hy), we have (Theorem 3.5, in both smoothness cases)

Gu+1(?‘u+l) - Gn(rn) S 5% + Chn (I‘QSP- S 6;) '

for n > J', n € K. Since, for every n € N, we have by Steps 4 and 3
Gn (T:z) = Gn(ra) < Gu(rn + an(Fn — '-"n)} — Gnu(ra)

s F a1 il ~ 13 M fwm Ve N
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it follows similarly that if h, 41 < hp/2 (resp. hy41 = hy), then
Gn+1(rn+l) = Gn (T'n) S Chn (I‘GSP- S 0)
Hence

Gu41(rn41) = Gi(r1) <
<r‘z.-‘a,+ z i‘:“!-<2r-h+ Z @ -0
e k 3 = -1b] 3 )

1<k<n 1<k<n 1<k<n
keK kekK

which contradicts the fact that the sequence (G, (r,) := ¢(ynn)) is bounded
(Theorem 3.1). Therefore d = 0. Since this limit is unique, we also conclude
that d, — 0 for the whole sequence. Now, we have by Step 2

D, G(ry, Ty = 1) 2 DaG(1rn,Tp — 1) = dp, for every 7, € R,.

Let ¥ € R be any control and (7, € R,) a sequence converging to 7 (Theo-
rem 3.7). Then

D,IG(T',“?‘,, ‘. T'u) Z DnG(?'n»Fn . 'rn) = dn»
and passing to the limit, n € K, we find
DG(r,v-r)> DG(r,7—r)=d =0,

and since 7 is arbitrary, r satisfies therefore the necessary conditions for opti-
mality. | |

Let us now show how the Algorithm can be implemented. In order to
satisfy Step 2, it is easily seen that we can choose a classical control 7, :=
(Tt ...y T ), with Tp; 1= 85, ., such that

znif(tni: ynhmni) + zn,i—lf(tﬂ‘i—lsyu.\i—lsﬁni)
- Egé}[zuif(tnis Yni, 1.&) + zn,i—lf(tu,i—ltyn,i—lru)]’ %= yanas
which is a nonlinear programming problem for each i. Suppose, by induction,

that the discrete control r,, is of Gamkrelidze type (by choosing also the initial
control 1 of this type), i.e. of the form

P p
g E Brnijbu,:;, with E Prij =1, i=1,...,N, f3,; nonnegative,

j=0 =0

where p is the dimension of the system. Then, by Step 3 (which is a one
dimensional minimization problem)

p
Frn' =i+ an(?né - ?'ui) e an&ﬁ,., + y: (1 = Oy )ﬁm’j‘su.“,«
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Applying the control 7,, to the discrete state equation, we obtain

h o =
Yni = Yn,i-1 + oy ?n[f(tniv Ynis wni) + f(tﬂ.i—l: Un,i-1, wﬂi)]

p

h .
+ Z(l—an)ﬁnfj"f[f(tnh Yrisi sy )+ P lnse 1 Pnd—itingg ) $= 1y oy IV

j=0

It then follows from properties of convex hulls of finite vector sets (convex poly-
hedra) that the above convex combination of p + 2 vectors in R? containing
Whi, Uni0, -+ s Unip 18 also a convex combination of the vector containing Wy,
and p among the p+ 1 vectors containing unjo, . . ., Unip. The coeflicients of the
later combination can be computed by checking for each i the feasibility of at
most p+ 1 linear programming problems w.r.t. barycentric coordinates. There-
fore, the control 7, can be replaced by a control 7/, concentrated, for each 4, at
Wy; and p among the p+ 1 points g, ..., Unip and yielding the same state y,,
hence the same cost, as 7,,. The equivalent control r}, is thus of Gamkrelidze

type

P P
ro_ / . I . ’ ,
Vi = E Bm-jﬁu;u_, with E Brij =1, i=1,...,N, B,;; nonnegative,

and we can choose the control 7,41 := r}, in Step 4.

Finally, the discrete Gamkrelidze controls r,,, thus computed by the Algo-
rithm can be approximated, or simulated, by piecewise constant classical con-
trols as follows. For each i = 1,..., N, subdivide the interval I,; into p + 1
intervals I,,;; of lengths B,;;hn, = 0,...,p. Then define the associated piece-
wise constant classical control w, by

wn(t) = Unij, fort € Liij, 7=0,...,p, i= g [

The following theorem is proved similarly to Theorem 6.1 in Chryssoverghi et
al. (1999).

THEOREM 4.2 If the sequence of discrete relaxed controls (r, € Ry) converges
tor in R, then the associated sequence of piecewise constant classical controls
(wy) also converges to r.

5. Numerical example

Set I_ :=[0,3), I+ :=[3,1], I:=1_UJ,, and consider the following optimal
control problem, with state equation

i f‘_zjyz-l-w%—é—, tel_,

e =
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, n+wi-3, tel,
Yo = fai= 3
y1+1U2—ﬁ, tEI.{.,

vy =fa:=yi +93, tel,
¥1(0) = y2(0) = y3(0) = 0,
nonconvex control constraint set
U:=U0'ut”,
where

U':= {u:= (uy,u2)| ug >0, ug —uy <0, 2u; +uy — 1 <0},
U" = {u up 20, —uy +uz <0, Juy +us — § <0},

and cost to be minimized
G(w) = ys(1).

The theory deployed in the paper with slight modifications, can clearly be ap-
plied to this problem since (f1, f2) is continuous, and Lipschitz continuous w.r.t.
(t,y), on I_ x R? x U and on Iy x R? x U, and f3 is independent of y3 and
continuous and Lipschitz on I x B x U, for every closed ball B ¢ R?, It is easily
verified that a (non unique) optimal relaxed control is

(1) 1= 3%0,0) * 380,0) + 380,1), t €I,
1y, tely,

with corresponding optimal state y* = 0 and cost G(r*) = 0. Note that this

problem has no purely classical solutions since the zero cost can be approximated

via a sequence of classical controls (W is dense in R and G is continuous), but

the only ordinary control that yields this value does not satisfy the constraints

forteI_.

The discrete relaxed descent method was applied with successive step sizes
h=2"%0.1,k=0,...,5 and 15 iterations for each step size, i.e. 90 iterations
in total, with the choice of the initial control 71 (t) := 6,0y, t € I. Note that the
computing time required with this progressive refinement is about 1/3 of that
with constant step size h = 27°0.1. Step 2 reduces here to a minimization of
a quadratic (for I_) or a linear (for ) function on the union of two triangles
U'uU”, for each i = 1,...,N. The coefficient a,, in Step 3 was computed by
the golden section method (note that here the cost is convex w.r.t. the relaxed
control ), and the equivalent Gamkrelidze control 7/, in Step 4 was computed by
checking the feasibility of at most 3 (instead of 4) linear programming problems,
for each i, since fs is independent of w. For n = 90 (N,, = 320, h,, = 1/320),
we obtained the relaxed control 7/, and the relaxed cost
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Figs. 1 and 2 show the contribution of the computed relaxed control 7/, to the
state equation , i.e. the two components of the vector function

Jo(ud, i) (t)(du) = (5,3), tel,
Jo(u, u)ri(t)(du) = (3, %), tel,.

(s1(t), s2(2)) := {

Finally, applying the approximation procedure by a piecewise constant classical
control w, described in Section 4, we obtained the approximate classical cost

G, (W,) = 0.00000169638,

which was computed using the 3 x 320 steps corresponding to the intervals
Liji=1,...,N,, j=0,1,2, defined in this procedure.
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6. Final comments

A combined descent and discretization method using an approximate directional
derivative has been applied to an optimal control problem involving nonlinear
ordinary differential equations with control constraints. This method has the
following general advantages:

o it is adapted to nonconvex constrained optimal control problems (whose
solutions are often nonclassical) since it exploits their nonconvex structure
at each iteration by using relaxed controls,

e it generates sequences that converge to the strong relaxed necessary con-
ditions for optimality,

e the progressive refinement of the discretization reduces computing time
and memory,

e it avoids the consideration of separate discrete problems thus generating
a single, instead of a double or triple, sequence of controls,

e using various other efficient discrete schemes, the general procedure can
be applied to problems whose direct discrete adjoint is either not defined,
or involves heavy computations.

Finally, this approach can also be applied to some optimal control problems
involving distributed systems, and to state constrained problems, using penalty
functions (see Chryssoverghi et al., 1999).
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