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A SIMPLIFIED METHOD TO ASSESS FATIGUE LIFE OF SELECTED
STRUCTURAL COMPONENTS OF AN AIRCRAFT FOR A VARIABLE
LOAD SPECTRUM

UPROSZCZONA METODA OCENY TRWALOSCI ZMECZENIOWE)J
WYBRANYCH ELEMENTOW KONSTRUKCJI STATKU POWIETRZNEGO
DLA ZMIENNEGO WIDMA OBCIAZENIA*

The assessment of fatigue life of an aircraft’s structural component operating under variable load spectrum causes many
and various problems, hence the need for simplified methods that facilitate it. The presented study covers the question
of rearranging an actual spectrum with variable values of cycles into a homogeneous spectrum with weighted cycles.
A method for the evaluation of fatigue life of some selected aircrafis structural component with an initial crack has been
presented using a rearranged spectrum. To model an increment in the crack length a difference equation has been applied
which, after rearrangement, resulted in a partial differential equation of the Fokker-Planck type. A density function of the
crack length is a particular solution to this equation. Using the density function of a crack length, fatigue life of the struc-
tural component has been determined for the crack that keeps growing up to the permissible value I lower than the critical
value I, . What has been given consideration in this study is the case when the exponent of the Paris equation m # 2.

Keywords: load cycle, weighted load cycle, reliability, durability, load spectrum.

Ocena trwatosci zmeczeniowej elementu konstrukcji pracujgcego pod wplywem zmiennego widma obcigzenia przyspa-
rza wielu trudnosci. Stqd potrzeba poszukiwania uproszczonych metod umozliwiajgcych tq ocene. Przedstawiona praca
obejmuje przeksztatcenie widma rzeczywistego o zmiennych wartosciach cykli w widmo jednorodne o cyklach wazonych.
Wykorzystujgc widmo przeksztalcone przedstawiono metode oceny trwatosci zmeczeniowej wybranego elementu kon-
strukcji statku powietrznego z poczgtkowym peknigciem. Do modelowania przyrostu diugosci pekniecia wykorzystano
rownanie roznicowe z ktorego po przeksztatceniu otrzymano rownanie rozniczkowe czgstkowe typu Fokkera-Plancka.
Rozwigzaniem szczegolnym tego rownania jest funkcja gestosci diugosci peknigcia elementu. Wykorzystujqc nastepnie
funkcje gestosci diugosci peknigcia okreslono trwatos¢ zmeczeniowg elementu konstrukcji dla pekniecia narastajgcego do
wartosci dopuszczalnej [, mniejszej od wartosci krytycznej I, . W pracy rozpatruje si¢ przypadek, gdy wykladnik réwnania
Parisam # 2.

Stowa kluczowe: cykl obcigzenia, wazony cykl obcigzenia, niezawodnosé, trwatosc, widmo obcigzenia.

1. Introduction

The assessment of fatigue life of an aircraft structural com-
ponent operating under variable load spectrum causes many
and various problems, however it proves essential to flight sa-
fety. The present study is an effort to find a simplified method
of fatigue life determination. This simplification consists in the
rearrangement of an actual load spectrum into a homogeneous
spectrum with weighted cycles. The rearrangement has been
outlined in Section 2.

It has been assumed that an initial crack in the structural
component is /. As affected by the load of a variable spectrum
the crack grows up to some permissible length /, (safe) shorter

than the critical length /, . The crack growth rate, approached in
a deterministic way, has been described with the Paris formula
of the following form [1]:

dl

— = C(AK)™ 1
dN (8K) M

where: AK — the range of changes in the stress intensity factor,

C, m — material constants, NV — a variable that denotes the num-

ber of structure-affecting load cycles.

(*) Tekst artykutu w polskiej wersji jezykowej dostepny w elektronicznym wydaniu kwartalnika na stronie www.ein.org.pl
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2. Howto find the cracking rate for the load in the
form of a rearranged load spectrum

The following assumptions have been made for the need of
rearranging the actual spectrum with variable load values into
the spectrum with weighted cycles:

1) An aircraft structural component keeps operating under

variable loads while performing its functions.

2) The load spectrum that affects the component in the cour-
se of a standard flight of the aircraft is known.

3) We assume that this spectrum of loads allows of the de-
termination of:

- the total number of load cycles N, in the course of one
flight,

- there is the L number of thresholds of maximum load
values 0", 0,",..., 0"

4) The number of repetitions of maximum threshold values
in the assumed spectrum is as follows: o, occurs n,
times, o,"* occurs n, times, ..., ¢,”* occurs n, times. The
number of repetitions of specific thr?shold values of load

in the course of one flight is: N, = Z n;
=1
5) The minimum value in thresholds is determined with the
following relationship:

) ot + a3 "+ 4 aF .
gmin — . >t wherei=1,2,...n.
LST n; i
L

6) Table 1 gives maximum ¢"* and minimum olin stress
values in the cycles, and frequencies of their appearing in
the spectrum P,

7) Table 2 gives the statement of stress ratios R; and empiri-

cal coefficients of influence on crack growth U, where:

Table 1. Maximum o™ and minimum o[%™

O.min
B, = T U =ot,+o¢, Ry o ﬁ-z'(x o
Ri—m’ i =X +% R +X3 R 5 a,
i

,» 0y — empiri-
cal coefficients [4, 5].

8) The range of stress variations has been shown in Table 3

Ag; = o™ — U[I'Sf‘;'"

9) Account has been taken of the effect of overload cycles

upon the crack growth rate (table 4):
Ac, .= CP A,

where: C/” - factor of crack growth retardation after over-
load cycles occurred [3].

In the case given consideration it has been also assumed
that the rate of crack growth in the structural component, ap-
proached in a deterministic way, follows the Paris’ law written
down with formula (1). For the above specified assumptions,
in this case for the i-th type of a load cycle (gained from the
description of the spectrum of loading in a standard cycle), for-
mula (1) takes the following form:

dl

mm
= CUMP (Ado) w212 )

where M, specify influence of crack location and dimensions
with relations to structural element dimensions on crack growth
velocity [1].

With account taken of all types of load cycles, the relation-
ship (2) takes the form:

L
dl m m
av = (Z P Ui(Aai,ef)’"> mpiz Q)
i=1

where: i=1,2,....L.

4 stressvalues in the cycles, and frequencies of their appearing in the spectrum P,

O.imax a.lmax szax O.imax . o.]:max
n ny n; n,
i 1 N, 2 N, TN, L N,
Table 2. Stress ratios R; and empirical coefficients of influence on crack growth U,
cykle i 1 2 i L
R; R, R, R; R,
U; Uy U, U; U,
Table 3. Range of stress Ao, and frequencies of their appearing in the spectrum P,
cycle types 1 2 i L
Ao; Aoy Ao, Ao; . Aoy,
P, P, P, P, . P,

Table 4. Range of effective stress Ao, ,which takes into consideration effect of overload cycles

cycle types 1 2 i L
coefficients cr cy ck cr
Adier Agyer AGy ef Aoy Agyef
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Formula (3) can be expressed as a function of time, or more
precisely, of the aircraft’s flying time. Therefore, we assume
that:

N=2At 4)

where: A — the rate of load cycles, N — the number of load cyc-
les, t — flying time of an aircraft.

In our case A=1/At¢, where At denotes duration of the fatigue
loading cycle that affects the structural component. We can as-
sume the following formula for Az:

Ne )
where: T — the duration of the aircraft’s standard flight to deter-
mine load spectrum, N, — the number of load cycles during the
standard flight.

After these rearrangements, formula (3) takes the following
form:

L
% = ACn? <Z P, U;(Ade f)m> MPz (©)
i=1
Formula (6) describes the crack growth rate for a homoge-
neous load spectrum with weighted cycles.

3. Finding the density function of the crack
length

Let U,, denote probability that for the aircraft’s flying time
t the structural component’s crack length is /. The difference
equation for the above listed assumptions takes the following
form [2, 6]:

Upene = (1 = AAO U, + AAEU _ppe (7

where: A / — the crack length increment during one equivalent
load cycle.

The value of the crack-length increment calculated on the
basis of (6) will be:

m - m m
Al = ACn2 (Z P, Uy(Acer) )M;"l 7At (8)
i=1
Equation (7) expressed in terms of function notation takes
the following form:

ULt +At) = (1 — 20U t) + 2AtU(L — ALt) (9)

where: U(/,f) — the density function of the crack length after the
aircraft’s flying time ¢ expressed in terms of flight hours has
elapsed; (1- 1 Af) — the probability that no equivalent load cycle
occurs in time Af; AAf - the probability that an equivalent load
cycle occurs in time At.
Equation (9) can be rearranged into a partial differential
equation using the following approximations:
au(l,t
Ul,t+At) = U t) + ;t )At )
10
Ull—ALY) = U0 GedCL) ALt o .0 Al Zf "
T ’ al 2 07 @b
Having substituted equation (10) into equation (9) the fol-
lowing is arrived at:
au(l,t) B au(l, t)

— Z 2
Fra A 3l A(Al)

22U, t)

11
e (1

where:

m S m m
Al = AC2 Zpi Ui(Aoyep)™ | MPIZ AL

i=1

Since 1At = 1, the above written equation takes the form:

L
m m
Al=Cn? <Z P, U, (Aai,ef)’"> Mpiz o (12)

i=1

Let

m
CnzMI* = Cp, (13)

S m\ m
=Cp Z"i Ui(Aoier)™ | 12 (14)
i=1

Substitution of relationship (14) into equation (11) gives:

au(l,t) aU(l t)
=2 <ZPU(Aalef) >12+

i A(C (ZP Ui(Acer) )l )2a gg 2

i=1

15)

The result of equation (6) should be substituted for the
crack length / in equation (15). What we get is:

dl
d—-ACnZMk (ZP Ui(Adier) )lz
L
ldx t
—m:J. }.Cm (Z Pi Ui(AO'i'ef)m> dt
2 0 i=1

X
L
2 2m 2 2m
—10 2 - _mlo 2 =/1Cm( PiUi(AO'i'ef)m)t (16)
i

With account taken of (16), coefficients of equation (15)
can be written down as:

L
a(t) = AC,, (Z P; Ui(AUi,ef)m>'
i=1 m (17)
e
) lT+—/1Cm Pi Ui AGi,e t
’ 2 i=1 !
L
HHOEW! cm< P, Ui(Adye )"‘)-
Z ,
.[zoz_m <ZP Ui(Acier) > ]

., (18)

-m
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Equation (15) with coefficients (17) and (18) takes the fol-
lowing form for m # 2:

au(lt) 6U(l t)

0%2U(l,t)
T a(t)

19
TE (19)

—B()

A particular solution of equation (19) takes the form [2, 6]:

! 1S
U( ) t) = \/ﬁe (20)
where:
t
B(t) = f a(t)dt 1)
0
t
A = f (Dt 22)
0

Now, the integral (21) is calculated:

L
B(t) = ACp, (Z P, U; (Aoi,ef)m> :

f [zoz_ ALYV <Zpu(Aalef) )] dt =
=ACp, (; P Ui(Aai‘ef)m) (

o +1)

.[zoz_zm+—ac <ZP Ui(Adier) ) ] ;

7-mt!
t

1

1P Ui(AUi,ef)m) .

2—-m

L2 (2
2
2-m

L
2zm 2-—m
lO 2 4+ 2 m (Z Pi Ui(AO'i,ef)m) t] - lO
i=1

i.e. B() is an average of the crack length for the flying time ¢
of the aircraft. The computational formula takes, therefore, the
following form:

2

m L 2-m
+——C,, (Z P, Ui(Aoi'ef)m) t} —1, (23)

i=1

2-m
B(t) = [zOT

Calculation of the integral (22) follows:

2

L
A(t) = /1Cm2 (Z b Ui(AUi,ef)m> :
i=1
oo, ) L =
. 2-m -m m
J;) [lo 2 +T/1Cm (Z Pi Ui(AUi,ef) )t] dt =
i=1
L 2 1
m
= ACp? (Z P U;(Aoy ) ) e
i=1 ( + 1)

2—m

2m

2-m 2-—m - m am
oz +557 a0 Zpi Ui(Acies)™ )t
i=1

1

o
TmACm( 1P Ui(AUi,ef)m) o
2

L
1
= ACp,> (Z P; Ui(AO'i,ef)m> e
)

m+2

-[loz_z +—AC <ZP Uy(Aayef) )]m_z-

t
1

‘2-m

TlCm(Zfﬂ p; Ui(AUi,ef)m) 0

L
2
= Cmm (Z Pi Ui(AO'i’ef)m) .

m+2

m—2

-[zoz_z +—AC (ZP Ui(Adier) )] +

m+2

W(zw%f) o=
= Cm m—+2 (Z P, U; (Aai,ef)m) .

m+2
m-2 m+2
10 7 +—/1C ZP U(Aa,ef) —1y 2

i.e. A(?) is a variance of the crack growth for the flying time z.
The computational formula takes the form:
m+2 (24)

L
2 m
A(t) = Cmm—-I-Z(Z Pi Ui(AGi,ef) )
i=1

m 2-m c m\ "7 me
(|l 5 Aln ZPi Ul(Boyer) |t|  —1o 2
i=1

4. Determination of fatigue life of the selected
structural component of the aircraft

For the density function of the crack length versus the fly-
ing time of the aircraft the structural component’s reliability can
be found from the relationship [2, 6]:

la
R(t)y, =f U(l, t)dl (25)

where the form of the density function of the crack length U(/,7)
has been determined by the relationship (20). The permissible
crack length /, can be found using the stress intensity factor of
the following form:

K = Myovnl (26)

When the crack length and the stress reach their critical va-
lues, /, and o, respectively, the factor determined by the rela-
tionship (26) also becomes a critical value K and is then called
fracture toughness of the material:
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@7

K. = My Oyr/ Telyer

This relationship together with the safety factor allow of
finding the permissible crack length:

K¢

=— 28
kMZoZ.m @5)

la
where: k — safety factor.
Normalization of the integral in equation (25) results in:

14—B(t)

R(t),, = f VAO (4, 0)dz

where: B(#) and A(¢) are determined with relationships (23) and
(24), respectively.

With the reliability level found we take values of the up-
per limit of the integral (29) from the normal distribution table.
Hence the relationship:

29

0 = B®
NG

Where: @, — value of the upper limit of the integral (29),
for which value of the integral equals R(t),,.

From relationship (30) we can find value of the flying time
such that makes the assumed reliability level reached.

(30)

5. Final remarks and a computational example

To illustrate the above described method, a computational
example has been presented. The example covers the rate of
growth of an average-length fatigue crack in a structural com-
ponent made from the steel of specified material properties,
subjected to an actual load spectrum. Computations have been
performed for the spectrum of variable- amplitude loads, which
represents an actual component-loading spectrum and has been
rearranged in the way discussed in Section 2 [2]. Table 5 below
shows quantities that describe the rearranged loading spectrum
used in our study.

The table 5 includes: values of ranges of changes in stress
in cycle Ao, for assumed load factors 7 and frequencies of their
occurrence P, and factors with both load cycle asymmetry and
how it affects the crack growth taken into account.

For some specified material of the pattern component, the
following values of material constants have been used in the

m=73,5
C=3.2-10"

In our example the following values have been used for the
computations: the initial crack length in the component assumed
to be /,= 10mm, and permissible crack length found from the re-
lationship (28) /,=25mm. It has been also assumed that the crack
growth retardation factor after overload cycles C” = 1, whereas
the factor with the load cycle asymmetry and how it affects the
crack growth taken into account has been defined by the empiri-
cally formulated equation U; = 0,55 + 0,33R; + 0,12§i2. In
numerical calculations account has been also taken of the change
in the M, coefficient in the course of the crack growth. Then, the
rearranged equation (23) for the average crack length has been
used to make it depend on the number of loading cycles N, on the
basis of equation (4).

2—m
2

: (Z P, Ui(Aai_gf)m> N

Using the above written relationship, the increment in the
average crack length against the number of loading cycles N
over the range from the initial crack length /; to the permis-
sible crack length /, = 25mm has been found. Figure 1 shows
the change in the average crack length against the number of
loading cycles.

m
Cnz M-
2 (€2))

2-m

2-m
BIN)=|l, z +

_lo

w
o

N
a

[
o

o

average crack length [mm]
o o

, , , , Ny

, , )
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o

Fig. 1. Increment in the average crack length against the number of

computations: loading cycles
Table 5. Quantities which describe the rearranged loading spectrum
Load factor i 2 3 4 5 6 7
Number of cycles 5 4 10 30 50 140
o' [MPa] 159 141 129 112 93 72
o/ IMPal -28 -13 8 17 23 27 27
Factor R; -0,1505 | -0,0818 | 0,0567 | 0,1317 | 0,2053 | 0,2903 | 0375
Range of stress AGM[MPa] 214 172 133 112 89 66 45
Empirical function U, 0,5030 0,5238 0,5691 0,5955 0,6228 0,6559 0,6906
Share of load factor in the spectrum P, (frequency of occurrence) 0,0042 | 0,0208 | 0,0167 | 0,0417 0,125 0,2083 | 0,5833
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On the basis of computations of growth of an average-
length fatigue crack B(N) one can find that the permissible crack
length /, = 25mm will be reached after N, = 124 110 loading
cycles. To find fatigue life of the structural component given
consideration, with probabilistic approach adopted, one should
also take account of the crack length scatter 4(N) defined with
equation (24). Then, for the already found density function of
the crack length against the number of loading cycles the struc-
tural component’s reliability can be determined:

la
R(N)y, =f U(l,N.)dl (32)
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account of physical phenomena accompanying the variable lo-
ading spectrum. Values of material constants used in this me-
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whereas some of them (e.g. C,m in Paris equation) can be esti-
mated using service data on the crack growth. The method of
moments or the function of likelihood prove applicable.
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