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THE HARDY POTENTIAL
AND EIGENVALUE PROBLEMS
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Abstract. We establish the existence of principal eigenfunctions for the Laplace operator
involving weighted Hardy potentials. We consider the Dirichlet and Neumann boundary
conditions.
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1. INTRODUCTION

In this paper we investigate the following eigenvalue problem

—Au=2"2y  in Q,
|| (1.1)
B(u)=0 on 99, u >0 on

where Q@ ¢ RN, N > 3, is a bounded domain with a smooth boundary 09 and
B(u) = % (the Neumann boundary conditions) or B(u) = u (the Dirichlet boundary
conditions). We make the following assumption on the weight function m:

(M) m e C(Q), [, T(“’Z dr < 0, m* # 0, where m™ (x) = max(m(z),0).

According to this assumption, m(z) is positive on a proper subset of .

In the case of the Dirichlet boundary conditions, we also consider the above prob-
lem assuming that m(x) > 0 and # 0 on Q. In this paper we are concerned with the
existence of the principal eigenvalues and corresponding eigenfunctions. Solutions
to this problem are sought in the Sobolev space H'(£2) in the case of the Neumann
boundary conditions, while for the Dirichlet boundary conditions, in the space HZ ().
We recall that H'(Q2) and HZ2(2) are the Sobolev spaces equipped with norms

||u|ﬁv:/(|Vu|2+u2) dxr and ||u||% :/|Vu|2 dz,
Q Q
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respectively. We use the decomposition of the space H' ()

H'(Q)=VaeR, V= {vEHl(Q); /U(x)dsz}.

This decomposition yields the following equivalent norm on H!()
[ull} = [IVolll +¢%, veV, teR.

Problem (1.1) is related to the Hardy inequality, which in the space H!(Q) takes the

form ) )
U N -2
A —dx < 2 Ay =(—= N > 3. 1.2
v [ fpde< [k an Ay = (5575) V=3 (1.2
Q Q

It is known that Ay is an optimal constant. Moreover, there is no nontrivial function
changing this inequality into equality [8]. Inequality (1.2) is no longer true in the
space H'(Q2). However, inequality (1.2) can be extended to the subspace V: there
exists a constant Ay > 0 such that

v? 5
AN/deS/\VM dx (1.3)
Q Q

for every v € V. In this article we need the following extension of the Hardy inequality:
let 0 € Q, then for every ¢ > 0 there exists a constant A = A(4,{2) such that

u? 1 9 9

IRl < ([ .
/x|2dx ( +5)/\Vu\ dm+A/u dx (1.4)
Q Q

Q

for every u € HY(Q) (see [10]).

The paper is organized as follows. In Section 2 we consider the eigenvalue problem
with the Neumann boundary conditions. Section 3 is devoted the the eigenvalue
problem with the Dirichlet boundary conditions. In the final Section 4, we examine
the behaviour of eigenfunctions around a singular point 0. Section 5 is devoted to an
eigenvalue problem with multiple singularities of a Hardy type. The main results of
this paper are concerned with the Neumann problem and are presented in Sections
2, 4 and 5. As a byproduct of our approach to the Neumann problem, described n
Section 2, we formulate parallel results for the Dirichlet problem in Section 3. We
point out that Theorems 3.1 and 3.4 of Section 3 can also be deduced from a general
abstract result in paper [25].

In recent years, eigenvalue problems for the Laplacian or more generally for the
p-Laplacian, have attracted considerable interest. These problems have been investi-
gated under various boundary conditions: the Dirichlet, Neumann, Robin or Steklov
boundary conditions. We refer to papers [2,5,13,18,30] and [3], where further bib-
liographical references can be found. The common feature of these papers is the
fact that weight functions generate functionals which are completely continuous. The
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main point of this paper is to consider weights whose corresponding functionals are
only continuous.

We also mention papers [1,26] and [27] where the existence of principal eigenfunc-
tions has been investigated, however, for the Dirichlet problem and for the Hardy-
-Sobolev operators. Finally, the papers [25,28] and [29] deal with the weighted Hardy
potentials in the case of the Dirichlet boundary conditions. In particular, the ap-
proach in paper [25] is based on a very general concentration -compactness lemma.
By contrast in this paper we give an exact upper bound of the principal eigenvalue
which allows to prove the existence of a principal eigenfunction.

Throughout this paper, in a given Banach space we denote strong convergence
by “—” and weak convergence by “—”. The norms in the Lebesgue spaces LP((Q2),
1 <p < o0, are denoted by | - ||,-

2. THE NEUMANN BOUNDARY CONDITIONS

In this section we consider the following eigenvalue problem

_ _ ym(x) .
{ Au =\ U in Q, 2.1)

Ju=0 on 9.

Obviously A = 0 is an eigenvalue and the corresponding eigenfunctions are constant
functions. We show the existence of a second principal eigenvalue which is positive.
This eigenvalue is given by

AN (m) :inf{/|Vu|2do:; ue HY(Q), /de_ 1}. (2.2)
Q Q

Lemma 2.1. Suppose (M) holds. Then A\ (m) > 0.

Proof. Arguing by contradiction, assume A\ (m) = 0. Then there exists a sequence
2

{ur} € H'(Q) such that [, |Vup|*dz — 0 as k — oo and [, m‘(;fl)gu’“ dr = 1 for

every k. We now use the decomposition

up = vk +tg, vp €V, tp € R,

It follows from (1.3) that vy — 0 in L?(2). We now show that the sequence {t;} is
bounded. In the contrary case we may assume that t;, — oo. The case t, — —o0 can
be treated in a similar way. We have

2
[ = [T ) e
Q Q

]2

m(x) 2 [ m(z) 1 /m(:zc) 5

=1 do + — dz + — d

[y [T [t
Q Q Q
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It is easy to see that the expression in brackets on the right-hand side tends to
Jo % dz as k — oco. Hence

lim /m(x)ui dx — —oo0,
|2

k—oo

which is impossible. Therefore the sequence {uy} is bounded in H'(Q2). We may
assume that, up to a subsequence, uy — w in H(Q) and uy — u in L?(Q). Using the
decomposition uy = vy + tj, we see that vy — 0 in H(Q) and t;, — t. Hence uy, — t
in H'(Q). This yields

Tx(ﬁ) up de — t2/ m(z) dx < 0.
Q Q

2 7

Since fQ |x|7;) uﬁ dxr = 1 for each k, we have arrived at a contradiction. Hence
MV (m) > 0. O

The assumption fQ ] (I) dx < 0 is essential in this lemma. In fact, one can easily
check that A\YY(m) = 0 if Jo ﬁlﬁ) dz > 0.

Lemma 2.2. Suppose that (M) holds and that m(0) > 0. Then

0<AN(m) < An

= W (2.3)

Proof. Given ¢ € (0,m(0)), we choose r > 0 such that m(x) > m(0)—¢ for x € B(0,r).
Let uw € HL(B(0,7)) \ {0}. Then

fB(O " |Vu|? dz _ I B0 T) |Vu|? dx
" S TEuzde — (m(0) = 8) [y, e da

AL (m) <

Taking the infimum over H}(£2) on the right-hand side, we get A\ (m) < m(%’)[ .

5
Since § > 0 is arbitrary, inequality (2.3) follows. O
Let M = {ue H'(Q); [,u®dx =1}
Theorem 2.3. Suppose that (M) holds. If m(0) > 0 and

(2.4)

then there exists a minimizer for A (m), which is positive on 0\ {0}.

Proof. Let {ur} C M be a minimizing sequence for AV (m). Let up = vj, + t; with
vp € V and t, € R. It is clear that {vx} is bounded in H'(2). As in Lemma 2.1
we show that the sequence {¢;} is bounded. Hence the sequence {uy} is bounded
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in H(Q). Therefore, up to a subsequence, ux — u in H*(Q) and ug, — u in L*(Q).
By the P.L. Lions’ concentration — compactness principle [17] there exist constants
o, Vo € [0,00) and nonnegative measures p and v such that

|Vur)? = 1> |Vul* + podo (2.5)
and ) )
U U

ﬁ — = | |2 + V050 (26)

in the sense of measures, where Jg is the Dirac measure assigned to 0. The constants
1o and v, satisfy the inequality
Anve < po. (2.7)

First we show that w Z 0. Arguing by contradiction, assume u = 0. Since {ux} C M

we deduce from (2.6) that vom(0) = 1. Hence u, > % and by (2.5) we de-

duce AN (m) > %, which is impossible. To complete the proof it suffices to show
that v, = 0. Arguing by contradiction assume v, > 0. We distinguish three cases:

i) [, m) w2 de = 0, (ii) Jo 7|';(‘"§) u?dr < 0 and (i) [, ﬁ(ﬁ) u?dxr > 0. The case (i)

<[

cannot occur, by the first part of the proof. In case (ii) we have

|2

m(z)
1<1- u® dx = vom(0).
/

So by (2.7) we get o > ( 5- Then (2.5) yields AY (m) > (A(’)), which is impossible.
Finally, in the case (iii) we have

—/Téﬁ)ﬁ dz + m(0)v, >/T;i§)u2dx and mio)(l—/m;;)u? dm) = Vs.
Q Q Q

Then from (2.5) and (2.7), we derive

/|Vu|2dx+A(O)(1 /Tx(l?lﬂdz> >
Yo [ g e - [ ae)
u? dx

AV (m) = 2 > (W) - ) / o),

m(x)

implying that [, WUQ dx > 1. This contradiction completes the proof. Since |u| is
also a minimizer, we may assume that v > 0. By the Harnack inequality, « > 0 on
Q\ {0} (see Theorem 8.20 in [14] or [23]). It follows from Proposition 4.2 in Section 4,
that lim, o u(z) = oco. O

From this we deduce
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In Proposition 2.4, we give conditions on m guaranteeing the validity of inequality
(2.4). We introduce notation QT = {z € Q; m(z) > 0}.

Proposition 2.4. Let m satisfy (M). Moreover assume that there exists B(xpr,r) C

QF such that m(z) > m(zn) for all x € B(xp, 1), 0 € Bz, r) and that m(0) > 0.
If

0 2(N —2)2
m(0) _ V-2 | 28)
m(zn)  2(r+ |lzm )2 (N + 1)(N +2)
then AY (m) < %.
Proof. Let u € H}(B(zar,7)) \ {0}. Then
m(x) 2 / u? m(xM) / 9
dxr > —dr > ———L— dx.
[ pRewzmen [ gpex s [
B(xzm,r) B(zwm,r) B(xm,r)
Hence ) ) )
fB(xM’r) |Vul?dz  (r+|zn]) fB(;cM,r) |Vul|? dx 29)
m(x - 2 .
Joors) T u? da M(201) [y ) 02 A

Since H} (B(z,0)) \ {0} € {u € HY(Q); [, Tw(“ﬁ\)uQ dx > 0}, we derive from (2.9)
that
(r+|oum))?

N m

AP (B(zar, 7)), (2.10)

where AP (B(z 7, 7)) denotes the first eigenvalue for “—~A” in B(z s, 7) with the Dirich-
let boundary conditions. We now estimate AL := AP (B(zar,7)). We test AP with
v(z) =r — |z —axpm| for x € B(zp,r). We have

T

QwyrN+2
2 2 2 _N—1 N
vidx = r—lz))*de =w r—38)°s ds =
/ [ s = -2 NN+ (N +2)
B(Qﬁ]uﬂ‘) B(O,T‘) 0

and N

2 WNT

dr = ——

Vol dz N
B(Izu,’r)

Hence

fB(a:Mﬂ‘) v2dx 212

Combining this with (2.10) we derive

b < I8 VOP AT (N4 (N +2)
1 =

(N + DN + 2(r + |za)?

N
<
A (m) < 2r2m(zpr)

Therefore Ay (m) < ;34 if (2.8) holds. O
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We now give another example of a weight function satisfying (2.4). Let M € C( 7)
satisfy the following conditions: M* # 0, M(0) = 0, [, A‘/{E(lf dr < 0 and M(z) >

for z € B(0,7) \ {0}, where B(0,7) C Q. We now check that ma(x) = M(z) + A7
with A > 0 small enough, satisfies (2.4). Indeed, let u € HI(B(0,7)) \ {0}. We then

have ) )
fB(o | Vul? dz < fB(o [ Vul* da
- M(z)
J00) |a:|2 b 2de+ A g0 s \a,|2 Js0r) T udv’
Since u € {v € H'(Q); [, m‘;‘l(f) v2dr > 0}, we see that AV (ma) < AP (M, B(0,7)),

where AP (M, B(0,7)) is the principal eigenvalue for the eigenvalue problem

The existence of AP (M, B(0,7)) follows from Theorem 3.4 in Section 3. We choose
A > 0 small so that AP (M, B(0,7)) < 2% and [, m‘Al(rf) dz < 0.

In the above examples the value of a Welght function m at 0 is rather small. One
can construct a weight function with m(0) large. Let M be a function from the above
example. We put mp s(x) = BM(z) + A. As in the above example we show that
M (mp,.a) < $AP (M, B(0,r)). Given A > 0 we choose B > 0 sufficiently large so
that AP (M, B(0,7)) < 2% and [, mJTa':"*Z(z) dr < 0. With this choice of A, condition
(2.4) is satisfied.

We now consider the case m(0) < 0.

Theorem 2.5. Suppose that (M) holds and that m(0) < 0. Then there exists a
minimizer for AN (m).

Proof. If m(0) = 0, then the functional J(u fQ Tl’;(fg 2 dx is completely continuous

on H'(2). So the existence of a minimizer in this case is obvious. Therefore we
only consider the case m(0) < 0. Let {ux} C M be a minimizing sequence for
AN (m). By Lemma 2.1 the sequence {u} is bounded in H'(Q2). By the P.L. Lions’
concentration-compactness principle [17] there exist nonnegative constants uo and v,
such that the relations (2.5), (2.6) and (2.7) hold. Since m(0) < 0, u # 0. To show
that v, = 0 we now distinguish cases (i), (ii) and (iii), as in the proof of Theorem 2.3.
Since m(0) < 0, the cases (i) and (ii) must be excluded. So it remains to consider

case (iii), that is, [, ”fz(r;)ﬁ dx > 0. By (2.6) we have [, Tf(;)ﬁ dr > 1. Since
Jo m@) gz < 0, u cannot be a constant function. Hence Jo IVul?dz > 0. Tt then

||

follows from (2.5) that

AN (m) > / \Vul? d + po > A (m) / Tx(:g) u? dz > A\ (m)
Q Q

and we have arrived at a contradiction. O
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If m(z) > 0 on €, then problem (2.1) does not have a positive solution for A > 0,
that is, 0 is the only principal value. However, in this case we can define the second
eigenvalue, namely,

Vul?d
AY (m) = ot fszli@;\f
we HY(\{0}, [, 75 u da=0 fa T u? dx

The existence of minimizers for AYY (m) with m = 1 on € has been investigated in
paper [11].

Theorem 2.6. Suppose that m € C(2), m >0 and # 0 on Q.

(i) If m(0) > 0 and Ay (m) < (O), then A (m) has a minimizer.
(i) If m(0) = 0, then Ay (m) has a minimizer.

Obviously AY (m) > 0. The proofs of (i) and (ii) are similar to those of Theorem 2.3
and 2.5 and are omitted.

We now give an example of a nonnegative weight function satisfying m(0) > 0
and A\ (m) < %. Let Q@ = B(0,1) and let M(|z|) be a continuous radial function
on B(0,1) such that M(|z]) > 0, # 0 on B(0,1) and M(0) = 0. We are going to
find the range of A for which the perturbation my(|z|) = M(|Jz|) + A, A > 0, of
M (|x|) satisfies condition (i) of Theorem 2.6. Towards this end, we observe that the

coordinate function z; satisfies fB(O B ﬁAl(f)xj dz = 0. Hence

fB(o 1) ‘V(xj)|2 dx

X2 (ma) < M(laD) 2 2 T
fB(o,1) pEasdr+ A fpg ) i de
wN
_ N _
~ fB(O,l) M(|x]) dz + fB 0, 1)

1
B j;)l M(r)rN-1dz + %

Therefore AY (m4) < ATN provided I M(r)rif Tt < ATN. If Ay > N, that is

N > 8, then condition (i) of Theorem 2.6 holds for every A > 0. If Ay < N that is
=3,...,7, then condition (i) of Theorem 2.6 holds for A < NAx fo rN=1dx.

3. EIGENVALUES WITH THE DIRICHLET BOUNDARY CONDITIONS

It is well-known that the minimization problem

Jo IVul? dx
weHLO\O} [ oy dar
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has no solution. On the other hand the weighted eigenvalue problem

“Au =220 in Q,
2l (3.1)

u=20 on 09,

under appropriate assumptions on a weight function m, has a principal eigenfunction.
Let us define
Jo |Vu|2 dz

AP (m) = S
werrin (0} Jo TR a2 da”

where m € C(Q).
Theorem 3.1. Suppose that m € C(2), m >0 and # 0 on Q.

(i) If m(0) > 0 and
Av
m(0)’
then a minimization problem for AP (m) has a solution.
(i) If m(0) = 0, then the minimization problem for AP (m) has a solution.

AP (m) < (3.2)

The proof is similar to that of Theorem 2.3 and is omitted.

An example of a weight function satisfying (3.2) follows from Proposition 2.4:
assume additionally that B(zas,7) C Q, 0 € B(zar,7) and that m(z) > m(zar) > 0
for x € B(xp,7) and m(0) > 0. If

m(0) - r?2(N — 2)?
m(zpy)  2(r + |za)2(N + 1)(N +2)’

then (3.2) holds.
As another example, we fix a function M € C(Q), M(x) > 0 and # 0 on Q and

M(0) = 0. We show that a small perturbation ma(z) = M(z) + A, A > 0, of M
produces a weight function satisfying (3.2). Indeed, let v € H1(2). Then
AP () < Jo IVo|? da - Jo Vo da

/S M(I)UQ de+ A [, ‘leg de g Aﬂ(lﬁ v2ds

Taking the infimum over H2(2) we get AP (m4) < AP (M). We now choose the largest
Ao > 0 such that AP (M) < /X" Then m 4 satisfies (3.2) for A € (0, Ao).
We point out here that in the papers [4] and [19] the following eigenvalue problem

—Au = w(z)u in Q,
u =0 on 0f2,
with the weight function w belonging to a Lorentz space, has been investigated. The

authors of these papers proved the existence of the principal eigenfunction for w
N
belonging the Lorentz space L(2:9(Q) for some 1 < ¢ < co. This has been extended
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in the paper [4], by constructing a larger space of admissible weight functions. This
space, denoted by F N, has been obtained as a completion of the space C°(2) with

respect to the norm || - ||(%7OO) of the Lorentz space L(Z:°°)(£2). This space has the
property L(2P)(Q) C Fy C L(2:2°)(Q) for every 1 < p < oo. For more details we

refer to the paper [4]. The weight function mw(‘? from Theorem 3.1, in general, does

not belong to the space F N. Another example of a weight function not belonging to

F N can be found in [29] in the case of an eigenvalue problem on RY.

Remark 3.2. We always have A\ (m) < A(I(V)) (see Lemma 2.2). If m(z) < m(0),

then AP (m) = %. This is an easy consequence of the Hardy inequality. In this

case AP (m) does not admit a minimizer. Indeed, assuming that v is a minimizer we
would get

/|Vu|2dx < \P(m /| 7 e < 2P (m)m(0)A ;Vl/|vu|2dx,
Q Q
implying that AP (m) > %, which is impossible.

The above remark suggests that the weighted Hardy inequality can be improved.
For this we need the following improved Hardy inequality (see [8] Theorem 4.1): let
N > 3, then for every u € H(Q) we have

AN/| 2dz+H(|Q|) /u2dx§/|vu|2dx, (3.3)
Q Q

where H is the first eigenvalue of the Laplacian “—A” in the unit ball under the
Dirichlet boundary conditions with NV = 2.

Proposition 3.3. Suppose that m(z) < m(0) for x € Q. Then

m(x)u? H (wy ® 9 1 / 5
| — <
E da:+m(0)AN <|Q|) /u dx < NP (m) |Vul|* dz
Q Q

for every u € HX ().
Proof. Tt follows from (3.3) that

m(z H (wy ’%/ 9
d +m(0 T udr <
“ANQM)S) :

/IP (&)ﬁfﬁi”g

<m0 % dx.
S /\Vu\ dx
)

2
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Since AP (m) = the result follows. O

m(O) ’

It is clear that the improved Hardy inequality in Proposition 3.3 yields

J e () /m e

For weights functions changing sign, we can formulate results parallel to Theo-
rems 2.3 and 2.5:
Theorem 3.4. Suppose that (M) holds.
() If \P(m) < %, (m(0) > 0), then there exists a minimizer for AP (m).
(ii) If m(0) <0, then there exists a minimizer for AP (m).

dx.

Remark 3.5. We mention here papers [21] and [22] dealing with eigenvalue problems
involving weighted Hardy potentials with the Dirichlet boundary conditions. In these
papers the following eigenvalue problem has been investigated

{—Au—)\n(x);‘P =py i Q

3.4
u=20 on 09, 34

where n € C*(Q), a € (0,1), 7 > 0,7 # 0on Q and )\, u € R. The principal eigenvalue
1y is defined by

2

. Jo(IVul* = (m)lgﬁ) dz
= in .
T @ Joo 7 d

z|?

The main result of papers [21] and [22] asserts: if py < An, then there exists a
minimizer for py which is a solution to problem (3.4) with g = py. The condition
tx < Ap is satisfied for A > A* for some A\* > 0. Parallel results for eigenvalue
problems with Hardy potential involving the distance to the boundary can be found
in papers [6,7,20,24].

4. BEHAVIOUR AROUND A SINGULAR POINT

We commence with a higher integrability property of the principal eigenfunction for
the eigenvalue problem (2.1). In what follows we always assume that the principal
eigenfunction is chosen to be positive.
Lemma 4.1. Let A\Y(m) < %, Then the principal eigenfunction p1 of (2.1)
belongs to L? (119(Q) for some & > 0.
Proof. We set A = AN (m), u = ¢; and v = wmin(u, L)P~2 = wu?~?, where p > 2 and
L > 0. Testing equation (2.1) with v, we obtain
/ \Vu|?ul ™2 dz + (p — 2) /VuVuLu’fQ dz = /\/ m(m)u%,;g dx. (4.1)
Q Q Q

|[?
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We also have
p_ o2
/|V(uu;2: 1)|2 dﬂC:/|Vu|2u1£_2dx+%/|VUL|2ug—2dm+
Q 3 )
+ (pf 2)/VUVULU€_2 d;p =
Q
—2 p?—4 2, p—2
:/|VU|2ug dx + 1 /|VUL‘ u[l), dx.
Q Q

Multiplying (4.1) by pTH observing that pTH > 1 we obtain

Ap+2) m(x)u%g*?dx. (4.2)

2 _4
/ Vu|?ub ™% dx + P /VuVuLu’[z dx <
Q Q

4 4 |z|2
Q
Hence N )
/ |V(uu§_1) 1> dx < (p: ) T(lﬁ) w?ub ™2 dx. (4.3)
x
Q Q

Since A%E]O) < 1, we can choose €; > 0 so that 2~ (m(0) + ¢;) < 1. By the continuity

of m there exists r; > 0 such that m(z) < mﬁ)) + ¢ for € B(0,71). Applying
inequality (1.4) with § = € we obtain

)\(p + 2) / m(O) +€1 5

Ap+2) [m(z) , —2
1 FE uul " de+

p—2
1 BE uuy “dr <
Q

A 2 _
+ Mp+2) Hm!w /u2u’£ dx <
4 Ty

B(O,Tl)

Q

SW(WL(@—FQ)(&"’G) / [ (wug )P dat (44)

B(O,T‘l)
AMp+2)

+ A(e, Q) 1

(m(0) + €1) / (uu§_1)2dw+

B(O,’r‘l)

A 2 _
+ Mp+2) )Hm!w /u2u’£ 2dz.
4 Ty

Here we have used the Hardy inequality in H'({2) (see (1.4)). We now put p =2+ 6
and choose 6 > 0 and € > 0 so small that

)\(1+§)(m(0)+61)(ﬁ+6) = (1+g)ﬁ(m(o)‘f‘El)‘f‘)\E(l‘f’g)(m(())'i'ﬁ) <1
(4.5)
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Combining (4.3), (4.4) and (4.5), we get
1) 1 2_1\ 9
LM+ D)) 4 e) (= +9) [ 19 P do<
4 AN
B(0,r1)

5— )\ 2 o0 —
e B R
T

Ap+2)

< A(e, Q) 1

B(O,rl)

By the Sobolev inequality, we deduce that

S(1-2+ D) + e +9) ([ d) <

B(O,’rl)

< Cle,e1,0,71, IImlloo)/(W?Ifl)Qd%
Q

where S denotes the best Sobolev constant for the embedding of H'(£2) into L2 (£2).
Letting L — oo, we deduce that u € L2 (1+2)(B(0,71)). So the assertion holds with
b0 = 2. O

Continuing with the above notations for A (m) and u = o1, we put u = || =%,
with s > 0 to be chosen later. We have

m(x)u
|z[?

div (|z|7%*Vo) = —A|z|~* +u(—s?|2| 772 + sN|z| 72 — 2s]z|57?).

We consider this identity in a small ball B(0,r). Since A\ (m) < %, there

exists 7 > 0 small enough, such that A{(m)maxpq, m(z) < Ay. Let s =

VAN = /An = A (m)m,, where m, = maxpg( ) m(x), then
—div (|z|7**Vv) <0 in B(0,r). (4.6)

On the other hand, if s = /Ay — /Ay — AY (m)m,., where m,. = minpg .y m(z),

then
—div (|z|7?*Vv) >0 in B(0,r). (4.7)

Proposition 4.2. Suppose that (M) holds and that \Y < % and m(0) > 0. Then
there exists B(0,1) C Q such that

Ml‘$|—(\/AN—\/AN—A{V(m)mT) < < M2|x|—(\/AN—\/AN—A{V(”YI)T?LT) (4.8)

for x € B(0,r) and some constants My > 0 and My > 0.

Proof. The lower bound follows from Proposition 2.2 in [12]. To apply it, we need
inequality (4.7). To obtain the upper bound, we follow the ideas from paper [15].
Let 0 < r < p and B(0,p) C Q. We recall that u = ¢ = || %v. We use as a test
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function in (4.6) the function ¢ =17 va(t D= = n?vmin(v, )2 where I,t > 1 and

n is a Cl-function such that n = 1 on B(0,7), 7 = 0 on Q \ B(0, p) and |Vn\ < = p -
on 2. Upon a substitution in (4.6) we obtain

/ || =2 (2nvvl2(t_1)V77Vv + 772vl2(t_1)|V11|2 +2(t — 1)772vl2(t_1)|Vvl|2) dx <0, (4.9)

where s = /Ay —/Anx — AY(m)m,.. For every e > 0 there exists C(€) > 0 such that

2/\x|_28nvv12(t71)Vandx < 6/|x|_287721212(t71)|Vv|2 dx+
Q
+ C(e)/|x|723|V77|2v2vl2(t_1) dx.

Taking e = %, we derive from (4.9) that

/\x|_25 n2vl2 (t-1) \Vv|2+2(t— 1)7)21)12 (t-1) \VU\ )dm <

(4.10)
<C/\x| 29\V77|21}2vl2t Y dz.

In the next step, we use the Caffarelli-Kohn-Nirenberg inequality [9]

2
</|x|_bp|wpdx>p < Cayb/\x|_2“|Vw|2dx (4.11)
Q Q

2N

for every w € HS(Q, || ~20 d:c), where —0co < a < %, a<b<a+l,p= sy

and C,p > 0 is a positive constant depending on @ and b. We choose

/ N -2
a=b=+An — AN—)\{V(m)mr< 5

In this case we have p = 2*. We then deduce from (4.10) and (4.11) with w = nvful(t 2
that

2
3

2
([1el7 P ) < / o249 (el ™) P da <
Q
< 201171,/|l’|728(|v77|2v20[2(t_1)+
(4.12)
+ 0] = Vo2 + (= 1220V Vo) da <

< C’t/ |x|_2*S|V77|2v2vl2(t_1) dx.
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We now observe that

/|x\_2*5\77|2*02vl2*t72 dx §/\x|_2*s|nvvl(t_l)|2* dx.
Q Q

Indeed, to show this we have to check that v2vl2*t_2 < v?*(tfl)vz* on 2. This can
be shown by considering the cases v; = [ and v; = v. Using this inequality we can
rewrite (4.12) as

2
¥

—2%s| (2% 2 2%1_2 2 —2%s 2,2 2(t—1)
|lz|7= ®[n]" v7v; dz < Ct | |z[7% *|Vn[*v?y, da.
Q Q

Due to the properties of the function 7, the above inequality becomes

2

X * 2¥ t * _
< / 2| S0 12 dx) < (C)Q / || 2 Sv2vl2(t Y da. (4.13)
p—r

B(0,r) B(0,p)

To proceed further we observe that the integral on the right hand side of (4.13) is
finite. This follows from the fact that v = |z|*¢1, so v has no singularity at 0 and
moreover 2*s — 2s < 2. We now choose 1 < t* < (14 6,) 7~ and define the

sequence t; = t*(%)j, j=0,1,.... Letting ¢t = ¢; in (4.13) we obtain

1

1 1
* o 2t . 2t N o 5t
|| 2 Sv%ft’“ de) a < <(Ctﬂ)2) ! ( / || =2 SvQUthJ 2dx> "
p—r

B(0,r) B(0,p)

We put 7, = po(1 + ph), j = 0,1,... with p, > 0 so small that B(0,2p,) C .
Substituting in the above inequality p = r; and r = ;11 we obtain

1

_1 1 1
( |x\*2*sv2vft”1_2dx) 00 < ( Ct; ) 3t; ( |x|*2*5v21)l2t”'_2dx) R
(po — p2)2p?

B0+ B(0,r))
(4.14)
Iterating gives
. A T
/ |z~ S22 dx) <
B(O,Tj+1)
C E;io % _z?io % [ee] % . ) 2%* (415)
S ( 2) Po J J Htj J ( / |.’L"_2 Sv2vl2t 2d$) )
Po — Po .

B(0,ro)
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We now notice that the infinite sums and the infinite product in the above inequality
are finite. Since 2* < 2t* < (1 4 6,)2* we deduce

/ ‘xl—Q*sUQU?t*—2 de < / |x|(2t*—2*)s‘u|2t* de <

B(0,ro) B(0,ro)

(4.16)
< d(2t*—2*)3/|u‘2t* dz < o,

where d = diam Q. We now deduce from (4.15) and (4.16) that

HUlHthjH(B(o,po)) = ||/UZHL2fJ+1(B(O rie1)) <
1
_2%s . o .
< d?ti+1 ( / |.Z“_2 s,UQU;fJ+1 2dx> i+1 < C,
B(0,rj+1)

where C' > 0 is a constant independent of ! and j. Letting t; — oo, we get

”UZHLOO(B(O,/)O)) < C. Finally, if | — oo we obtain |v]] < C. Since

v = |z|*¢1 the result follows.

L (B(0,0))

If m(0) < 0, then the principal eigenfunction has no singularity at 0.
Proposition 4.3. Suppose that (M) holds.
(i) If m(0) < 0, then ¢1 € LP(2) N LP(9, ‘iglcz) for every p > 2.

(ii) If m(0) =0, then ¢1 € LP(2) for every p > 2.

Proof. If p =2 (i) and (ii) are obvious. So we assume that p > 2.
(i) We use again as a test function v = wmin(u, L)P~2 = uu’fZ. We have

5- Ap+2) [m=(x) 5 p> Ap+2) [mF(x) 5 p2
2 2 2
/|V( 2 )\ dx + 1 FE wul de < 1 FE u*ut “ du.
Q Q Q
Since m(0) < 0, we can find 7, x > 0 such that m(z) < —«k for z € B(0,r). We then
have

p_ A 2 2, P2 A 9 -
/W(““i 1)|2d$+ W / U\ZfQ dx < (p +4T)2”m”°c /uQUi 2 da.
B(0,r) Q

We now apply the Sobolev inequality to obtain

2

B o 2 ANp+2)k (uu%fl)2
S luu? "° dx + 1 FE dx <
Q B(o,

Ap+2) ||mHoo
<< 12 /uuL
Q
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. « ox (N=2) o* (N 2) da
Letting p = 2* and L — oo we see that u € L* ~z ()N L (Q, |W) We
complete the proof by iterating the above procedure.

(ii) We start again with the inequality
A 2 _
/|V uuL )|2d < (p+2) (x)u2u1£ 2 dz. (4.17)

4 |[?
Q

Given € > 0, there exists r > 0 such that m(z) < e for z € B(0,7). We then derive
from (4.17) that

p—2 9
Q

4 | |2 4r2
%)

Applying the Hardy inequality in H'(Q) (see (1.4)) we get for every § > 0

e p+2 p_
/|VuuL P de < (4 /|v wui Y[ da+

+ (A((S,Q) )‘Hm”oo p+2 /

4r2
Q

‘We now choose € > 0 so that

Xe(p+2), 1
1 Gt

As in part (ii) we apply the Sobolev inequality, let p = 2* and L — oo. To complete
the proof we iterate this procedure. O

The results of this section can be extended to the principal eigenfunction with the
Dirichlet boundary conditions (3.1).

5. EXTENSION - MULTIPLE SINGULARITIES CASE

Singular eigenvalue problems discussed in Sections 2 and 3 can be extended to to
eigenvalue problems with weights having multiple singular points. We restrict our-
selves to the following Neumann problem

Au-)\zj 1 ‘zm(;)‘fzu in Q,
g—Z*O on 9Q, u >0 on €

(5.1)

where !, ... 2! are distinct points in  and [ > 2. It is assumed that m € C(Q),
m™(z) # 0 and that
(N) Jo X1 2 d < 0.
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We now define
1
N 1 N s 2 . 1 m(.’l’;) 2 —
AL (myx ,...,x)—lnf{/|Vu| de; we H (Q)’/;xaﬂ?u dm—l}.
Q Q J=

Repeating the proof of Lemma 2.1 one can show that S\{V (m,2t, ..., 2" > 0.

Theorem 5.1. Suppose that (N) holds and that m(z?) >0 for j=1,...,1. If

- A
AVm,zt,. a2y < ——X (5.2)
max; m(z?)
then S\{V(m,xl, ..., @) admits a minimizer, which is the principal eigenfunction for
problem (5.1).
Proof. Let {ux} be a minimizing sequence for S\{V(m,xl, ...,xb). Tt is easy to show
that {uy} is bounded in H'(Q2). By the P.L. Lions’ concentration-compactness prin-
ciple there exist nonnegative constants 17, u/, j = 1,...,l, and nonnegative measures
w1 and v such that
l
\Vug|* doe — p > |VU|2dCE+Z,LLj5xj (5.3)
j=1
and
1 1 1 1 1
2 2 j
U ——dr—v=u ——dz + V7 6 5.4
kazl|x_x]|2 ;‘x_lﬂp ; a7 ( )

in the sense of measures, where d,, are the Dirac measures assigned to ;. Moreover,
we have
Ay <yu?, 5=1,...,1

First, we show that w # 0. In the contrary case, we have by (5.4)

l

1= Zm(xj)yj.

j=1

Hence by (5.3) we deduce

AN

l l
_ A
N 1 ! . > N V= — N
Al (m, T ,...,T ) Z ;Uj 2 AN Jz:; V] Z man m(x‘]) m(x])yj - maxj ’rn(:['j)7

j=1

which is a contradiction. In the final step of the proof we show that v/ = 0 for
j =1,...,1. Arguing by contradiction, assume that v7° > 0 for some j,. We now
distinguish three cases:

1 1
. m(z .. m(z
(i) / E |a:—(553'|2u2 de =0, (ii) / E x—(x;|2uz dxr <0 and
Q j=1 Q j=1
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!
m(x) o
(iii) /QZI |z—xj|2u dz > 0.
3=

By the first part of the proof, we exclude case (i). If (ii) occurs then

l l !
max; xj .
1<Zm :17])1/]<rnaxm x] Z J Z,uj.
=1 j=1 j=1

Then by (5.3) we obtain

!
N L Z
> 7,
Ar (m, @ o T max;m (:EJ)7

which is impossible. In the case (iii) we have

!
u?
1—/Z|xiﬂ‘2 dx—Zm (z7) V7<maxm(ac])z vj <

This yields

— |z — 272
Jj=1
AN l m(z) o
1—
maxjm(xﬂ)( /; m—x3|2u d
-

This equivalent to

- A < A
R VI S I
max; m(z7) max; m(z7) |z — 7|2
Q

implying that

On the other hand since v;, > 0 we have

1—/Z| xj|2 2dw+21/j 7 ym(2?) /Z|x—x3|2 dx

and we have arrived at a contradiction. O
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We point out that the principal eigenfunction from Theorem 5.1 satisfies around

each singular point 27 an estimate of type (4.8).

We close this paper with the following remark concerning simplicity of the principal

eigenvalues: all principal eigenvalues constructed in this article are simple. This can
be proved using the arguments of Proposition 2.3 and 2.4 from [18].
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