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EXISTENCE AND STABILIZABILITY
OF STEADY-STATE
FOR SEMILINEAR PULSE-WIDTH
SAMPLER CONTROLLED SYSTEM

JinRong Wang

Abstract. In this paper, we study the steady-state of a semilinear pulse-width sampler
controlled system on infinite dimensional spaces. Firstly, by virtue of Schauder’s fixed
point theorem, the existence of periodic solutions is given. Secondly, utilizing a general-
ized Gronwall inequality given by us and the Banach fixed point theorem, the existence and
stabilizability of a steady-state for the semilinear control system with pulse-width sampler
is also obtained. At last, an example is given for demonstration.
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1. INTRODUCTION

In the design of distributed parameter control systems, one of the important problems
is to choose the controller and actuator. As the dimension of an industrial controller
in actual applications is finite, it restricts us to consider the distributed parameter
system with a finite dimensional output. In industrial process control systems on-off
actuators have been preferred by engineer’s because of their cheap price and the high
reliability.

The interest in the pulse-width sampler control systems begun as early as the
1960s. It was motivated by applications to engineering problems and neural nets
modeling. In modern times, the development of neurocomputers promises a rebirth
of interest in this field. The theory of pulse-width sampler control systems is treated as
a very important branch of engineering and mathematics. Nevertheless, it can supply
a technical-minded mathematician with a number of new and interesting problems of
a mathematical nature. There are some results such as steady-state control, stability
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analysis, robust control of pulse-width sampler systems [1-7], integral control by vari-
able sampling based on steady-state data and adaptive sampled-data integral control
[8-11].

In this paper, we will be concerned with control systems governed by a class of
semilinear equations

Az(t) + f (¢, 2(t)) + Cult),
Ko (t), (1.1)
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where the state variable z(t) takes a value in a reflexive Banach space X, A is the
infinitesimal generator of a compact semigroup {7"(¢),¢ > 0} on X. f :[0,00) x X —
X is continuous. Control variable u(t) is a ¢ dimensional vector, u(t) € R?, C:
R? — X is a bounded linear operator. K;: X — RP is a bounded linear operator,
z(t) is a p dimensional output of the system (1.1).

Suppose that control signal wu(t) is the output of the ¢ dimensional pulse-width
sampler controller. v(t) is the input of the ¢ dimensional pulse-width sampler con-
troller, which is the output of some dynamical controller

0(t) = Ju(t) + Koz (t), (1.2)

where J is a ¢ x ¢ matrix, K5 is a ¢ X p matrix. J is determined by the dynamic
characteristics of the controller, K5 is called the feedback matrix which will be cho-
sen in the latter. The output signal u(t) = (u1(t),ua(t),...,u,(t))" and the input
signal v(t) = (v1(t),va(t),...,ve(t))T of the pulse-width sampler satisfy the following
dynamic relation:

o [ osign ag,, nTo <t < (n+la,,)To, i=1,2,...,¢
o ={ (n+ lan )Ty <t < (0t DTy, n=01,... (3
and
- Ui(nTo), |UZ(nT0)| <1, i=12,...,q (1 4)
i sign v;(nTp), lv;(nTo)| > 1, n=0,1,..., ’

where Ty > 0 is the sampling period of the pulse-width sampler.
We end this introduction by giving some definitions.

Definition 1.1. The closed-loop system (1.1)—(1.4) is called a pulse-width sampling
semilinear control system.

Definition 1.2. In the closed-loop system (1.1)—(1.4), the ¢ dimensional vector a,, =
(Onys Qs -y 0, )T defined by (1.4) is called the duration ratio of the pulse-width
sampler in the n-th sampling period, n =0,1,....

We defined a closed cube €2 in R? as
Q={a= (04170[2,...,Oéq)T eRY |yl <£1,i=1,2,...,q},

then we have a,, € Q, forn=10,1,....
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Definition 1.3. In the closed-loop system (1.1)—(1.4), if there exists a ¢ dimensional
vector
a=(a1,q9,...,00)" €9,

and a corresponding periodicity rectangular-wave control signal u(t) = u(t, a) defined
by

sign o, nTy <t < (n+|a|)To, i=1,2,...,q;
ui(t) = wit, @) = { 0, (n+ )Ty <t<(nmt)Ty, n=01,... &)
such that the closed-loop system (1.1)—(1.4) has a corresponding Ty-periodic trajec-
tory z(+) = (-, ): x(t+Tp, ) = z(t, ), t > 0, then the control signal (1.5) is called a
steady-state control with respect to the disturbance f. The Ty-periodic trajectory x(-)
is called a steady-state corresponding to the steady-state control u(-) and the constant
vector a € Q of the defining steady-state control (1.5) is called a steady-state duration
ratio.

Definition 1.4. In the closed-loop system (1.1)—(1.4), if there exists some « € Q
such that
lim o, =, where a, = (any,Qnyy...,an,)" )

, a=(a,ag,...,0q)",
then system (1.1)—(1.4) is called steady-state stable with respect to the distur-
bance f.

System (1.1)—(1.4) is called steady-state stabilizability if we can choose a suit-
able Tp > 0 and K3 such that system (1.1)—(1.4) is steady-state stable with respect
to the disturbance f.

2. PRELIMINARIES

Let £,(RY, X) be the space of bounded linear operators from R? to X, £,(X,RP) be
the space of bounded linear operators from X to RP. £,(R?, X) and £,(X,RP) are
Banach spaces endowed with the usual operator norms, respectively. C([0, Tp]; X) be
the Banach space of continuous functions from [0, 7p] to X with the usual operator
norm.

In order to study system (1.1)—(1.4), we introduce the following assumptions:

[H1] A is the infinitesimal generator of a compact semigroup {7 (¢),t > 0} on X with
domain D(A).

[H2] f:[0,00) x X — X is continuous.

[H3] f(t,x) is To-periodic in ¢, i.e., f(t + Tp,x) = f(t,x),t > 0.

[H4] Control signal u(t) is a rectangular wave signal u(¢, &) with a period Ty defined
by (1.5) for given a € .

By virtue of the compactness of T(Tj) and Fredholm alterative theorem, one can
complete the following results immediately.
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Lemma 2.1. Let assumption [H1] hold and the homogeneous periodic boundary prob-
lem
(t) = Ax(t
2(0) = z(Tp).
has nontrivial Ty-periodic solution. Then operator [I—T(Ty)] ™t exists and is bounded.
We consider the integral equation on X given by

t+T0o
2t 0) = [ — T(Ty)] ! / T(t+To— 0)[f (6.2(0) + Cul6,0)]dd.  (22)

o+

Lemma 2.2. z(t,«) is the Ty-periodic solution of the following periodic boundary
problem

{j:(t) = Aa(t) + f (t,2(0)) + Cu(?), 2.3)

z(0) = z(To),

if and only if x(t,«) is the continuous Ty-periodic solution of the integral equation
(2.2).

Proof. Suppose that z(t, «) is the Ty-periodic solution of (2.3), let g = z(0), then
t
x(t,a) = T(t)xo + /T(t —0)[f (6,2(0)) + Cu(f, )] db. (2.4)
0

Further,

t+To
x(t+To, ) =T(t+ Tp)xo + / T(t+To—0)[f (0,2(0) + Cu(,a)]db, (2.5)
0

that is
t+To
x(t,a) = T(t + To)zo + / T(t+To—0)[f(0,2(0)) + Cu(f,a)]db. (2.6)
0

It comes from (2.6)—(2.4)xT'(Tp) that

t+T0o
1 — T(Ty)a(t, ) = / T(t 4+ To — 0)[f (6,2(6)) + Cu(f, a)] db.

By Lemma 2.1, we have

4T,
z(t,a) = [I —T(Tp)]* / T(t+To—0)[f(0,2(0) + Cu(b,a)]db.
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On the other hand, let z(t, ) be the continuous Tp-periodic solution of (2.2), then

t+To
(fi—f =[I-T(Tp)] ! / AT (t+ Ty — 0)[f (6, 2(0)) + Cu(f, o) df+
+ [ =T (To)] " [(f (¢ + To, x(t + To)) — T(To) f (¢, 2(t)))+
+ (Cu(t + To, ) — T(Tp)Cult, a))] =
= Ax(t) + f (t,z(t)).
Thus, x(t, ) satisfies (2.3). This completes the proof. O

Set

Eg, = {CE | z € C([0,Tp], X) and z(t) = z(t + To)

with the norm || - [[g, = sup |[|-[| < M}a
t

€[0,To

where M = LoM, OTO (||f (0,2(0)) || + QHCH,é’b(]RQ,X))d@, My = SUP¢e[0,T0] |T(¢)|| and
Lo = ||[I = T(To)]~!||- Tt is obvious that Er, is a Banach space. Meanwhile, it is also
a closed, bounded and convex set.

Define operator P on E7, given by

t+To
P(a)(t, ) = [T — T(Ty)]" / T(t + Ty — 6)[f (6, 2(8)) + Cu(h, )] db,

where z(t, ) € Er,.

It is well known that the integral equation (2.2) has a periodic solution if and only
if P has a fixed point on E7,. Thus, we only need to discuss the existence of the fixed
point of P.

Lemma 2.3. Operator P is a complete continuity on Er,.

Proof. Tt is obvious that P maps Er, into itself. Since f : [0,00) x X — X is
continuous, we see that P is a continuous operator on Er,. Next, we verify that P is
compact on Er,. Set B = {z |z € Er,, |z||p,, < p}. Let t € [0,T0], t +h € [0,To),
h>0,ze€B.
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In fact,

[P(x)(t + h, o) = P(z)(t, )| =
t+h+To
= H[I —T(Tp)] ™t { / T(t+h+To—0)[f(0,2(6)) + Cu(f, )| dd—
t+h
t+To

- /T(t+TO—9)[f(9,x(9))+cu(e,a)]d9]Hg
t t+h+To
< ||[I—T(To)]_1|{ [ e ne T 0)[f (6,20)) + Culo. )] o+
t+h o
+ / ||T(t+h+T0—9)[f(9,x(9))+Cu(0,a)]||d0+
o
[ 1w - DT+ T - 0)[1 6,2(0) + Cuto, ) ||cw} <
t t+h+Th
<Lo{ / Mo (8,2(8)) || + ql|C £, re ] A6+
t+ht+TO
+ [ MalF 0.2(6)) 1|+ allCll gm0+

t
t+To

+ / IT(h) — Il Mo |lf (8,2(6)) | +qC||,eb(Rq,x)]d9}
i
and limy, o ||T'(h) — I|| = 0, then P is equicontinuous in [0, Tp]. O

Moreover, it is obvious that PB is a bounded set. Denote II = PB and II(t) =
{(Px)(t) | x € B} for t € [0,Ty]. Clearly, I1(0) = {«(0)} is compact, and hence, it is
only necessary to consider ¢ > 0. For 0 < ¢ < t < T, define

I.(t) = (P-B)(t) =
={T(e)(Px)(t —¢) | v € B} =
t—e+TH
= {[I —T(Tp)] ! T(t+To—0)[f(0,2(0) + Cu(,a)]dd | x € B} .
t—e
By our hypothesis, T(-) is compact. It follows from the above expression that II.(t)
is relatively compact for ¢ € (e, Tp].
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Furthermore,

sup{[|(Pz)(t) — (Pe2)(@)| | = € B} <

< sup /Mmu&amm+mmwe+

t+To
+ sup /’vaaamw+mmwes
t—e+Ty

< Mye. (Mjy do not depend on z)

It is shown that the set II(¢) can be approximated to an arbitrary degree of accu-
racy by a relatively compact for ¢ € [0,Tp]. Hence, II(¢) itself is relatively compact
for t € [0, To]

By the Ascoli-Arzela theorem, P(z) is compact on Er,. As a result, P(x) is a
complete continuity operator on E7,.

We end this section by collecting a generalized Gronwall inequality which plays
an essential role in the study of nonlinear problems on infinite dimensional spaces.

Lemma 2.4 (|13, Lemma 2]). Leta >0,0>0,¢>0,0< X <1,0< A < 1. If
x € C([0,Tp); X) satisfies

t To
wwmsmw/w@wwa/M@WMa forall t e [0,T0),
0 0

then there exists a constant M* = M*(a,b, c, A2, To) > 0 such that
lz()|| < M*  forall t€]0,Tp).

3. EXISTENCE AND STABILIZABILITY OF STEADY-STATE

Using Lemma 2.2, Lemma 2.3 and the Schauder fixed point theorem, P has a fixed
point on E7,. Then we have the following result.

Lemma 3.1. Assumptions [H1|-[H4| hold. For every u(t,«), system (1.1) has a
Ty-periodic solution given by

T,
at.) = (L= T(@)] ™ [ T(+To - 0)[f (6,206)) + Cult )]s,
which is equivalent to
z(t,a) = T(t)xo + /T(t —0)[f (0,2(0)) + Cu(9, )] db, with xo = z(Tp).
0
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By Lemma 3.1, we can obtain the following result.

Theorem 3.2. Under the assumptions of Lemma 3.1, if the sampler periodic Ty has
the following properties:

2
iwn € p(J), wnzg, n=0,+1,+2, ..., (3.1)
0
where p(J) is the resolvent set of the matriz J, i satisfies i> = —1, then the following

open-loop control system

(t,a)
z(t)
0t

has a unique Ty-periodic solution v(t, ) given by

Az(t,a) + f(t,2(t)) + Cu(t, a),
12(t), (3.2)
Ju(t, ) + Kaz(t, ),

2
=

To t
v(t, o) = et (I—eJTO)fl/eJ(T‘)*S)Kzz(s,a)ds —&—/eJ(t*s)ng(s,oz)ds.
0 0

Proof. Using (3.1), we know that e?“nT0 = 27" — 1, that is 1 € p(e’?). Thus
(I — e’70)~1! exists and is bounded. It is not difficult to see that

t

v(t, o) = e’y Jr/e‘](tfs)ng(s,Oc)ds7 (3.3)
0
where vg = v(0, @).
Consider
Ty
y=(— eJTO)_l/eJ(To_S)ng(s,a)ds
0

which is the unique solution of the following equation

t

y=e’ly+ /e"(t*S)KQz(s, a)ds.
0

Let
To

Vo = y = (I —_ BJTO)il /GJ(Tois)KQZ(S,OZ)dS,

[}

it comes from Lemma 3.1 that

z2(t + Ty, ) = 2(t, ), ¢t > 0.
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It is easy to verify that

To t
v(t,a) = e’t (I—e‘]T‘))_l/eJ(T"_S)ng(s,a)ds —i—/e‘](t_s)ng(&a)ds
0 0
is just the Tp-periodic solution v(t, «) of the open-loop control system (3.2). O

In order to discuss existence and stabilizability of the steady-state for system
(1.1)—(1.4), we define a map G: Q € R? — R? given by

To
Gla) = (I — ™o)1 / eI 16, K (s, 0)ds, 0 € 9,
0

where (-, ) is the Ty-periodic solution of system (1.1) corresponding to a € Q.

In the sequel, we make [H2] a little stronger as following.

[H2'] For any z1, %2, y1,y2 € X, there exists a positive constant Ly > 0 and
0 < A < 1 such that

£t 20) = F(t,22)]| < Lyllar — 2|,

Lemma 3.3. Under the assumptions of Theorem 3.2 ([H2]| replaced by [H2']), there
exists a constant My > 0 such that

1G(e) = G(@)|| < My|[Ksllla —af, a,acQ.

Proof. Let x1(t,«) and x5(t,&) be the Tp-periodic solution of system (1.1) corre-
sponding to « and @ € € respectively, then

21(0) — 22(0) = 21(To) — 22(To) = T(To)(21(0) — 22(0))+
Ty
+ [T = 0)(760.01(0)) - 10, 2a(0))d+

0
To

+ / T(Ty — 0)C (u(f, &) — u(6, &))df.
0
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Using assumption [H2'], we obtain

[[21(0) = 22 (0)]] <

To
< ||[I—T(To)]leMoLf/Hh(@) — 2(0) [ do+
0

To
+ H[I—T(TO)]_1|\M0||C|\£b(Rq,X)/||U(970<) —u(f,a)||radf <
0

To
< LoL; My / 21(8) — 22(8)|*d6+
0

To
4 LoMoC £, mex) / u(0, @) — u(8, &)||rado.
0

For 0 <t < Tj, we obtain

lz1(t, @) — z2(t, )| <

t
< 21(0) — 22(0)|| + Ly My / 21.(6) — 2(8) 6+
0
t
T Ml|C gy o) / (8, 0) — u(8, a)||zad6 <
0

Ty
< LMo |C ) (Bo 1) [ (6. ) = (8, ad+

0

t To
+ LfMo / ||{L‘1(9) — {L‘Q(Q)H/\de + L()LfMO / ||x1(0) - x2(9)||)‘d9
0 0

By Lemma 2.4, there exists a M* > 0 such that
lz1(t, @) — za(t, @)|| < M*.

Furthermore, we can choose a sufficient large number M** > 0 such that

To Ty
/||x1(t,a) ot @) dt < M**/||u(9,a) — u(6,d)|gedd <
0 0

To q
< M**/Z|ul(9,al) — w0, a)|de.
=1
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For oya; > 0, without loss of any generality, we suppose that 0 < a; < @;, then
we have

To aTo
/|ul(9,al) — ul(ﬁ,dl)\dQ < / |ul(9,al) — ul(ﬁ,dl)\dg < T(]‘Ckl —qy.
0 O‘ZTO

For ayay < 0, for example, oy < 0 < @y, |ay| > oy, we have

To |a|To
/\ul(ﬂ,al) (0, @)|do < / (0, ) — (0, @)|d6 < 2Tl — Gl.
0 OélTo
By elemental computation,
|G(a) — G(a)]| <
To
< (I =) [T K[| K || £y x e / lz1(s, ) — z2(s,a)||ds <
0

To
< =) e Y[ | K|y x oy M / [[u(8, o) — u(0, @)||radf <
0

<2|(1 = &) e T ||| Ko1Kt ||, (x ry M Tl — .
Let
My =2||(I = &™) [0 |[|| K| £, (x ey M To > 0,

then
[G(a) — G(a)|| < Mi|| Kzl —af, a,a €.

By Lemma 3.3, we can derive the following result.

Theorem 3.4. Under the assumptions of Lemma 3.3, we can choose a suitable
IK2]| > 0 such that system (1.1)—(1.4) has a unique steady-state for any given f € X
and the fized point of G is just the steady-state duration ratio.

Proof. Let z(t, @) be the Ty-periodic solution of system (1.1) corresponding to « € €2,
then

To
z(0) = z(To) = T(To)z(0) + /T(To —0)(f (0,2(9)) + Cu(8, ) ) db,
0

that is,
To

£(0) = [T — T(Ty)] / T(Ty - 0)(f (6,2(6)) + Cu(6. ) do.

0
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It is obvious that

To

lz(0)]| < LoMo/(llf (0, 2(0)) | + ¢l Cll £, (ma,x))dO = Ma.
0

It comes from

To
Gla) = (1= ™) [ 0 KoK T @) (0)ds+
0

To t
+ (I _ eJTo)—l /eJ(To—s)KQKl(/T(t — 0) (f (9, x(ﬁ)) + C’U/(97Oé))d9) dS,
0 0
that
[G(a)]] < Ms|| Ky,
where

Mo
My = (1 = ™) e K gy xcan To (Moo + 2 ).

It is not difficult to see that G : 2 — ) is a contraction map when

1

0 K|l <—F———.
< K|l max (M, M3)

By the Banach fixed point theorem, G has a unique fixed point o* € . Obvi-
ously, the Tp-periodic solution of system (1.1) corresponding to o* is just the unique
steady-state. O

At last, an example is given to illustrate our theory. Consider the following system

Sa(t,y) = Aw(t,y) + 23 (t,y) + sin(t,y) + Cu(t), yeQ=(0,1),t € (0,2n],
Z‘(t,y) |Z/€69: Oa t> Oa
‘T(an) :I(Qﬂ-vy)a
2(t) = [x(t,y)dy,
Q

(3.4)
and the output v(t) satisfies (1.2).

Define X = L2(Q), D(A) = HX(Q)H}(), and Az = —$% for x € D(A).
Deﬁne I( ) = 17(~,y)7 sin()(y) = sin(-,y), f(-2(-))(y) = @5 (- y) + sin(-,y) and
le Q (tay

Thus system (3.4) can be rewritten as

&(t) = A(t)x(t) + f(t,z) + Cu(t), te(0,2n],
z(0) = x(2) (3.5)
(t) = Kyx(t).
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It satisfies all the assumptions given in Theorem 3.4, by choosing a suitable matrix Ko,
system (3.4), (1.2)—(1.4) has a unique steady-state. Thus, system (3.4), (1.2)—(1.4) is
steady-state stabilizability.
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