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INTEGRAL REPRESENTATION OF FUNCTIONS
OF BOUNDED SECOND ¢-VARIATION
IN THE SENSE OF SCHRAMM

José Giménez, Nelson Merentes, and Sergio Rivas

Abstract. In this article we introduce the concept of second ®-variation in the sense of
Schramm for normed-space valued functions defined on an interval [a,b] C R. To that end
we combine the notion of second variation due to de la Vallée Poussin and the concept of
p-variation in the sense of Schramm for real valued functions. In particular, when the normed
space is complete we present a characterization of the functions of the introduced class by
means of an integral representation. Indeed, we show that a function f € Xa-t] (where X is
a reflexive Banach space) is of bounded second ®-variation in the sense of Schramm if and
only if it can be expressed as the Bochner integral of a function of (first) bounded variation
in the sense of Schramm.
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1. INTRODUCTION

The concept of a function of bounded variation was introduced in 1881 by Camile
Jordan ([10]) who carried out a rigorous study of the proof given by Dirichlet ([8])
on the convergence of the Fourier series of a function and exploited the fact that the
concept was already implicit in the work of the latter. Ch.J. de la Vallée Poussin
introduced in 1908 ([6]) the notion of second variation of a function. A few years
later, in 1911, F. Riesz ([11]) proved that a function f is of bounded second variation
on an interval [a,b] if and only if it is the definite Lebesgue integral of a function f
of bounded variation. Then in 1983 A.M. Russell and C.J.F. Upton ([12]) obtained
a similar result for functions of bounded second variation in the sense of Wiener,
showing that a function is of bounded second p-variation (1 < p < co) if and only if
it is the definite Lebesgue integral of a function of bounded p-variation in the sense
of Wiener. A common aspect of all mentioned results is that the maps considered
are real valued functions. Recently (see [2]) these results were extended to the case of
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functions that take values in a Banach space X. In this article we show that the Riesz’s
result also holds for the class of functions of bounded second variation in the sense of
Schramm. More precisely, we will show that a function f : [a,b] — X, where X is a
Banach space, is of second ®-variation in the sense of Schramm (f € BV2([a, ], X))
if and only if there exists a function F : [a,b] — X of bounded ®-variation in the
sense of Schramm (F € BVg([a,b], X)) such that

t

ft) = /F(s)ds for all ¢ € [a,b].

a

The technics that we are going to use are similar to those applied by Russell and
Upton in [12] and by Bracamonte, Giménez and Merentes in [2].

2. PRELIMINARIES

There are several equivalent definitions of the notion of functions of bounded variation.
For the reader’s convenience, in this section we present a summary account of some of
the main results concerning the better known generalizations of the notion of functions
of bounded variation.

Given an interval [a,b] C R and a function f : [a,b] — R. If I = [¢,d] C [a,b] we
will use the following notations:

f(d) = f(e)
1] := .
f2l1] 1.
By Ja,b] we will denote the family of all sequences {I, = [an,bn]}n>0 of
non-overlapping closed intervals contained in [a, b] and such that |I,| := b, — a, > 0

for all n > 0.

The notation 7[a, b] will be used for the set of all partitions £ = {¢;}7_; of [a, ],
i.e., n is some positive integer and a =ty < t; < ... < t, = b. When referring to such
a partition £ we will write I; = I;(§) := [t;_1,t;].

The notation ms[a, b] will stand for the subset of 7[a, b] of all partitions containing
at least three points.

Definition 2.1. A function f : [a,b] — R is said to be of bounded variation on [a, b]
if there is a constant M > 0 such that

S 1L < M, (2.1)

n>1

where {I,,},>1 is any element of J[a, b]. The total variation of f on [a,b] is denoted as
V(f;[a,b]) or simply by V(f), and it is the supremum of the sums (2.1) over Jla, b].

It is readily seen that Definition 2.1 is equivalent to the following more familiar,
textbook definition.
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Definition 2.2. A function f : [a,b] — R is of bounded variation on [a, b] if

V(f;la,b]) == sup Z|f ]| < oo.

(en|a,b]

The class of all functions of bounded variation on [a, b] is denoted as BV|a, b].
The following results are well known.

Theorem 2.3 ([10]). f: [a,b] — R is of bounded variation on [a,b] if and only if it
is the difference of two monotone functions.

Theorem 2.4 ([3]). f : [a,b] — R is of bounded variation on [a,b] if and only
if there is a non-decreasing function ¢ : [a,b] — R and a Lipschitz function g :
»([a,b]) — R with Lipschitz constant less or equal to one such that

ft)=(gop)t), telab]

In 1937 N. Wiener ([14]) introduced the concept of functions of bounded
p-variation (1 < p < c0) as follows.

Definition 2.5 ([14]). A function f : [a,b] C R — R is said to be of bounded
p-variation (1 < p < c0) in the sense of Wiener iff

Vo(f5[a,b]) := sup Zlf JIP < o0.

§€7Tab

The class of all functions of bounded p-variation on [a, b], in the sense of Wiener,
is denoted by BV,"[a,b]. Clearly, BV;"[a,b] = BV[a,b]. The relation

£l = | (@)] + (V2 (f;]a, b)) 7

defines a norm in BV,"[a,b] with respect to which it becomes a Banach algebra.
For f € BV,"[a,b] and t,s € [a,b] let us define

V(t) =V, (f;a,t]) and  wv(s) =V, (f;1s,0]).

Proposition 2.6. Suppose f € BV "[a,b]. Then:

L Ift,s € [a,b], then |f(t) — f(s)P < w(f;[a,b]) < V" (f;[a,b]), where w(f;a,b]) :==
sup{d(f(s), f(t)) : t,s € [a,b]} is the so called modulus of continuity of f on [a,b].

2. Ifa<t<s<b, then:
V(t

IA
<

(s),
(1),
V3 (f5 [t s]) < V' (fila, b))  (monotonicity).

IN

u(s

3. w < V(s) +o(t) < V3 (f3 [, B]).
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4. If ¢ : [a,b] — [c,d] is a monotone function, then
Vo' (F5e([a, 8)) = V°(f o @3 [a, b]).

5. Vp'(fila, b)) == sup{V;* (f3[t,s]) : t,s € [a,b], T < s}

The next proposition highlights the relation between the norm || - || sy, ,, and the
functional V' (-; [a, d]).
Proposition 2.7. For f € BV[a,b] and ¢ > 0, the estimate || f|| < ¢ holds if and

only if V(%) < 1. In particular,
1% (f- [a,b]> <1 (2.2)

LA
for every f € BVla,b] with f(t) #Z 0.

The notion of bounded p-variation was extended by L.C. Young in [15]. The ex-
tension consisted in replacing the role played by the function [¢t|P (1 < p < o0) by a
function in a more general class of convex functions, now known as ®-functions.
Definition 2.8 (®-function). A function ¢ : [0,00) — [0, 00) is called a ®-funcition
if it satisfies the conditions:

1. ¢ is continuous on [0, co),
2. o(t) =0onlyift =0,

3. ¢ is non-decreasing,

4. (t) — oo when t — oo.

If ¢ is a ®-function, we will write ¢ € ®.

Definition 2.9 (co; condition). A ®-function ¢ is said to satisfy the condition ooy

if .
lim —SD( ) =00

t—oo

Definition 2.10. Let ¢ € ®. A function f : [a,b] — R is said to be of bounded
(p-variation in the sense of Young if

Volfilab) = sup S (fL]]) < oo

genfa,b] j=1

The class of all functions of bounded -variation on [a, b] in the sense of Young is
denoted by V,,[a, b].
The following properties of the operator V,(f; [z, y]) are well known.

Proposition 2.11 ([4]). Let f :[a,b] — R be a function and let p € . Then:

Loo(lf() — f(9)]) < w((f;a,b])) < Vu(f;la,b]) for all s,t € [a,b] such that s < t.
2. Ifa <t <s<b, then Vy(f;[a,t]) < Vo(fila,s]) < Vo(f;ls,al) < Vo(f;[t,al) and
Vo (filt,s]) < Voo (S [a, b]).
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3. Ift € [a,b], then Vi, (f;a,t]) + Vo (f; [t 0]) < Vo (f3 [a, b]).

4. If a: [a,b] — [c,d] is a monotone function (not necessarily strict), then
th(f; [av b]) = th(f SR [a7 bD

5. Vi(fila,b]) :==sup{V,(f;[s,t]) : t,s € [a,b]}.

The class V,[a,b] is not necessarily a linear space. However, imposing a natural
condition on ¢ guarantees the desired linearity as shown in the following theorem.

Theorem 2.12 ([5]). Let ¢ be a ®-function. V,([a,b]) is a linear space if and only
if @ satisfies a do-condition, that is, there are constants ty and k > 0 such that

©(2t) < ko(t) for allt > to.

On the other hand, V,([a,b]) is a symmetric, balanced and convex set and
V(- [a,b]) is a convex functional on it. Consequently, the linear space

BV,la,b] :=={f :[a,b] =R | 3IXx>0: V,(A\f;]a,b]) < oo}

can be equipped with a normed space structure by means of the norm:

11 =176+ int {01 ¥, (Fsfa) <1

With this norm BV, [a, b] actually becomes a Banach space.
As in the Wiener case the following proposition emphasizes the relation between
Il - ||, and the functional V(- ;[a,b]).

Proposition 2.13. For f € BV,[a,b] and ¢ > 0, the estimate || f|, < ¢ holds if and
only if Vq,(%) <1

In 1908 Charles Jean de la Vallée Poussin ([6]) introduced the notion of second
variation of a real valued function defined on an interval [a, b].

Definition 2.14. A function f : [a,b] — R is said to be of bounded second variation
(and one writes f € BV?[a, b)) iff

Vflat) = s S alll — Al < .

¢emsla,b) j=1

With regard to this notion, the following facts are well known.

Theorem 2.15 ([6]). f € BV?[a,b] if and only if f can be expressed as the difference
of two convex functions.

Theorem 2.16 ([11]). A function f : [a,b] — R is of bounded second variation if and
only if there is a function F € BV ([a,b]) such that

x

flz) = /F(t)dt for allx € [a, b].

a
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In 1983 A.M. Russell and C.J.F. Upton ([12]) introduced the class of real valued
functions of bounded second variation on [a,b], BV,}[a,b], in the sense of Wiener, as
follows.

Definition 2.17. f € BV?[a,b] (1 <p < oo) iff

n—2
V2(fila,b) == sup > [falliya] — folIia] | < oo
¢emsla,b] =0

The following result ([12]) extends F. Riesz’s theorem (Theorem 2.16) to the class
BV?a,b].

Theorem 2.18 ([12]). f: [a,b] — R is of bounded second p-variation in the sense of
Wiener if and only if it is the definite integral of a function of bounded p-variation,
in the sense of Wiener.

Theorem 2.18 was extended recently (see [2]) to the case of functions of second
bounded ¢-variation in the sense of Young, where ¢ is a ®-function that satisfies
condition oo;.

Definition 2.19. Let ¢ be a ®-function that satisfies condition oo;. A function
f :[a,b] — R is said to be of bounded second @-variation in the sense of Young if

n—2
VZ(filab]) i= sup Yo (| falljral = folljal]) < oo
gemnsla,b] =0

Theorem 2.20 ([2]). The function f : [a,b] — X, where X is a reflexive Banach
space, is of bounded second p-variation in the sense of Young if and only if it is the
(Bochner) definite integral of a function of (first) bounded p-variation in the sense
of Young.

3. SCHRAMM’S VARIATION

In the following lines we generalize the concept of variation given by Schramm ([13])
to functions defined on an interval [a,b] C R and that take values on a given normed
space. To this end, we combine the Schramm’s notion with the one of second variation
due to de la Vallée Poussin in [6]. We also present some of the main properties of this
class of functions.

Remember that by Ja, b] we denote the family of all sequences {I,, = [an, bn]}n>0
of non-overlapping closed intervals contained in [a, b] and such that |I,,| := b, —a, > 0,
for all n > 0.

We begin by recalling some of the main results and notations associated to the
notion of bounded ®-variation in the sense of Schramm.
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Definition 3.1 (®-sequence). A sequence of ®-functions ® = {p,},>1 is called a
d-sequence if for all ¢ > 0 :

Pni1(t) S @n(t), n>1, and Y pn(t) = +o0

n>1

Definition 3.2. Let ® = {¢, }n>1 be a ®-sequence and [a,b] C R an interval. A func-
tion f : [a,b] — R is said to be of bounded ®-variation in the sense of Schramm if

Viay(f3la: b)) = Vig 1) (f) = L ,;“0" (IfLnl) < o0 (3.1)

The class of all such functions is denoted by V(“?I,’l) [a, b]. Notice that for f = const.,
V(q) 1y(u; [a,]) = 0 and therefore V(q) yla, o] # 0.

Remark 3.3. It is readily seen that in Definition 3.2 the sup;; yc3(q,4) can be replaced
by the supremum over all finite collections {I,,},_, in J[a, b].

The following proposition summarizes some of the properties of this class of func-
tions.

Theorem 3.4 ([13] or [9]). Let ® = {¢y, }n>1 be a P-sequence. Then:
1. V(%’l)(f; [a,b]) =0 if and only if f = const.
2 Vi (filab) < o0 = £l < @]+ e (Vg ().

3. V(é{;,m [a,b] is a symmetric and convex subset ofR[a’b] and ‘/(%,1)( -5 [a, b)) is a convex
functional on it.
4. The linear space BV(% 1)[a, b] generated by V(”;) 1)[a, b] is

{f : [a,b] — R[3A > 0: V(*;l)()\f) < oo}.
5. BV(%l)[a, b] is a Banach algebra with the norm
: f
Il =170+ i {0575, () <1}

6. Us B‘/'((Shl)[a,b] = Rla, bV and Ny BV&J)[a,b] = BV]a,b], where both, unions
and intersections, are taken over all ®-sequences.

7. V(il)[a,b] is a linear space if the sequence ® = {¢,}, >, satisfies a generalized
Ay-condition; namely, for all to > 0 there exists M (tg) > 0 such that

Z 2t<MtOZ t) for allt > to, m > 1.

1) The algebra of all functions in R[%-*] that possess both one-sided limits at every point of (a,b).
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8. If f € BV(“Z),U[a,b] and ¢ > 0, the estimate ||foq,71) < ¢ holds if and only if
V(%,l)(%) < 1. In particular,

Sv/8 f.
Vi W@,l)[aab}(%a [a’vb}) <1

for every f € BV(%J)[a,b} with f(t) #Z 0.
Now we present the mentioned extension.

Definition 3.5. Let (X, |-|) be a normed space, let ® = {p,},>1 be a ®-sequence
and let [a,b] C R be an interval. A function f : [a,b] — X is said to be of bounded
second ®-variation in the sense of Schramm if

Vipo) (f310,0) =V ()= swp > on(fo[lup] = f2[I]]) <o, (3.2)
{I.}e3lab] 15

The class of all the functions in X that satisfy (3.2) is not empty, for if z,y € X
are fixed and f =z or f(¢) := tz +y then V(%J)(f) = 0. We will denote this class by

V(%,Q)([av bLX) or simply as V(%,Q) [CL, b]
The next proposition shows some basic properties of the class 1/(%72)([@ b], X).

Proposition 3.6. Let ® = {¢,}n>1 be a ®-sequence and let f : [a,b] — X be a
function. Then:

L If [e,d] C [a,8] and Vi3, 5, (f3[a,b]) < oo, then V3, 5 (f3 [a,b]) < oo and
Vi, (file d]) < Vg 2 (£ [a, b))

2. The functional V(g 5 : V(%,z) [a,b] — X, defined by

Via,2)(f) = Vi 2) (f; [a; b))

1S conver.

3. If X is a complex number with [A| < 1, then Vg o (Af) < [A[ V(g o) (f)-

Proof. Part 1 follows readily from the definition. In order to prove parts 2 and 3 one
uses the fact that each of the functions in ® are convex functions. O

Definition 3.7 (Absolute continuity). A mapping f : [a,b] — X is called abso-
lutely continuous if there exists a function 6 : (0,1) — (0,1) such that for any
e > 0, any n € N and any finite collection of points {a;,b;}? ; C [a,b] such that
a1 <by <as<by<az<...<a, <b,, the condition > 1 ,(by — a;) < 6(e) implies

Z?:l |f(bi) — flai)| <e
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4. MAIN RESULTS

In this section we present a generalization of Theorem 2.20 for functions of bounded
second P-variation in the sense of Schramm. Indeed, we will prove the following result
(see Corollary 4.6 below):

Let X be a reflexive Banach space and let ® = {¢, }n>1 be a -sequence. A function
f i [a,b] — X is of bounded second ®-variation in the sense of Schramm if and only if
it is the definite (Bochner) integral of a function of bounded ®-variation in the sense
of Schramm.

Throughout the rest of this work X will be assumed to be a Banach space.

Lemma 4.1. Let ® = {p,}n>1 be P-sequence. If f € V(g, 2)([a,b],X), then f €
Lip[a,b] and consequently f is absolutely continuous.

Proof. Let a <ty < t; <ty <ty < b. Since ¢; is non-decreasing and convex, by the
definition of V(g, 5y (f3[a, b]) we must have

o (Ifz[fs] — fa[Lh]]

200 < Serfalra - el + o1 (falta - i) <

S ‘/(%,2)(f; [aa b])7

where I, I5, I3 are non-overlapping intervals (|I;| > 0) with end points in the set
{a,to,t1,t2,t3}. Fix a point ¢ € (a,b) and consider any two other points s,t € [a, b].
The proof will follow after analyzing the location of s, ¢ with respect to a,b and c¢. We
will use the notation I, := [z,y].

Case 1.a < s <c<t<b. Then

o1 <|f[1357t]> < %801 (|f2[Is,t] - fQ[It,b]l) +

+ 501 (follea] = fallacl) + 301 (folladl) < M

where M’ := V(%’Q)(f; [a,b]) + v1 (| f2[a.c]])-
Case 2. a < s <c<t=0b. Then

o () < S0 1alt = Allond) + o1 (Fallas] = alfed) +

1 1
+ e (If2llet] = fallacll) + i (If2llacl]) < M'.
Case 8. a < s <t<ec<b. Then

‘fQ[Is,t”

oo (PB) < S (0l = falteal) +

+ 501 (fellea] = fallucl) + 31 (fllacl)) < M
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Inthecases a=s<c<t<b a<c<s<t<b or a=s<c<t=b, we
obtain

1,
»1 (W) < M, where M :=max{M' o (|f2[l.s]])}-
In any case we have

f(t) = f(s)

P 1 4m).

ellud)| = \

Therefore, f € Lip|a,]. O

Remark 4.2. If X is a reflexive Banach space and f € V(“?I, 9)([a,b],X) then the

absolute continuity of f (Lemma 4.1) implies that f is strongly differentiable a.e.
with derivative strongly measurable (see [1]).

In what follows the integral of a normed-space valued function defined on an
interval [a, b] means the Bochner integral. It is known that if a function is absolutely
continuous then it is Bochner integrable on [a,b] ([7]). By (the normed-space version
of) property 2 of Theorem 3.4, any function in V(fp 1)([(1, b], X) is Bochner integrable.

Theorem 4.3. Let @ = {pn}n>1 be P-sequence. If f € Vig, 1)([(1, b],X), and we define
= [7 f(t)dt, then U € V@J)[a,b] and

Vi) (U) < Vg (f)-
Proof. Let {I,, = [tn—1,tn]}, >, be a sequence of intervals in J ([a, b]). Then

S en ([Vallne] — UalL]]) =

n>1
tnt1 .
1
_;S%( tnt1 — tn /f t)dt — 7l_tn—1 /f(t)dtD_

-1

1
:Z@n(’ ft +S n+l — f n— 1+8 _tN*l))ds
/ ]

)

n>1

and an application of Jensen inequality yields

Z on (|U2[Iny1] = Ua[L]]) <
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Following the ideas of A.M. Russell and C.F. Upton in the proof of Lemma 6 of
[12] and of M. Bracamonte, J. Giménez and N. Merentes (Lemma 3.2 of [2]), we get
the next result.

Lemma 4.4. Let ® = {p,}n>1 be O-sequence, E o dense subset of [a,b] and let
f:+E — X be a function such that there is a constant K > 0 with

S e (7)) < K, (4.1)
k=0

for any finite collection & :a <tg <t1 <...<ty, <bin E. Then gg(x —0) exists for
all z € (a,b]\E, where

ge(x —0) := hlir§1+ g(x — h).
(EJ‘LEE

An analogous assertion holds for gg(x+0) (z € [a,b)\E), which is similarly defined.

Proof. Tt suffices to show that g(x —0) exists for all ¢ € (a, b\ E. The case of gg(z+0)
is treated analogously. We will proceed via proof by contradiction. Suppose that this
is not the case, that is, suppose that there exists « € (a, b]\E such that

lim+ g(t—h)= lim g(s) does not exist.
‘hen ‘s

Let
A :=limsupf(z) and T :=liminff(z).
T—x) Ty
z€E €L

Then A > T', and we can find two increasing sequences {xy},>0 and {yn}n>0 such
that
Ty < Ynp < Tptl < Ynt1 < ...< T,
lim f(z,)=A and lim f(y,) =T.
n—oo n—oo
If A and I are finite, consider ¢ := % (otherwise take any € > 0). Choose n. € N
such that

|f(zn) = f(yn) > &, n>ne. (4.2)

Since @n4+1 < @n, n >0, (4.2) implies that for all p > 0

ne+p ne+p

Z n ([frl®n) = fr(yn)l) > Z @n5+p(€)>p§0ng+p(€)a

k=nc.+1 k=ne41

which contradicts (4.1). O
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Theorem 4.5. Let X be a reflexive Banach space, ® = {¢on}n>1 a P-sequence and
suppose that U € V(g oy([a,b],X). Then there exists a function f € V(g, yla, b such
that:

(a) U'=f ae.,
(b) Ux) := [, f(t)dt,
(c) V(fp,z)(U) = V(fp,l)(f)-

Proof. Since F is absolutely continuous (Lemma 4.1) and X is a reflexive Banach
space, f is strongly differentiable a.e., with derivative strongly measurable (see Re-
mark 4.2). Let E be a set of zero Lebesgue measure such that F”’ exists at every point of
the set D := [a,b]\ E. Given m € N, choose m+ 1 ordered points a < 2o < 21 < ... <
Tm < bin D. Now consider m + 2 positive numbers: hg, h1, ..., h, and £ such that
Tm — by Tm—1 +&,...,2+hi, E=0,1,...,m — 1, are in D with

ro<zotho<zi<zTi1+hi <...<Tm1+hm1<Tm14+E<Tm—hm <Tp,.

Then

hk+1 by

nSQDk (‘ Uzpgr + hgy1) = Upgr) Ul + hi) — Ular)

)+
k=0

+ ( U(.’Em)—U((Em—hm) _ U(xm,1+f) —U(xm,1+hm,1)
SOM71 hm 5_ hm—l

)<

< ‘/(%,2)([])'

Taking the limits, in the above inequality, as £ — 0 and as hy — 0, Kk =0,...,m, we
get
m—1
> ok (U (@) = U'(an)]) < Vig 5 (U). (4.3)
k=0

If a = xz( then we obtain U;(a) instead of U’'(a) in (4.3). Thus, the derivative U’
satisfies the conditions of Lemma 4.4. Now, let us define f : [a,b] — X, as

U'(z), when x € D,
f(@) = Up(x—0), when z € (a,b]\E,
Up(a+0), if z=a¢D.

By construction, U’ = f a.e. By virtue of Theorem 4.3, we just need to verify that
fe ‘/(%71)([@, b],X) and that V(L?b@)(f) < V(%’Q)(U).

Let A = {I}, = [tx, sk]} ], be any finite family of intervals in J[a,b]. We need to
consider several cases.
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Case 1. Suppose that there is just one I, € A such that one of its end points is in E.
Assume further that this end point is the right hand side one (s;,). Choose s, € D

such that ¢, < s, < s, and replace the interval I, in A with IZ/J = [tp, sp)- Smce all
the end points of this new collection are in D and f|p = U, we get

S o (Uls)  F1ID + s (711 115 ) +

k=0
oy (|fl) = FIL)) + X0 o (] — FIBI) < VE 20
k=p+1

Keeping s;, in D and taking limit as sj, — s;,, we have f(s},) — f(s, —0). But in this
case f(s),) = U'(s,) — U'(sp —0) = f(sp). Thus

H

m—

(I Tkga] = PR < V(G 0)(U).
k=0

Case 2. If I, is as in Case 1, but now t, is the end point in E, then (since A € J[a, b]
is finite) there is a point t, € D, t;, < t,, such that Iz; = [t}» 8p] does not overlap the
rest of the intervals in A. Now we replace (in A) I, with I, and proceed as in Case 1.
Case 3. Suppose now that just one point of E is a common end point of two intervals
in A; say I, and Ip11. Then t, < s, = tp41 < sp41. Choose s, € D such that
tp < ), < sp and replace I, with I}, = [t,,s}] and I,y with I}, = [s},,tp41]. Since
the end points of this new collection are in D we have

S o (e~ D+ s (|£15) = £ttpal]) + o (|18 = f18)
k=0

m—1

+ oot ([l = FLl]) + X0 0n (] = SN < Vs (V).
k=p+2

Again, by considering the definition of f and passing to limit as s’

» — Sp (taking into
account Lemma 4.4), one gets

,_.

(I Uksa] = FURID) < V(g 9y (U).
k=0
Any other situation can be treated similarly. As claimed, we conclude that

feVigy([a,b,X) and V(g ) (u) < VG o (U).

The proof is complete. O
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The following result, which was already stated at the beginning of this section,
now follows readily from Theorems 4.3 and 4.5.

Corollary 4.6. Let X be a reflexive Banach space and let ® = {pp}n>1 be a
O-sequence. A function f : [a,b] — X is of bounded second ®-variation in the sense of
Schramm if and only if it is the definite (Bochner) integral of a function of bounded
d-variation in the sense of Schramm.
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