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Abstract. For a (molecular) graph G with vertex set V(G) and edge set F(G), the first
and second Zagreb indices of G are defined as Mi(G) = 3., cy () da(v)? and M2(G) =
> e n(c) da(u)da(v), respectively, where da(v) is the degree of vertex v in G. The al-
ternative expression of Mi(G) is 3°,,c p()(da(u) + da(v)). Recently Ashrafi, Dosli¢ and
gzmzeh introduced two related graphical invariants M1(G) = }_,,,¢ (o) (de (u) +de(v)) and
M2 (G) = 3_,.¢p(c) da(u)de(v) named as first Zagreb coindex and second Zagreb coindex,
respeitively. Here we define two new graphical invariants IT1 (G) = [Livg s e (da(u) +ic (v))
and 2(G) = [l,,¢m(e) do(u)da(v) as the respective multiplicative versions of M for
i = 1,2. In this paper, we have reported some properties, especially upper and lower bounds,
for these two graph invariants of connected (molecular) graphs. Moreover, some correspond-
ing extremal graphs have been characterized with respect to these two indices.
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1. INTRODUCTION

We only consider finite, undirected and simple graphs throughout this paper. Let G be
a graph with vertex set V(G) and edge set E(G). The degree of v € V(G), denoted by
de(v), is the number of vertices in G adjacent to v. For a subset W of V(G), let G—W
be the subgraph of G obtained by deleting the vertices of W and the edges incident
with them. Similarly, for a subset E’ of F(G), we denote by G — E’ the subgraph of
G obtained by deleting the edges of E'. If W = {v} and E' = {zy}, the subgraphs
G — W and G — E’ will be written as G — v and G — xy for short, respectively. For
any two nonadjacent vertices x and y of graph G, let G + xy be the graph obtained
from G by adding an edge zy. Other undefined notations and terminology from graph
theory can be found in [4].
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A graphical invariant is a number related to a graph which is a structural invari-
ant, in other words, it is a fixed number under graph automorphisms. In chemical
graph theory, these invariants are also known as the topological indices. Two of the
oldest graph invariants are the well-known Zagreb indices, first introduced in [14],
where Gutman and Trinajsti¢ examined the dependence of total m-electron energy on
molecular structure, elaborated in [15]. For a (molecular) graph G, the first Zagreb
index M;(G) and the second Zagreb index Ms(G) are, respectively, defined as follows:

My=M(G)= > dg)’, My=DM(G)= > da(u)da(v).
veV(G) weE(G)

These two classical topological indices (M; and Ms) reflect the extent of branching
of the molecular carbon-atom skeleton [3,21]. The first Zagreb index M; was also
termed as the “Gutman index” by some scholars (see [21]). The main properties of
My and My were summarized in [6,7,11,17-19]. In particular, Deng [7] gave a unified
approach to determine extremal values of Zagreb indices for trees, unicyclic graphs
and bicyclic graphs, respectively. Other recent results on ordinary Zagreb indices can
be found in [18,24] and the references cited therein.

Alternatively the first Zagreb index can be rewritten as

M(G)= > (da(u)+da(v)).

uveE(G)

Note that contribution of nonadjacent vertex pairs should be taken into account
when computing the weighted Wiener polynomials of certain composite graphs (see
[8]). Recently, Ashrafi, Dosli¢ and Hamzeh [1,2] have defined, respectively, the first
Zagreb coindex and the second Zagreb coindex as follows:

My =M(G)= > (do(w)+da(v)), My=DMaG)= Y da(u)da(v).
wwg B(G) uw ¢ E(G)

Nowadays several multiplicative versions of Zagreb indices are introduced (]9, 20,
22]) and extensively studied ([10, 26, 27]). In particular, Gutman [10] have deter-
mined the extremal tree with respect to multiplicative Zagreb indices, one of the
present authors and Hua [27] have provided a unified approach to extremal trees,
unicyclic and bicyclic graphs with respect to these multiplicative Zagreb indices. The
two present authors [26] have characterized completely extremal trees, unicyclic and
bicyclic graphs with respect to this multiplicative sum Zagreb index. Naturally in the
following, as the multiplicative versions of Zagreb coindices, we can define the (first
and second) multiplicative Zagreb coindices as follows:

[Le= 11 Wew+dew). TL@= T dowdsw).

w¢ E(G) w¢ E(GQ)

Let 7(n) be the set of trees of order n. The paper is organized as follows. In
Section 2, we list or prove some lemmas about multiplicative Zagreb coindices of
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graphs. In Section 3, we have determined the extremal graphs from 7 (n) with respect
to multiplicative Zagreb coindices ([[; and [[,). In Section 4, some upper or lower
bounds are presented on these two multiplicative Zagreb coindices. And in Section 5,
some interesting but open problems are proposed on these two multiplicative Zagreb
coindices.

2. PRELIMINARIES

In this section we will list or prove some lemmas as preliminaries, which play an
important role in the subsequent proofs.

Lemma 2.1. For a connected graph G, we have [[,(G) = [Levie dg(v)—1=de ),

Proof. By definition, we find that, for each vertex v € V(G), the factor dg(v) occurs
n—1—dg(v) times in [[,(G). Thus this theorem follows immediately. O

Note that the first and second multiplicative Zagreb indices ([9,20,22]) are defined
as [[,(G) = [l.evo de(u)? and [],(G) = [Tver(e) da(w)da(v), respectively.

Lemma 2.2 ([10]). For a connected graph G, we have [[,(G) = [I,ev () dg(v)te®),

From Lemmas 2.1 and 2.2 and the definitions of first and second multiplicative
Zagreb indices, the following theorem can be easily obtained.
Theorem 2.3. For a connected graph G, we have [[,(G)[[,(G) = (]_[1(6'))%1
Lemma 2.4 ([1]). Let G be a connected graph of order n and with m edges. Then
M1(G) =2m(n —1) — M1(G).

Now we define a new graph invariant which is called the total multiplicative sum
Zagreb indez as follows:

T

[He= ] (deu)+de).

u,veV(G)
Note that the multiplicative sum Zagreb index ([9,26]) is defined as [[}(G) =
T

= [luver(@ (dc(u) + da(v)). From these two definitions ([} (G) and J[(G)), the
following lemma is obvious.

_ T
Lemma 2.5. For a connected graph G, we have [ (G)[],(G) = [1(G).

Now we consider two graph transformations which increase or decrease the total
multiplicative sum Zagreb index of graphs.
Transformation A. Suppose that G is a nontrivial connected graph and v is a
given vertex in GG. Let G; be a graph obtained from G by attaching at v two paths
P : vuqus...up of length £ and @ : vwiws ... w; of length . We further let Go =
G1 — vwi + upwy. The above referred graphs have been illustrated in Fig. 1.
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T T
Lemma 2.6. Let Gy and G2 be two graphs as shown in Fig. 1. Then [[(G2) > [[(G1).

Proof. Assume that dg(v) = 2 > 0. Note that only the degrees of vertices v and uy
are changed during the process of Transformation A. Considering the definition of the
total multiplicative sum Zagreb index and the fact that = > 0, we have

T
LI(G) rtlvdly) 2+dwy
[1G1) #Hu [““d(y) 1+d(y)}

T T
It implies that [[(G2) > [[(G1), completing the proof of this lemma. O
—
i e A e
G1 GQ

Fig. 1. Transformation A

Remark 2.7. It is easily seen that any tree 1" of size t attached to a graph G can
be changed into a path Py; by repeating Transformation A. During this process, the

T
total multiplicative sum Zagreb index [] increases by Lemma 2.6.

Transformation B. Let uv be an edge of the connected graph G with dg(v) > 2.
Suppose that {v,wy,ws,...,w:} are all the neighbors of vertex u and wy, ws, ..., ws
are pendent vertices. Let G' = G — {uwy,uwa, ..., uw} + {vwi,vws, ..., vw:}, as
shown in Fig. 2.

Fig. 2. Transformation B
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T T
Lemma 2.8. Let G and G’ be two graphs in Fig. 2. Then we have [[(G') < [](G).

Proof. Let Go = G — {u, w1, ws,...,w;}. Assume that dg,(v) = x > 0. Similarly to
the proof of Lemma 2.6, we have

]Z[(G) H { z+1+d(y) t+1+d(y)
ﬁ(G’) o r+1+t+dy)  1+d(y) ’

finishing the proof of the lemma. O
Remark 2.9. Repeating Transformation B, any tree T of size ¢ attached to a graph
T

G can be changed into a star Si;1. And the total multiplicative sum Zagreb index [
decreases by Lemma 2.8.

3. EXTREMAL GRAPHS IN 7(N) W.R.T. MULTIPLICATIVE ZAGREB
COINDICES

In this section we consider the extremal graphs from 7 (n) with respect to multiplica-
tive Zagreb coindices [[; and [],, respectively. The corresponding extremal graphs
are completely characterized.

First we consider the extremal graph from 7T (n) with respect to first multiplicative
Zagreb coindex ﬁl. Before doing it, as a necessary tool, the extremal graph from 7 (n)
is characterized in the following theorem with respect to the total multiplicative sum

T
Zagreb index [].

T T T
Theorem 3.1. For any graph G € T (n)\{Sn, Pn}, we have [[(S,) <I1(G) <[1(Pn)-

Proof. For any graph G € T(n) \ {P,}, we can apply Transformation A to G re-

peatedly until it is changed into path P,. By Lemma 2.6 and Remark 2.1, we have
T

11(@) < 11(P.).

From Lemma 2.8 and Remark 2.9, by a similar reasoning as above, we can obtain

T T
that T[(Sn) < [1(G) for any graph G € T(n) \ {S,}, completing the proof of this
theorem. 0

Lemma 3.2 ([26]). Let G be a graph in T(n) different from S, and P,. Then we
have [T;(Pn) < T (G) < TT1(Sh)-

Theorem 3.3. For any graph G € T (n)\{S, P,.}, we have [,(S,) <[,(G) <T1,(Pn)-

Proof. By Lemma 2.5, we have, for a connected graph G,

= 1
IL@ =gy
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Thus we have . .

LA P iy

mé}XH1(G) L m&nHl(G)
From Theorem 3.1 and Lemma 3.2, we find that, for any graph from 7 (n), the maximal
value of ]Z[(G) and the minimal value of [[](G) are attained at P, simultaneously,

T
and the minimal value of [J(G) and the maximal value of [[;(G) are attained at S,
simultaneously. So the result in this theorem follows immediately. O

Now we consider the extremal graph from 7 (n) with respect to the second multi-
plicative Zagreb coindex [],.

Lemma 3.4 ([10,27]). Let T be a tree in T (n) with n > 5 different from S, and P,.
Then:

(1) T, (Sn) <TL/(T) <II;(Fn),
(2) TL(Pn) <TI(T) <T12(Sn)-

Theorem 3.5. For any graph G € T (n)\{ S, P,.}, we have [[,(Sn) <[[,(G) <TL,(Pn)-
Proof. From Lemma 2.3, for a connected graph G, we have

n—1

T e LG
IL@="Ter—

Thus we have
(min T, (@) "2 T e - (max[T,(G)"2"
Tupdhie - T

From Lemma 3.4, we find that the extremal graph from 7 (n) with minimal (or max-
imal) [], is just the one with maximal (or minimal) [[,. Therefore, this theorem
follows immediately. O

4. SOME BOUNDS ON MULTIPLICATIVE ZAGREB COINDICES

In this section we will present some upper and lower bounds on multiplicative Zagreb
coindices (IT; and II3) of graphs.

Theorem 4.1. For a connected graph G of order n and with m edges, we have

o< (A )y

with equality holding if and only if G is a 2T"“‘-?“egular graph.
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Proof. Assume that V(G) = {vi,ve,...,v,} with dg(v;) = d; for i = 1,2,...,n.
Taking into account that the geometric mean of n positive integers is not greater
than the arithmetic mean of them (AM-GM inequality), by the definition of M; and
Lemma 2.1, we have

" (n=1)n— 3" d;
_ n Z(nf 1 7dz)dz =t

Moo~ faes [ 50 .
i=1 (n—1)n— > d;

i=1
B (2(n —1)ym — My (G) )”("—1)—27”
B n(n—1) —2m
with equality holding if and only if dy = do = ... = d,, i.e., G is 2Tm—regulaur. This
completes the proof of this theorem. O

Based on Lemma 2.4, the following corollary can be obtained easily.

Corollary 4.2. For a connected graph G of order n and with m edges, we have

I,(G) < (%)nw—n_%

with equality holding if and only if G is a 2T"“‘-?“egular graph.

In graph theory, the well-known Moore graph is a r-regular graph with diameter
k whose order attains the upper bound

k—1

1+7’Z(T —1)%

i=0
Hoffman and Singleton ([16]) proved that every r-regular Moore graph G with diam-
eter 2 must have r € {2,3,7,57}. They pointed out that G = Cj if r = 2, G is just a
Petersen graph for r» = 3; G is called a Hoffman-Singleton graph for » = 7 and when
r = 57 we do not know whether such a graph G exists or not.

Lemma 4.3 ([28]). Let G be a connected graph of order n and with m edges and

na(v) be the number of vertices at a distance 2 to vertex v € V(G).

(1) Then M1(G) > 2m+ > na(v) with equality holding if and only if if G is a

vEV(Q)

triangle- and quadrangle-free graph.

(2) If G is a triangle- and quadrangle-free graph with radius R. Then My(G) <
< m(n + 1 — R) with equalities holding if and only if G is a Moore graph of
diameter 2 or G = Cg.

Corollary 4.4. For a connected graph G of order n and with m edges, we have

veV(G)

2(6) < n(n—1)—2m

<2(n —2)m— > na(v) ) n(n—1)—2m
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with equality holding if and only if G is a triangle- and quadrangle-free 2T"“‘-?“egular
graph.

Lemma 4.5. Let G be a connected graph of order n and with m edges. Then
Mo (G)\™
1. < (ﬁ)
2 m
with equality holding if and only if G is a 2T"“‘-?“egular graph.
Proof. In view of AM-GM inequality, we have

> didi\"™
’U,;’U]‘GE(G) M2 G) m
= . < | === — (=2
IL@= 11 ddc< o (=)
v;v; EE(G)
with equality holding if and only if dy = do = ... = d,, i.e.,, G is 2Tm—regular. This
completes the proof of this lemma. O

Corollary 4.6. Let G be a triangle- and quadrangle-free graph of order n and with
m edges and radius R. Then we have

. (L @)=
IL(G) > ————
2(G) = (n+1—R)™
with equality holding if and only if G = Cg or G is one of the following four graphs:
(i) Cs, (i) Petersen graph, (iii) Hoffman-Singleton graph, (iv) a possibly existing
57-regular graph of order 3250 and with diameter 2.
Proof. By Lemma 2.3 and Lemmas 4.3 and 4.5, we have

T (LG _ LG _ (LG)=
[L@ = [L(G) = (M2lG)ym “ 1R

with equalities holding if and only if G is a Moore graph of diameter 2 or G = Cg.
Thanks to the excellent results by Hoffman and Singleton ([16]), this corollary follows
immediately. O

Theorem 4.7. For a connected graph G of order n and with m edges, we have

n(n—1)

L (G) > 2 “I,(G)?

with equality holding if and only if G is a (n — 1,a)-biregular, or a QTm-regular graph.
Proof. By definition, we have

MG = [[ (a(u)+da(v) >

w¢ E(G)

> I @Vdewde() =25 ""T(G)*.
w¢ E(G)
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The above equality holds if and only if dg(u) = dg(v) for any two nonadjacent
vertices u, v € V(G). Now we only need to consider the following two cases:
Case 1. A(G) =n— 1.

In this case, the vertices of degree n — 1 are not counted in the product of the first
multiplicative Zagreb coindex. So we claim that the vertices adjacent to the vertices
of degree n — 1 must have the same degree, which will be denoted by a. So G is a
(n — 1, a)-biregular graph. If the degrees of every vertices are all n — 1, then G = K,
is obviously 2Tm—regular.

Case 2. A(G) <n—1.

In this case, all vertices are counted in the product of the first multiplicative
Zagreb coindex. So we have dg(u) = dg(v) for any two vertices u and v. It implies
that G is 2Tm—regular.

Combining these two cases, this theorem follows immediately. O

Theorem 4.8. For a connected graph G of order n and with m edges, we have

m(G) < (4m§:§n_ _1)1)__2];4%(@)@)%

with equality holding if and only if G is a (n — 1, a)-biregular, or a 2Tm—regular graph.

Proof. Again assume that V(G) = {v1,va,...,v,} with dg(v;) = d; fori =1,2,...,n.
By definition and the AM-GM inequality, we have

MG = [ (e +de() <

w¢ E(G)
n (3)-m
_ Z;(?’L —1- dz)dz B <4m(n o 1) o 2M1(G))(;)—m
- (5)—m N n(n—1)—2m '

The above equality holds if and only if for any two nonadjacent vertices v; and
vj, d; = d;. By a similar reasoning as that in the proof of Theorem 4.7, we find that
G is a (n — 1,a)-biregular, or a 2T’"—regular graph, which completes the proof of this
theorem. O

Based on Lemma 2.4, the following corollary is easily obtained.
Corollary 4.9. For a connected graph G of order n and with m edges, we have
M (G) < (—)
1) = n(n—1)—2m
with equality holding if and only if G is a (n — 1,a)-biregular, or a 2Tm-regulm“ graph.

Next we will give the Multiplicative Nordhaus-Gaddum-type result for multi-
plicative Zagreb coindices ([[; and [],), in which the (upper and lower) bounds

on ﬁl(G)Hz(é) are considered for i = 1, 2.
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Theorem 4.10. For a connected graph G of order n and with m edges, we have:

(1) 0 < TL(OTLG) < % with the left equality if and only if G has
at least two vertices of d(ggz’ee n — 1, and the right equality if and only if G is
2Tm-?“egular.

(2) 0 < [L(AI,(G) < (251 =Dn with the left equality if and only if G has at
least one vertex of degree n— 1, and the right equality if and only if G is a regular
self-complementary graph.

Proof. Let G be a connected graph with vertex set {wvi,va,...,v,} such that
dG (’01) = dz o

(1) For the definition of the first multiplicative Zagreb coindex (]];), considering
Lemma 2.4, we have

[LoIl@= II @+d)- J[ -1-d+n-1-d<

’U{Uj%E(G) ’U-;’U]‘EE(G)
S @rd)\B TS 2 (d )\ "
’lji’ljj¢E(G> ) ’U-;’L/J'EE(G) _
- () —m m

_[M(6) {2(n1)li(G) "
(3) —m m
M1 (G)(3)

e [(5) —m) 7

with equality holding if and only if dy =ds = ... =d,,, i.e., G is 2T’"—regulaur, finishing
the right part of (1). - -

For the left part, we can easily obtain [[,(G)[],(G) > 0 with equality holding
if and only if G has at least two vertices of degree n — 1. Thus the proof of (1) is
complete.

(2) By Lemma 2.1, we have

n

- . S @i (1 )
e g n—l—di/, 1 7.\di i=1
H2(G)H2(G) = 1:[1di (n—1-d;)" < - <
rn e d—dy)ds n n (n—12\n—-17"
Y (et S ()
< =1 < 1=1 —
- n - n
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with three equalities holding if and only if dy =ds = ... =d, and d; =n —1—d; for
1=1,2,...,n, which implies that G is a regular self-complementary graph. Thus the
proof of the right part is over.

For the left part, clearly, we have

RN - n

[LOIL@ =T "% m—1-d)* >0. (4.1)

i=1

The above equality holds if and only if there is at least one vertex v; of degree
d; = n — 1. This completes the proof of this theorem. O

5. SOME OPEN PROBLEMS

In this section we will propose some interesting but open problems on these two
multiplicative Zagreb coindices ([, and [[,).

From the definitions of [], and [[,, obviously, we have [],(K,) = [[,(K,) =0 =
1L(K,) = [1,(K,) where K,, is the complement of K. Therefore, K,, is the unique
graph with minimal multiplicative Zagreb coindex (ﬁ1 or ﬁQ) among all connected
graphs of order n.

Remark 5.1. For a connected graph G' with two nonadjacent vertices u,v € V(G),
we DO NOT always have [[,(G) < [[,(G + wv) for i =1,2.

For example, by choosing G = S4 with v, v as its two pendent vertices, we have
T, (Ss+vive) =9 > 8 =T, (Ss) and [, (Ss+viva) =4 > 1 = [[,(Ss). Butif G = P,
with uy,ug as its two pendent vertices, we have [, (Py + uius) = 16 < 18 = [, (P4);
while G = Cy with wy,ws as its two nonadjacent vertices, we have ﬁ2 (Cy+wiwe) =
4 < 16 = [[,(C4). So we have the following problem:

Problem 5.2. Which graph has the largest multiplicative Zagreb coindex ﬁz for
1 =1,2 among all connected graphs of order n?

Now we start to reconsider the lower bound on the Multiplicative
Nordhaus-Gaddum-type result for multiplicative Zagreb coindices ([]; and [[,),
which is presented in Theorem 4.10. If we add one more condition that G, i.e.,
the complement of G, is also connected, it seems to be a bit difficult to find the
coresponding extremal graph.

Problem 5.3. Which graph makes [[,(G)[[,(G) achieve its minimal value for
i = 1,2 among all connected graphs of order n with their complements being also
connected?

Let X*(n) be the set of connected graphs of order n and with chromatic number
k such that 2 < k < n. The following problem seems to be more difficult to us even
in the case when k = 2.
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Problem 5.4. Which graph from Xi(n) with 2 < k < n has the mazimal first
multiplicative Zagreb coindex ([[, or [[5)?
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