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SOME PROPERTIES OF SET-VALUED SINE FAMILIES

Ewelina Mainka-Niemczyk

Abstract. Let {F} : t > 0} be a family of continuous additive set-valued functions defined
on a convex cone K in a normed linear space X with nonempty convex compact values in X.
It is shown that (under some assumptions) a regular sine family associated with {F}; : ¢ > 0}
is continuous and {F; : ¢t > 0} is a continuous cosine family.
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1. INTRODUCTION

Our primary objective in this paper is to introduce some basic properties of families
of set-valued functions satisfying the functional equation

Giys(@) = Gi—s(z) + 2F,(Gs(2)),
which are called here sine families and refer to the trigonometric functional equation

g(t+s) —g(t —s) = 2f(t)g(s)

considered e.g. in [1, p. 138], [2, p. 365].

Sine families are strongly connected with cosine families, which have been consid-
ered by various authors. Cosine families of continuous linear operators were investi-
gated e.g. in [4-7] and [16], whereas the set-valued case in [14], [10,11] and [12].

A set-valued regular sine family appeared (non-explicitly) in the paper [10] as a
Hukuhara derivative of a cosine family of continuous additive set-valued functions.

2. PRELIMINARIES

Throughout the paper, we assume that all linear spaces are real. Let X be a normed
linear space. n(X) denotes the set of all nonempty subsets of X, whereas b(X) stands
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for the set of all bounded members of n(X) and ¢(X) stands for the set of all compact
members of n(X). Moreover, by bcl(X) we denote all closed members of b(X), by
beel(X) all convex members of bel(X) and by ce(X) all convex members of ¢(X).

By B(zo,r) we denote the open ball of the radius r centered at a point xg.

A subset K of the space X is called a cone if tK C K for all t € [0,00). We say
that a cone is convez if it is a convex set.

Let K be a convex cone in X. Assume that {F; : ¢ > 0} is a family of set-valued
functions Fy: K — n(X), t > 0.

A family {G; : t > 0} of set-valued functions Gy: K — n(K), t > 0, is called a
sine family associated with family {Fy : t > 0}, if

Giys(x) = Gi—s(z) + 2F,(Gs(x)) (2.1)

for 0 <s<tandx € K, where F;(Gs(x)) :== U{F:(y) : y € Gs(x)}.

Example 2.1. Let K = [0,00), G¢(z) = {zsint} and F;(z) = {zcost} for ¢ > 0. Then
{G¢ : t > 0} is a sine family associated with the family {F; : ¢ > 0}.

Example 2.2. Let K = [0,00), G¢(z) = [0, sinht]z and F}(x) = [1, cosht]z for ¢ > 0.
Then {G; : t > 0} is a sine family associated with the family {F; : ¢ > 0}.

A family {F; : t > 0} of set-valued functions Fy: K — n(K), t > 0, is called a
cosine family, if
Fo(z) = {x} (2.2)
for all z € K and
Fiis(z) + Fi_s(x) = 2F(Fs(x)) (2.3)

whenever 0 < s<tand x € K.

Take a set-valued function ¢: K — n(Y'), where Y is a normed linear space. We
say that ¢ is lower semi-continuous at a point ty € K if for every neighbourhood V
of zero in Y there exists a neighbourhood U of zero in X such that

P(to) C o(t) +V

for all t € (to + U) N K. We say that ¢ is upper semi-continuous at a point ty € K if
for every neighbourhood V' of zero in Y there exists a neighbourhood U of zero in X
such that

o(t) C d(to) +V

forallt € (to +U)N K. ¢ is continuous at tg € K if it is both lower semi-continuous
and upper semi-continuous at xg. It is continuous on K if it is continuous at each
point of K. It is easy to prove that a set-valued function ¢: K — bcl(Y') is continuous
if and only if a single valued function K 3 x — ¢(x) € bcl(Y) is continuous with
respect to the Hausdorff metric derived from the norm in Y.

A sine family {G; : t > 0} is continuous if the function ¢ — G(z) is continuous
for every z € K.

A set-valued function F': K — n(X) is said to be additive if

F(x+y)=F(z) + F(y) (2.4)
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for all z,y € X. F is linear if (2.4) holds true and it is homogeneous, i.e.
F(\z) = \F(x) (2.5)

for all x € K, A > 0. An additive and continuous set-valued function with values in
cc(X) is linear (cf. Theorem 5.3 in [9]). We say F is midconcave if

e+ )] c SlF@) + F)

for all z,y € K (cf. [9]).

Proposition 2.3. Let X be a normed linear space and let K be a convex cone in
X. Assume that {F; : t > 0} is a family of set-valued functions Fy: K — n(X),
such that Fy is upper semi-continuous linear with compact values and x € Fy(x) for
x € K. If {Gy : t > 0} is a sine family associated with the family {F; : t > 0} and
Go(x) € cc(K) for x € K, then Go(x) = {0} forxz € K.

Indeed, putting t = 0 and s = 0 in (2.1), by the cancellation law (cf. [13]) we
obtain the equality {0} = Fo(Go(x)), ¢ € K. Since y € Fy(y) for all y € K, this
equality yields Go(x) = {0} for z € K.

A family {G; : t > 0} is increasing if Gs(x) C Gy(z) foreveryx € K and0 < s < t.

The two following propositions are easy to prove.

Proposition 2.4. Let X be a normed linear space and let K be a convex cone in X.
Assume that {Fy : t > 0} is a family of set-valued functions Fy: K — n(X), such that
x € Fy(z) forx € K,t> 0. If {Gy : t > 0} is a sine family associated with the family
{F; : t > 0}, then the inclusion

Gyu(z) +2G, () C Gyuyov(z) (2.6)

holds for every u,v >0, z € K.

Proposition 2.5. Let X be a normed linear space and let K be a convexr cone in X.
If a family {G; : t > 0} of set-valued functions Gy: K — n(X), such that 0 € G¢(x)
fort >0, x € K, fulfils inclusion (2.6), then it is increasing.

Let {F; : t > 0} be a family of set-valued functions Fy: K — n(K). We write
lirgl+ Fi(z) = {z} if
t—

tE%L d(Ft($)7 {m}) =0,

where d is the Hausdorff distance derived from the norm in X.
A cosine family {F; : t > 0} is regular if the above equality is satisfied for each
x € K (cf. [14]).

A sine family {G, : t > 0} is regular if tl_iféi Gtt(a:) = {z}.

Example 2.6. Let K = (—00,00) and Fi(x) = [1, cosht]x for ¢ > 0. Then {F} : t > 0}
is a regular cosine family.
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The sine family from Example 2.1 is regular, whereas the sine family given in

Example 2.2 is not regular. Indeed, since lim 2t =1 and lim S22 — 1 we have
t—ot+ t—ot 1t
. {xsint}
Jm = = el
and 0. sinh
inht
lim [0sinhtlz o 1.
t—0

Let A, B, C be sets of cc(X). We say that a set C' is the Hukuhara difference of
A and B, ie., C = A— B if B4 C = A. If this difference exists, then it is unique (see
Lemma 1 in [13]).

The next lemma follows directly from the definition of Hukuhara difference.

Lemma 2.7. Let X be a normed linear space and let A, B, C, D be sets of cc(X).
Then:

(a) A— A exists and A— A ={0};

(b) A—{0} exists and A — {0} = A;

(c) if the differences A — C, C — D, D — B exist, then the differences A — B,
(A—B)—(C—D) emistand (A—B)— (C—-D)=(A-C)+ (D - B).

From the definition of a sine family we obtain

Lemma 2.8. Let X be a normed linear space, K be a conver cone in X and let
Gi: K — ce(K), Fi: K — ce(X) fort > 0. If {Gy : t > 0} is a sine family associated
with the family {F} : t > 0}, then for all u,v € [0,00) with u < v and all x € K there
exist Hukuhara differences

Gy(x) — Gy(2).
In the next section we will make use of the following lemma.

Lemma 2.9 ([15, Lemma 3]). Let X be a normed linear space and K be a convex
cone in X. Assume that F: K — cc(K) is a continuous additive set-valued function
and A, B € ce(K). If there exists the difference A— B, then there exists F(A) — F(B)
and F(A) — F(B) = F(A—- B).

3. MAIN RESULTS

We give some interesting properties of sine families, in particular continuity and a
connection with cosine families.

Theorem 3.1. Let X be a normed linear space and K be a convex cone in X.
Assume that {F; : t > 0} is a family of upper semi-continuous at zero set-valued
functions Fy: K — n(X), t > 0, such that x € Fy(x) for x € K, t > 0, Fy is upper
semi-continuous linear with compact values and F;(0) = {0} for t > 0. Then a sine
family {Gy : t > 0} of set-valued functions Gy: K — b(K) associated with the family
{F} :t > 0}, such that Gy has convex compact values and 0 € Gy(z) forz € K, t >0
18 continuous.
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Proof. Let us fix x € K arbitrarily and put ¢(¢t) := Gi(x). From (2.6) we have
o(u) +2¢(v) C d(u+ 2v)

for u > 0, v > 0. Putting u = v we get

3¢(u) C ¢(3u),
and therefore

(2 < oo
Thus

u 1
—_ C —_
o(55) € gro)
for w > 0 and n € N. Taking u = 1 we obtain ¢(5+) C 3= ¢(1) for n € N. Let £ > 0.
There exists n € N such that 7-¢(1) C B(0,¢). By the monotonicity of ¢

o(w) C B(0,e) (3.1)

for 0 <w < 3% Since ¢(0) = {0} (Proposition 2.3), ¢ is upper semi-continuous at 0.

Let us fix u € (0,00) arbitrarily. We shall prove that ¢ is upper semi-continuous
at u. It is easily seen, that it suffices to show that ¢ is upper semi-continuous on the
right. Suppose that V is a neighbourhood of zero in X. Setting ¢ = w in (2.1) and
using the monotonicity of ¢, we obtain

P(u+s) = d(u—s)+2Fu(¢(s)) C d(u) + 2Fu(4(s)) (3.2)

for all s € (0,u). Since F,, is upper semi-continuous at 0 and F,(0) = {0}, there exists
€ > 0 such that

1

for y € B(0,¢) N K. By (3.1) there is some positive integer n such that
1 1
F.(o(s)) C §V for s e |0, 37)

Hence, for w € (u,u + 3= ) we have

d(w) C p(u) +V,

which shows that ¢ is upper semi-continuous at w.

Now it remains to show that ¢ is lower semi-continuous. Let us fix u € [0, c0).
It is easily seen, that it suffices to show that ¢ is lower semi-continuous on the left
at u € (0,00). Let us fix a neighbourhood V of zero in X. Using (3.2) and the
monotonicity of ¢, we get

$(u) C P(u+s) = d(u—s) + 2Fu(¢(s))

for all s € (0,u). A similar reasoning as before shows that there is some positive integer
n such that ¢(u) C ¢p(w)+V, for all w € (u— 3, u), thus ¢ is lower semi-continuous
in u. This completes the proof. O
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Lemma 3.2. Let X be a normed linear space, K be a conver cone in X,
Gi: K — co(K), Fy: K — ce(X), t > 0 and let Fy be upper semi-continuous linear.
If {G; : t > 0} is a regular sine family associated with the family {F; : t > 0} and
x € Fy(z), z € K, t >0, then

piC) (3.3)
s
for allx € K and s > 0.
Proof. From (2.1), Proposition 2.3 and by = € F;(z) we have
Gy (2) = Go(2) + 2F3 (G4 (2)) > 2G4 («),
thus C
T;(x) - Gs(2) for neN.
b S
Regularity of {G; : t > 0} implies
G (x
%() — {z} as n — oo,
o
therefore
Gs(2)
MRS
s
for all x € K and s > 0. O

Theorem 3.3. Let X be a normed linear space and K be a convex cone in X. Assume
that {F; : t > 0} 4s a family of upper semi-continuous at zero additive set-valued
functions Fy: K — cc(X), t > 0, such that x € Fy(x) forx € K, t > 0 and Fy is upper
semi-continuous linear. If a sine family {G; : t > 0} of set-valued functions Gy: K —
ce(K) associated with the family {Fy : t > 0} is regular, then it is continuous.

Proof. Let us fix ¢ € K arbitrarily and put ¢(t) := G¢(x) —ta, t > 0. Then 0 € ¢(z),
t > 0. Indeed, by Lemma 3.2 and Proposition 2.3 we have

tr € Gi(x)

for t > 0. Hence
0 € G(z) —te =1(t), t>0.

From (2.6) we have

Y(u) + 29 (v) = Gy () — ux + 2G, (x) — 2vx =
= Gu(x) + 2G4 () — (u+20)x C Gyuyou(x) — (u+20)z = P(u + 2v),

ie.,

¥(u) + 29 (v) C P(u+ 2v)



Some properties of set-valued sine families 165

for uw > 0, v > 0. In the same way as in the proof of Theorem 3.1 we obtain that for
each € > 0 there is n € N such that

Y(w) C B(0,¢) (3.4)

for all w € [0, 3%), and that v is upper semi-continuous at 0.

Let us fix u € (0,00) arbitrarily. We shall prove that v is upper semi-continuous
at u. Since v is increasing (Proposition 2.5), it suffices to show that 1 is upper
semi-continuous on the right at u. Suppose that V is a symmetric convex neighbour-
hood of zero in X. Setting ¢t = u in (2.1) we obtain

Y+ s) = Guys() — (u+s)x = [Gu_s(x) — (u— 8)x] + 2F,(Gs(x)) — 252 =
=Y(u—s)+2F,(Y(s) + sx) — 2sz =
=(u—s)+ 2F,(Y(s)) + 2F,(sz) — 2sx

ie.,
Y(u+s) =1(u—s)+2F,(¥(s)) + 2F,(sx) — 2sx (3.5)
for all s € (0, u). Hence, by the monotonicity of ¢

Y(u+s) CY(u)+ 2F,(¥(s)) + 2F,(sz) — 2sx

for s € (0, u). Since F, is upper semi-continuous at zero and F,(0) = {0}, there exists
€ > 0 such that

1

for y € B(0,¢) N K. By (3.4) there is some positive integer n such that

Fo(y(s)) C év for s¢ {0, 3%)

Moreover, we can assume that n is large enough in order that
1 1
F,(sz) C EV, sz € EV

for s € [0, 3%) Hence, for w € (u,u + 3%) we have

P(w) CP(u) +V,

which shows that v is upper semi-continuous at u.

It remains to show that 1 is lower semi-continuous. Let us fix u € [0,00). It is
easily seen, that it suffices to show that v is lower semi-continuous on the left at
u € (0,00). Let us fix a symmetric convex neighbourhood V' of zero in X. Using the
monotonicity of ¢ and (3.5), we get

P(u) CP(uts) =h(u—s) +2Fu,(P(s)) + 2Fu(sx) — 282

for all s € (0,u). A similar reasoning as before shows that there is a positive integer n
such that ¢ (u) C ¢¥(w)+V for all w € (u— 5, u). Therefore 1 is lower semi-continuous
in u, which completes the proof. O
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Remark 3.4. Let X be a normed linear space, K be a convex cone in X, G;: K —
ce(K), Fy: K — ce(X) for t > 0. If {G : t > 0} is a regular sine family associated
with the family {F}; : ¢ > 0} and all F} are continuous and additive, then the family
{F; : t > 0} is unique.

Assume that {F, : t > 0} and {H; : t > 0} are two families of continuous and
additive set-valued functions such that

GH_S(JJ) = Gt_s(l') + 2Ft(G5(Jf))

and
Giys(@) = Ge—s(z) + 2H (G5 ().

Then
Gi—s(@) + 2F,(Gs(2)) = Gi—s(z) + 2H, (G5 (2))

and by the cancellation law F;(Gs(z)) = H¢(Gs(x)) for all 0 < s < t. Using (2.5) we

get
(%40 (042
s s
Letting s tend to 0 from the right, by regularity of {G; : ¢ > 0} we obtain
Ft(:v) = Ht((E)
Example 3.5. Let K = [0,00), Gi(z) = t[0,z], Fy(z) = {z} and H(x) = [0, z] for
t > 0,2 € K. Then {G; : t > 0} is a sine family associated with the family {F; : ¢ > 0}

and with the family {H; : ¢ > 0}.
Indeed, we have

Giys(x) = (t+ 9)[0,2] = (t — 5)[0, 2] + 2s[0, 2] =
= Gi—s(x) + 2G5(x) = Gi—s(x) + 2F1 (G4 (2))

and

Giyo(@) = (t+)[0,a] = (¢ — )[0,2] + 25[0, 2] =
= Gt_s(I) + 2Ht(8[071']) = Gt_s(ﬂf) + 2Ht(Gé(1‘))

Observe that all F; and H; are continuous and additive, but the sine family {G; : t >
0} is not regular, since
Gi(x)

t—0+ t

= [0, z].

Theorem 3.6. Let X be a real normed additive space, K a convex cone in X and let
{F; : t > 0} be a family of continuous additive set-valued functions Fy: K — cc(K),
such that Fo(z) = {z}, v € K. Assume that {G; : t > 0} is a regular sine family of
set-valued functions Gy: K — cc(K) associated with the family {F; : t > 0}. Then:

(a) {F;:t >0} is a cosine family,
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(b) if moreover
x € Fy(x) (3.6)

forx € K andt >0, then {F} : t > 0} is a continuous cosine family. In particular
it 1s regular.

Proof. (a) Let us take s,u,v such that 0 < s <v—wu,0 < s <wand 0 <wu <wv. From
(2.1) we get

Gotuts(T) = Gopu—s(®) + 2F, 10 (Gs(2)), (3.7)
Gouys(®) = Gyuy—s(x) + 2F, o (Gs(x)), (3-8)
Guotuts() = Goou—s(®) + 28, (Guys(2)), (3.9)
Gotu—s(T) = Goouts () + 2F,(Gu—s(2)), (3.10)

for all x € K. By Lemma 2.7 and Lemma 2.9, we have therefore

2Fv(2Fu(Gs(x))) = 2Fv[Gu+s(x) - Gu—s(x)] = 2Fv(Gu+s(x)) - 2Fv(Gu—s(x)) =
= [Gotuts(@) = G )] = [Gogu—s(@) = Goouss(@)] =
= [Gotuts(®) = Goiu—s(2)] + [Goouts(2) = Goou—s(@)] =
= 2F1u(Gs(x)) + 2F, —u(Gs(2)).

'ufufs(

Since F; are linear, we can write

2 0 (40)) = e (O4) o (42,

Letting s tend to 0 we obtain from continuity of F;

2F, (Fu(2)) = Fogu(®) + Fo—u(z).

(b) The proof will be divided into three steps.
Step 1. From (2.3) and (3.6) follows the inclusion

Ft+s($) + Ft—s(x) D) 2Ft($)

for 0 < s < ¢, which implies that set-valued functions v — F,(z) (z € K) are
midconcave in [0,00) (cf. [11, the proof of Theorem 3]).
For fixed s > 0 and ¢ > 0 from (2.1) and Lemma 3.2 we obtain

GS(I)> _ Giis(@) = Gis(2)
s 2s

Fi(z) C Ft(

for all x € K. Since set-valued functions

. Giys(z) — Gis()
2s

t

are continuous in (s,00) (cf. Theorem 3.3), from Theorem 4.3 in [9] set-valued func-

tions
t— Fy(x)
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for x € K are continuous in (s, 00), thus also in (0, 00). Continuity and midconcavity
of set-valued functions ¢ — F;(z) imply their concavity, i.e.,

Fxira—ns(x) CAF (7)) + (1= AN Fs(x), Ael0,1], s, >0, z€ K
(cf. Theorem 4.1 in [9]). We get therefore convexity of functions
P(t) := diam(Fy(z))

in (0,00) for all z € K.
Indeed, let A € [0,1] and s,t € (0, 00). By the concavity of the functions ¢ — Fi(x)
we have

GO+ (1= N)s) = diam(Fye 1o (@)] < diam[AF(z) + (1 - N Fy(2)] <
< diam[AFi(x)] + diam[(1 — X) Fy(x)]
= Miam[F}(z)] + (1 — X)diam[F(z)]

Ap(t) + (1 = A)ip(s).
Step 2. For t > 0 and x € K we have
Fi(z)+z= 2F%2(m)

From (3.6) we obtain

and therefore
Fi(z) C Fy(z).

Hence the sequence (F (z)) is descending. Put

Hy(z):= F. (x).

o7

EDL:

n=0

From the inclusion

_ o2
Fﬁ(l‘) +x = 2Fﬁ($) D) F2"t+1 (x) + F2nt+1 (x) D 2Hy(x)
and Lemma 2 in [8] it follows that
Hy(z)+o= ﬂ Foi(z)+ao= ﬂ [Fe (z) 4+ 2] D 2H(z).
n=0 n=0

Therefore, by the cancellation law we get

Hy(x) = {z}
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for t > 0 and z € K. Thus lim,—o F1 (#) = {z} (cf. Lemma 3 in [8]), whence

n

lim,,— oo ¢<%) = 0. Since 1) is convex, we have

lim v¥(s) = 0.

s—0t

Step 3. Fix € > 0. There is n > 0 such that
P(s) <e for se(0,n).
Let s € (0,n) and y € Fs(z). We have then

lly — z|| < diam(Fs(z)) = ¥(s) < e.

Hence
Fy(z) C B(z,¢)

and
lim F,(x) = . O
Jim Fy(z) = {z}
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