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ON THE BOCHNER SUBORDINATION OF EXIT LAWS

Mohamed Hmissi, Wajdi Maaouia

Abstract. Let P = (P;);>0 be a sub-Markovian semigroup on L?(m), let 8 = (8¢)¢>0 be a
Bochner subordinator and let P? = (Ptﬁ)tzo be the subordinated semigroup of P by means
of B, i.e. P8 .= fooc P, Bs(dr). Let ¢ := (p¢)e>0 be a P-exit law, i.e.

Pios = @sit, 5,t>0

and let ¢f := J5° @s Bi(ds). Then ©? = (¢?)i>0 is a PP-exit law whenever it lies in L%(m).
This paper is devoted to the converse problem when [ is without drift. We prove that a
PP-exit law ¢ := (1)1 )s>0 is subordinated to a (unique) P-exit law ¢ (i.e. ¢ = ¢”) if and only
if (Pou)eso0 C D(A?), where u = J57 e ¢sds and AP is the L?(m)-generator of PP.

Keywords: sub-Markovian semigroup, exit law, subordinator, Bernstein function, Bochner
subordination.
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1. INTRODUCTION

Let P = (P;)¢>0 be a sub-Markovian semigroup on L?(m). A P-exit law is a family
© = (p)t>0 of L% (m) satisfying the functional equation

Psgpt = Ps+t, 57t > 0 (11)

This notion is first introduced by Dynkin (cf. [5] and the related references) in the
framework of potential theory without Green function. Moreover, the representation
of potentials in terms of exit laws, allows explicit formulas for the energy and for the
capacity (cf. [5,6] and the related references).

Now, let 8 = (B)i>0 be a Bochner subodinator, that is a vaguely continuous
convolution semigroup of sub-probability measures on [0, +-oc[. Let P? be the subor-
dinated semigroup of P by means of (3, i.e

o0

Py ::/Psfﬂt(ds), feL*m),t>0. (1.2)

0
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If (©¢)¢>0 is a P-exit law then the family o := (gptﬁ)bo defined by

oo

o) = /sos Bi(ds),  t>0 (1.3)
0

is a PP-exit law whenever it belongs to L2(m).

Conversely, let 1) be a PP-exit law. Does there exist a P-exit law ¢ such that
¢ = ¢P? Following [1], there are non trivial examples and counterexamples for this
problem. Moreover, the converse is proved in many papers, under some additional
hypotheses on P (cf. [1,7-9]) and for exit laws ¢ such that [j~¢ydt € L*(m).
However, this condition is not satisfied in many interesting situations and for an
important class of potentials (cf. Remark 3.2 below).

In the present paper, we solve the converse problem for general contraction semi-
groups P and under a natural condition on 1), namely

/w dt € L*(m), 5> 0. (1.4)

More precisely, we suppose that 3 is without drift and we prove the following result:
A PP-exit law 1) is subordinated to a (unique) P-exit law ¢ if and only if

Pu € D(A®),  t>0, (1.5)

where u := [ e 1,ds and AP is the L2-generator of P’
We give also many applications of this result.

2. PRELIMINARIES

Let (E, ) be a standard measurable space and let m be a o-finite positive measure
on (E,E). We denote by L?(m) the Hilbert space of square integrable (classes of)
functions defined on E, by ||.||» the associated norm and by L2 (m) the positive
elements of L?(m). In the sequel, equality and inequality holds always m-a.e. (i.e.
almost everywhere with respect to m). In this paper we denote by e, the Dirac
measure at point x € F.

In this section we summarize some known results (cf. [4-6] and [13,15,16]).

2.1. EXIT EQUATION
A bounded operator N : L?(m) — L?(m) is said to be sub-Markovian if

(feLl’m); 0<f<1) = (0<Nf<I).

In this case, N can be extended to a pseudo-kernel on (F, &) with respect to the class
of m-negligible sets. According to a regularization theorem ([4, Ch. XIII, §43]), we
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can assume that N is a sub-Markovian kernel (i.e. N1 < 1) on (E,€). Therefore,
we can apply the potential theory defined by kernels (cf. [4] for example), for such
operators.

A sub-Markovian semigroup on E is a family P := (P;);>0 of sub-Markovian
bounded operators on L?(m) such that Py = I the identity on E,

1. PP, = Psyy for s,t > 0 (semigroup property),
2. |P:fll2 < ||fll2 for f € L*(m) and t > 0 (contraction property),
3. %ir% |P:f — flla =0 for f € L?(m) (strong continuity).

Let P be a sub-Markovian semigroup on E. The associated L%(m)-generator A is
defined by

1
Afiz}if[l)Z(Ptf—f)

on its domain D(A) which is the set of all functions f € L?(m) for which this limit
exists in L?(m). It is known that:

1. Ais closed and D(A) is dense in L?(m).
2. If u € D(A) then Pyu € D(A) and A(Pwu) = P, Au, for each ¢ > 0.

Let P be a sub-Markovian semigroup on E. A P-ezit law is a family ¢ := (¢¢)t>0
of positive elements in L?(m) such that the following exit equation holds

Ppr = psye, 5,6 >0. (2.1)

For each f € L2 (m), the family (P;f)iso0 is a P-exit law which is said to be closed.
However, exit laws are not necessarily closed in general.

Example 2.1. Let E = R? and m(dz) = dz be the Lebesgue measure on R?, d > 1.
A convolution semigroup on R? is a family p = (u¢)i>0 of subprobability measures
on R? such that g = ¢ the Dirac measure at 0,

1. pg * py = psyy for s, ¢ >0,
2. }irr(l) e = po vaguely.

It is known that each convolution semigroup p induces a sub-Markovian semigroup
P on R? by the formula P f := u; * f for t > 0 and f € L?(m) (cf. [2, Proposition
12.7] for example).

A particular case is the Brownian semigroup. It is induced by the convolution
semigroup p; := ¢; - m, where

2
dy(z) = (4mt) =42 exp ( - %)7 t>0,x€R?

is the Gaussian function. By the classical Chapmann-Kolmogorov equation, we have
s * Pt = syt for s,t > 0. Hence (dt)t>0 is a P-exit law. Following [10, Corollary 4.5],
(é¢)t>0 is not closed.
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2.2. BOCHNER SUBORDINATOR

For the following standard notions, we will refer to [2, 3] and [13,14]. For each
bounded measure 7 on [0,00[, £ denotes its Laplace transform, ie. L(7)(r) :=
15 exp(—rs) 7(ds) for r > 0.

A Bochner subordinator is a convolution semigroup 5 = (5;);>0 on R such that,
for each t > 0, 8; # ¢ and (; is supported by [0, col.
The associated Bernstein function £ is defined by the Laplace transform £(8;)(r) =

exp(—tl(r)) for r,t > 0. Following [2, Theorem 9.8|, ¢ admits the representation

lry=a+br+ /(1 —exp(—rs)) v(ds), r >0,
0

where a,b > 0 and v is a o-finite measure on |0, oo| verifying [, w17 v(ds) < oo. The

constants a, b are the diffusion and the drift coefficients of 3, v is the Levy measure
of 5.
In this paper, we will be interested in subordinators without drift, i.e.
(t)y=a+ /(1 —e ) u(ds), t>0. (2.2)
0

Classical examples are: Compound Poisson subordinators, One sided stable subordi-
nators, Gamma subordinators,. ... We will refer to [2,3] and [14,15] for more details.

3. SUBORDINATION

The following notion of subordination is introduced by Bochner (cf. [2,3,13-15] and
the related references).

3.1. SUBORDINATED EXIT LAW
Let P be a sub-Markovian semigroup on E and let 8 be a Bochner subordinator. For
every t > 0 and for every u € L?(m), we may define
Plu = /Psu By (ds). (3.1)
0
Then P? := (Ptﬁ )i>0 is a sub-Markovian semigroup on E. It is said to be subordinated

to IP in the sense of Bochner by means of 5. We denote by A” be the generator of
P3. The proof of the following classical result is given in [13, p. 269].

Lemma 3.1. D(A) is a subset of D(AP) and if 3 is without drift, then

APu = —au + /(Ptu —u) v(dt), u € D(A), (3.2)
0
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where a and v are given in (2.2).

For each P-exit law ¢ := (1)¢0, we define the family ¢ := (¢?),50 by
o0
o = /gps Bi(ds), t>0. (3.3)
0

If (¢7)is0 C L2(m), then ¢ := (o);50 defined by (3.3) is a PP-exit law. ¢ is said
to be subordinated to ¢ by means of 3.
Conversely, let 1) be a PP-exit law. Does there exist a P-exit law ¢ such that

P = pP?

Remark 3.2. This problem is first studied in [1] for sub-Markovian semigroups de-
fined by convolution semigroups on R%. In particular, non trivial examples and coun-
terexamples are given in [1]. Moreover, for others particular semigroups, the converse
is proved in [7] for the symmetric case, in [9] for the sector condition case and in [8]
for the absolutely continuous case. However, in all these papers, it is supposed that
the exit law v satisfy the condition fooo Wy dt € L?(m).

Consider, the Gaussian exit law ¢ given in Example 2.1. It is known that
IS du(x)dt = C/||z[|9"? which is not in L?*(m). Hence, this standard example
proves that the last condition is restrictive. But for the same example, we have
[ ¢u(x)dt € L*(m) for each s > 0. Therefore the condition (1.4) seems to be
natural and convenient.

The proofs of the following useful results are straightforward.

Lemma 3.3. Let 6 = (6¢)¢>0 be the subordinator defined by & = e~ ' [3;. Then
D(Aé) = D(AP) and A%u = APu — u whenever u € D(AP).

Lemma 3.4. Let ¢ = (p)>0 C L*(m) and satisfying (2.1) and let u = [;° ¢} dt.
Then (Pyu)i>o C D(A®) and

A°Pou=—¢;,  t>0. (3.4)

3.2. THE BOUNDED CASE

In this paragraph, we suppose that the Bernstein function ¢ of 3 is bounded. There-
fore, B is necessary without drift since b = tlim L(t)/t =0 (cf. [2, p. 66]).

Theorem 3.5. Let P be a sub-Markovian semigroup and let 3 be a Bochner subordina-
tor with bounded Bernstein function. Let 1 be a PP-exit law and let u = fooo et dt.
If (Piu)y>0 C L?(m), then v is subordinated to a unique P-exit law . Moreover o is
given explicitly by

oo
or = (a+1)Pu+ / (Pyu — Psyu) v(ds), t>0. (3.5)
0
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Proof. Let £ be the Bernstein function of § and let k be the subprobability measure
defined on [0, 00[ by k(F) = [~ e™* B,(F) ds for any Borel subset of [0, co[. Then

0<4(r a+/1fexp s))v(ds) =
0

oo

=a+ v(]0,00[) — /exp(—rs)y(ds).

0

Hence, there exists a signed measure p := (a+ 1+ v(]0, 00]))eg — v on ]0, o[ such that
£+ 1= L(p). Furthermore

~
—_

L(pK) = L(p) L(r) = 77 = 1= Lleo).

~
—_

By the injectivity of the Laplace transform, we deduce that p x kK = ¢g.
Let v be a PP-exit law and let ¢ > 0. Since Pyu € L?(m) then

o0

Ptu:/PS(Ptu)Eo(dS) = /PSthu(p*Ii)(dS) =

0
00

0
Z/Ps+t+rup(d7“) K(ds) :/Ptsﬁs K(ds),
0

0

where

Pt = O/Pr+tup(d7") = O/Pr+tu((a +1+v/(]0,00[))e0 — v)(dr) =

=(a+1)Pu+ /Ptuu(dr) — /PT_HU v(dr) =
0 0

=(a+1)Pu+ /(Ptu — P.u)v(dr).
0
Hence (3.5) holds. Since ¢ is bounded then ¢, € L?(m) by the contraction property
of P. From (3.5) and the semigroup property of P, we deduce that ¢ satisfies the exit
equation (2.1).
Now, by the definition of , (2.1) and (3.1), we have also

PtU—/PtQDS dS // 7TPtSQS /67” dS) :/ r ¥t dr.
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From Lemma 3.4 we deduce that ¢, = —A%P,u for each ¢ > 0. On the other hand,
since POP, = P,P? and Pu = [ e™" 1, dr, we get

S

Pf(Ptu) — Pou=— / e " P, dr.
0

Therefore,

1

Yy = lir% - /e*T P, dr, t> 0.
s—0 8

0

Hence ¢y is a positive function as limit of positive functions. Consequently (¢:)i>0
is a P-exit law. Finally PPu = [~ e *t,ds = [ e *¢Pds for all t > 0 and by
derivation we get 1, = b. O

3.3. THE GENERAL CASE
The following two useful results are proved in [13, p. 308-309].

Lemma 3.6. Let ¢ be a Bernstein function and let g,(x) = 22, « > 0,n € N*.

n+x’
Then there exists a sequence (v, )n of sub-probability measures on [0, 00[ such that

n o/l
L) =222, nen (3.6)

and v, — €9 weakly as n — oo.

Lemma 3.7. Let P be a sub-Markovian semigroup and let (vn)nen be the sequence
of measures given by (3.6). For each u € L?(m), the sequence of functions defined by

Uy, 1= /Psuvn(ds), n € N* (3.7)
0

converges strongly to u.

Proposition 3.8. Let P be a sub-Markovian semigroup and let 3 be a Bochner sub-
ordinator without drift. Let 1 be a PP-exit law and let u := fooo Y dt. Suppose that

Plue L*(m)  (t>0) (3.8)

and
P € D(AP)  (t>0). (3.9)

Then v is subordinated to a unique P-exit law.
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Proof. Let 1 be a PP-exit law, since Pu € L?(m) then P’u = [ 1 ds and therefore

¢y = —APPPu. Let (un)nen be the sequence defined by (3.7), then by Fubini’s
Theorem

ﬁ%=/aw%%w»

Since Pu € L%(m), it follows from [13, Theorem 4.3.17 and Corollary 4.3.18] that
Plu, € D(AP) . Let ¥ = —APPPu,, since (Pyu)sso C D(A?), we get

P = AP P, By(ds) =
-/
= — AB PT(P ’LL) ’yn(dT ﬂt dS Pr ABPU ’Yn(dr) 5t(d8)
[*] /I
Hence

Py = /Prwf Yo (dr),
0

where ¢; := —APP,u. On the other hand, since PfPt = PtPSB and Pfu = f:o Uy dr,
we get

PP(Pou) — Pou= — / Py, dr.

Therefore,
S

1
@t—llm /thrdr t>0.
0

Hence ¢, is a positive function as limit of positive functions. Consequently ¢ =
(¢t)t>0 is a P-exit law. By the Fubini’s Theorem we get

o0

Pt = [ P(Paol) ().

0

From (2.1), we have for all s, >0

[ee] oo

Ps@f = /Psﬁﬁr ﬂf(dr) :/ rPs /Bt(d’l’) t 909 € LQ( )

0 0

Consequently, by Lemma 3.7, we get

lim Py = Pl t>0.
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But Py = APP,PPu,, for all s,¢ > 0. Since P u,, — P u as n — oo by Lemma 3.7,
then the closeness of A? implies that

lim P = AP P,PPu = Pa,.

n—oo

The uniqueness of the limit yields Psy; = Pstpf and by integration with respect to 3,
we obtain PPy, = PPoP for all s,¢ > 0. Finally, from (2.1) we have

ws-i-t = @f—{-h S7t > O
and consequently the result holds. O

Remark 3.9. If u = [~ ¢, dt € L?(m) then (3.8) is fulfilled. However, for the most
important examples, u ¢ L?(m) (cf. Remark 3.2).

Theorem 3.10. Let P be a sub-Markovian semigroup and let B be a Bochner sub-
ordinator without drift. Let 1 be a PP-exit law and let v = fooo e YPsds. Then v is
subordinated to a (unique) P-exit law if and only if

Pu e D(AP), t>0. (3.10)

Proof. Let 1) be a PP-exit law and let & := e t1y, then & := (&) is a PP-exit law
where § = (§;)¢>0 is the Bochner subordinator defined by &§; = e~¢3;. Now, for each
t>0

Plu = e tKPp, € L2 (m).
Hence, if (Piu)i~o C D(AP) = D(A%) by Lemma 3.3, then Proposition 3.8 may be
applied for P° and ¢: There exists a unique P-exit law ¢ such that & = ¢°, then

ety =& = [ @s0i(ds) = [ pse " Bi(ds)
[esaa]

and consequently ¢, = ap’f for each t > 0.

Conversely, suppose that 1) = ¢ for some P-exit law . Using the preceding
notations, we get £ = ¢°. Then, Lemma 3.4 implies that (P,u);sq C D(A%) = D(AP).
Therefore (3.10) holds. O

3.4. SOME APPLICATIONS
In the sequel, we denote by (.,.) the inner product of L?(m).

Corollary 3.11. Let P be a sub-Markovian semigroup satisfying the sector condition,
i.e. there exists a constant M > 0 such that

(—Av,w)| < M (—Av,0)? - (—Aw, )2, v,we D(4)

and let B be a Bochner subordinator without drift. Let ¢ be a PP-exit law and let
u = fooo e~tpdt. If (Pou)iso C L%2(m), then 9 is subordinated to a unique P-exit
law ¢.
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Proof. Following |6, p. 292|, the sector condition implies that P,(L?(m)) C D(A) and
therefore P,(L?(m)) € D(A) C D(A®) by Lemma 3.1. By the semigroup property
Piu = P;5(P,ou) and therefore (Pu);~o C D(AP). We conclude by Theorem 3.10
and Lemma 3.1 again. O

Remark 3.12. If P is m-symmetric, i.e. (Pw,w) = (v, Pw) for ¢ > 0 and v,w €
L?(m), then the sector condition is trivially fulfilled (for M = 1).

Example 3.13. Let P = (P,);>¢ be the sub-Markovian semigroup induced by a
convolution semigroup p := (p1¢)¢>0 on R% ie. Pof = py * f (cf. Example 2.1). Let
U : R — C be the negative definite function associated to u, i.e. ¥ is defined by
the following Fourier transform

fit(x) = exp(—t¥(x)), t>0,z R

Using [13, Example 4.3.3], we get

Af = / 0T () f (y)dy

on its domain D(A), which is the set of all functions f € L?(m) such that

[+ @i < .

Let f,g € D(A). Then

(-41.9) = [ FwiswRu) dy
Hence the sector condition is equivalent to the following one, given in terms of ¥ by

W(y)| < L1+ RV(y))  (y €RY)

for some constant L > 0.

Corollary 3.14. Let P be a sub-Markovian semigroup and let 3 be a Bochner subor-
dinator without drift. Let v be a PP-exit law and let u = [ e~tapydt. If there exists
0

a function K :)0, 00[—]0, 00| such that
|Psitu — Pulla < K(t)s ass — 0, t>0. (3.11)

Then 1 is subordinated to a unique P-exit.

Proof. Let

oo

pr = aPu+ /(Ptu — Poyu) v(ds), t>0.
0
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where a and v are given in (3.5). Then we get

lorllz < a|[Prallz + / | Pt — Poyyullz v(ds) <

1
< a||Paulls + K(t /suds +2 [ Plla v([1, 00]) < oo
0

Hence o, € L?(m) for each t > 0. Now, let V}, := fooo e *s P, ds and let Ori = kVipr.
Following [2, p. 81-82|, we have ¢; ; € L*(m) and

lim @, = @4, t > 0.
k—oo

On the other hand, by the contraction property of P, we have for each k£ > 0

[o ole o) 1 oo
// e " P.(Pyu — Pypu)||2 drv(ds) E /||Ptu — Py yulla v(ds) < oo.
00 0
Therefore, we obtain
our = akViPau+ /(Id ~ P)(kViPa)v(ds) k.t > 0.
0

But Vi P;u € D(A) (cf. |2, Proposition 11.10]). Hence by (3.2) we get
oi.x = AP (kVi, Pu).

Since kViP,u — Pyu as k — oo, it follows by the closeness of the operator A° that
(Pyu)i=0 C D(A?). We conclude by Theorem 3.10. O

FINAL REMARKS

1. Condition (3.11) is fulfilled whenever (P;u):~o C D(A), in this case we take K (t) :=
|AP;u||2. However, condition (3.11) seems to be more general and it is considered
in [14].

2. Theorem 3.5 may be applied for bounded Bernstein functions (for example for
component Poisson subordinators). Moreover, we have an explicit formula for ¢ if
) =’

3. Theorem 3.10 (and Corollaries 3.11 and 3.14) may be applied for the general case
(for example for the one sided stable subordinators and for the gamma subordina-
tors). But we have no explicit formula for ¢ in this case.

4. Proposition 3.8 is a intermediary result in order to prove Theorem 3.5. But it can
be applied (instead of Theorem 3.5) for some particular cases.
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5. Theorem 3.10 solves the converse problem in the general case. In particular, this
result generalizes our earlier papers in a significant manner.

6. The approximation used in the proof of Theorem 3.10, is also used in [12]| but for
a different problem.
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