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EXISTENCE AND UNIQUENESS
OF ANTI-PERIODIC SOLUTIONS FOR A CLASS
OF NONLINEAR n-TH ORDER FUNCTIONAL
DIFFERENTIAL EQUATIONS
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Abstract. In this paper, we use the method of coincide degree theory to establish new
results on the existence and uniqueness of anti-periodic solutions for a class of nonlinear
n-th order functional differential equations of the form

2(t) = F(t,ze, 2" 2(t), 2D (1), 2(t — 7(1)), 2"V (t = o(1)))-
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1. INTRODUCTION
Consider the nonlinear nth-order functional differential equation
2 (t) = F(t, w2 (), 2D (2), 0t — 7(1)), 27V (E = o (1)), (1.1)

where FF: R” — R and 7 : R — R are continuous %—periodic functions, ¢ : R — R

is a continuous differential Z-periodic function, o = max;e(o 7y |0’ (t)] < 1,2:(6) =
z(t +0) for € R, and T > 0 is a constant.
Clearly, when F = p(t) — f(z™=V(t)) — g(z(t — 7(t))) Eq. (1.1) reduces to

2™ () + f V) + gla(t — () = p(),

which has been discussed in [1]. And whenn =2 and F = p(t)—f(2'(t))—g(x(t—7(¢)))
or F=p(t) — f(t,z(t)z'(t) — g(z(t — 7(t))), Eq. (1.1) reduces to

2(8) + f (@' (1) + g(a(t — 7(1)) = p(t) or 2" (t) + (£, x(t))2" (1) + g(x(t —7(t)) = p(1)
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which has been known as the delayed Rayleigh equation [2-6] or the delayed Liénard
equation [7-9], respectively. Therefore, we can consider Eq. (1.1) as a generalized
higher-order delayed Rayleigh equation or delayed Liénard equation.

Arising from problems in applied sciences, anti-periodic problems of nonlinear
differential equations have been extensively studied by many authors during the past
twenty years, see [10-18| and references therein. For example, anti-periodic trigono-
metric polynomials are important in the study of interpolation problems [19,20], and
anti-periodic wavelets are discussed in [21]. However, to the best of our knowledge,
there exists few results for the existence and uniqueness of anti-periodic solutions of
Equation (1.1) by applying the method of coincidence degree.

A primary purpose of this paper is to study the existence and uniqueness of
anti-periodic solutions of Eq. (1.1) by using the method of coincidence degree theory.

The organization of this paper is as follows. In Section 2, we give some lemmas
needed in later sections. In Section 3, by using the method of coincidence degree, we
establish some sufficient conditions for the existence and uniqueness of anti-periodic
solutions of Eq. (1.1). An illustrative example is given in Section 4.

2. PRELIMINARIES

The following continuation theorem of coincidence degree theory is crucial in the
arguments of our main results which are cited from [22].

Let X, Y be Banach spaces, L : Dom L C X — dimY be a linear mapping, and
N : X — Y be a continuous mapping. The mapping L will be called a Fredholm
mapping of index zero if dimKer L = co dimIm L < +o00 and Im L is closed in Y. If
L is a Fredholm mapping of index zero and there exist continuous projector P : X — X
and @ : Y — Y such that ImP = Ker L, Ker @ = Im(J — @), it follows that mapping
Llpom Lrker P : (I — P)X — Im L is invertible. We denote the inverse of that mapping
by Kp. If © is an open bounded subset of X, the mapping N will be called L-compact
on Q if QN(Q) is bounded and Kp(I — Q)N : Q — X is compact.

Lemma 2.1 ([22]). Let X, Y be two Banach spaces, Q C X be open bounded and
symmetric with 0 € Q. Suppose that L : D(L) C X — Y is a linear Fredholm operator
of index zero with D(L) N Q # @ and N : Q — Y is L-compact. Further, we also
assume that

(H) Lx — Nz # M(—Lax — N(—x)) for all x € D(L) N9, X € (0,1].
Then equation Lx = Nx has at least one solution on D(L) N Q.
Let  : R — R be continuous, z(¢) is said to be anti-periodic on R if,

z(t + %) = —z(t), forallt € R.
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We will adopt the following notations:

Ckr .= {2z € C*(R,R), z is T-periodic}, k€ {0,1,2,---},

A 1/2
2|2 = (/ lx(tﬁdt) , |7l = max |z(t)], |2®] = max [2®(1)],
0

t€[0,T) t€[0,7)
ki & T
Cp?:=qz¢€ CT,x<t+ 5) =—z(t), for all teR;.
It is clear that C;’% is a linear normed space endowed with the norm || - || defined by
’ k k.5
2| = max{||oo, ||o0, - - » |2¥)|s }, for all z € C2.

For the sake of convenience, we introduce the following assumptions:

(H1) There exist nonnegative constants «, 3,7, d, € and n such that

|F(t7$1,$2,$3,$4,1’57$6) - F(t7y17y27y3uy47y57y6)| S Oé|l’1 - y1| + B'-’L’Q - y2|+
+ vlzs — ys| + 6[za — yal+
+ €zs — ys| + nlze — sl

for all (t7 Z1,X2,x3,T4,T5, xﬁ)a (t7 Y1,Y2,Y3,Y4,Ys5, yﬁ) € R7'
(Hz) There exists a nonnegative constant m such that

m|x - yl < ‘F(t,ul,UQ,’U;g,x,’U,47U,5) - F(tau17u27u37y7u47u5)|

for all ¢t,z,y € R and some constants uq, us, u3, g, us € R.
(HS) For all (t’ x7y7 Z7 g7 h) j) e R77

T
F(t—’_ Ea_$7 —-Y, =z, _ga_ha _J) = _F(t7xay7z7gahaj)'
Lemma 2.2 ([23]). Ifx € C?*(R,R),z(t +T) = x(t), then
T
o < 2121,
2’|z < 52”2

Lemma 2.3 ([24]). If z € C} and fOT z(t)dt = 0, then

T
|z]2 < §|$/|2-
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Lemma 2.4. If x € C%, then

/|x(k) t—o(t))dt <

/|m(k) ()|dt.

= n?ax] l|o’(t)] < 1, then t — o(¢) has its inverse function and rep-
resents the inverse function of ¢ — o(t) by u(t). Let t — o(t) = s, then t = u(s)

and

Proof. Since oF =

T T—o(T)
[1e9=owplde= [ w5 =
0 —o(0)
T—o(T)
(k)
. ERICTINN
1—o'(u(s))
—o(0)
T—o(T)
1
<io [ s
—o(0)
< ®)(s)|ds.
This completes the proof of this lemma. O

Lemma 2.5. Assume that one of the following conditions is satisfied:

T | vte T"
>2ﬂ- + qan—1 2nj| < ]-

(Hy) Suppose that (Hy) holds, and [a( )+ (ﬁ—i—é—f—
(Hs) Suppose that (Hy) — (Hz) hold, and 0 < § < m.

(1—oL)2

Then Eq. (1.1) has at most one anti-periodic solution.

Proof. Suppose that x;(t) and z3(t) are two anti-periodic solutions of Eq. (1.1). Then
we have

(21(t) = 22(t) ™ = Fi(t) — Fa(t), (2.1)
where Fy(t) = F(t, 2y, 20 2s(t), 2" D (#), 25t — (1), 2"Vt — o (1)), i = 1,2.
Set z(t) = z1(t) — x2(t). Hence we get from (2.1) that

M = Fy(t) — Fy(t). (2.2)
Since z(t) = z1(t) — 22(t) is an anti-periodic function on R, then

T

/z(t)dt = 0.

0
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It follows that there exists a constant 5 € [0, 7] such that

z(7) = 0. (2.3)

Then, we have

and

3
= |+~ [ #(o)as| <
t—T
v
< / |2 (s)|ds, te[v,7+T).
t—T
Combining the above two inequalities, we obtain
#loe = e [2(0)] =
= max |z(t)] <
te[¥A+T]
t v
< max {;(/ |2/ (s)|ds + / |z/(s)|ds)} <
’ 5 o (2.4)
T

IA
N
—

X

&

o

IA

IN

1
ix/ﬂz’h.

Now suppose that (Hy4) (or (Hs)) holds. We shall consider two cases as follows.
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Case 1. If (H4) holds, multiplying both sides of (2.2) by z(™ (¢) and then integrating
them from 0 to T, we have from (H;) and (2.4) that

T T T
R = [ @ Ra = [ 1R - B @t < o [ a2t +0) — 21+ 0)]12) (1) di+
/ / /
T
+8 / 25 (¢ 4+ 0) — 2"V (8 + )12 (1)t + v / w2 (t) — @1(8)]]2) (8)|dt+
0 0
T T
6 [ 1000 = 2O Olde + e [ leat - (0) - oa(e - 7)) @)de+
0 0

T
[ 100t = o) ~ 2" e o)l 0 <
0

<a (/\zQ(t+0)—w1(t+0|dt) (/\z(") \dt) +

T

+5</|zg"*”(t+e) —xg"*”(t+9)|24t) (/T| (")(t)|2dt)%+
0

0
T

+’y\z|oo/\z(") )\dt + el |oo/\z<"> \dt—i—&(/lz("_l) )l dt) (/\z(") ) dt) +
0

0

+n(/|a:<" Dt —o(t) —af" V(- o \dt) (/w \dt) <

T46

<a( / ja(s) — 1) ds) |z<">|z+ﬁ( / 20V (s) - wi"‘”<s)\2ds)§|z(”>\2+

+vf|z|oo|z<“>|z+ef|z|oo|z<”>|2+6|z<“ DM |+

T 1
b ([1a 00 - D e Pas ) <
(1-oni\/

1 1
< afslol=Ma + B2V ale ™Mz + VT - VT a2l + VT VT ol ot

8]z D |2 |y + L1|Z(n*1)|2|z(n)|2 —
(1-ob)z

T
= allals™ s+ (546 + — Y Dol + (34 O 12"l <

(1—-0ol)2

T n n 77 n n— n
<a( OB+ (464 —L ) DB+ (407 (" =
U (1,O-L)2 21

T n T y+eT™
{a(%) +(ﬁ+ +(1_0L)%)2w+w"—1 2"}” 2

It follows from (H,) that
2 (t) = 0 for all t € R. (2.5)
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Since z("=2)(0) = 2("=2(T), there exists a constant &, ; € [0,T] such that
2("=1(&,_1) = 0, then, in view of (2.5), we get

2=V (1) = 0 for all t € R. (2.6)

By using a similar argument as that in the proof of (2.6), in view of (2.3), we can
show
2)=2t)=...=2""D(t)=0 forall t € R.

Thus, x1(t) = x2(t), for all t € R. Therefore, Eq. (1.1) has at most one anti-periodic

solution.
Case 2. If (Hs) holds, multiplying both sides of (2.2) by z(®~1(¢) and then integrating
them from 0 to T', together with (2.4), we can obtain from (H;) and (Hs) that

T
B = [l D0) — oV 0Pt <
0

T
_ -1
S/'F(taul7u27u37$gn 1)7u4,U5)—F(t,u17u2,u3,a?gn ),U4,U5)|X
0

2.7)
% |x(1n—1) . xén_l)‘dt <

T
= / 8|2V (#) — 25 (@)]|2 D (1)t =
0

= 5|z("_1)\§.

By using a similar argument as that in the proof of Case 1, in view of (2.3), (Hs) and
(2.7), we obtain

) =2t)=---=2"V(#)=0 forall t € R.

Hence, x1(t) = x2(t), for all t € R. Therefore, Eq. (1.1) has at most one anti-periodic
solution. The proof of Lemma 2.5 is now complete. [

3. MAIN RESULTS

Theorem 3.1. Let (Hs) hold. Assume that either condition (Hy) or condition (Hs)
is satisfied. Then Eq. (1.1) has a unique anti-periodic solution.

Proof. Let
n—1,1 T
X= {:17 € Cr bz x(tJr 5) = —x(t), forallte R}

and T
Y= {x € C;—ZE : ;p(t+ —) = —x(t), forallte R}.
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Then X and Y are two Banach spaces with the norms
||x||X = ma’x{|x‘007 |x/|007 R ‘.’E(n_l)|oo}

and

Hx”Y = max{\x|oo, |$/|ooa Tty |x(n72)|00},

respectively.
Define a linear operator L : D(L) C X — Y by setting

Lz =z™ forall z € D(L),
where D(L) = {z € X : (™ € 20, T]} and N : X — Y by setting
N = F(ta, o)™ a(t), s (1), 2(t = 7(6), 27D (¢~ o(1))).

It is easy to see that
T
Ker L =0 and ImL:{xeY:/x(s)ds:O}:Y.
0

Thus dim Ker L = 0 = codimIm L, and L is a linear Fredholm operator of index
ZEero.

Define the continuous projector P : X — Ker L and the averaging projector
Q:Y—Y by

. T
Pz = T/x(s)ds
0
and

T
Qy = %/y(S)dS-
0

Hence Im P = Ker L and Ker Q = ImL. Denoting by L;l :Im L — D(L) N Ker P
the inverse of L |p(r)nker P, We have
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in which h; (i =0,1,--- ,n — 1) are decided by EZ = B, where

2 0 0 0 O hn_1
c1 2 0 0 0 Ry
C2 C1 2 s 0 0 hn,S
E = Z = i
Ch—2 Cp—3 Cpn—4 - 2 0 hl
Cne1 Cn-2 Cn3 -+ 2/ ho x1,

T 15T i - T
B = (b1,by,-- ,by)", by =—5 [ (5 —5)x(s)ds (i =0,1,--- ,n—1), ¢; = % (j=
1,2, ,n—1).
Clearly, QN and L, '(I — Q)N are continuous. Using the Arzela-Ascoli theorem,

it is not difficult to show that QN (Q), Lz (I —Q)N(Q) are relatively compact for any
open bounded set Q C X. Therefore, N is L-compact on 2 for any open bounded set
QcCcX.

In order to apply Lemma 2.1, we need to find appropriate open bounded subset {2
in X. Corresponding to the operator equation Ly — Nx = A(—Lx— N(—zx)), A € (0,1],
we have

1 A
() — - - _ 1
x 1+/\G(t’x) 1+>\G(t, x), (3.1)

where
G(t,x) = F(t,zp, 2" a(t), 2D (), 2(t — 7(t)), 2~V (t — o (t)))
and
G(t,—z) = F(t, =z, —a\" " =z (t), =D (t), —x(t — (1)), ="V (t — o (1))).

Suppose that « € X is an arbitrary anti-periodic solution of Eq. (3.1). Then, by using
a similar argument as that in the proof of (2.4), we have

1
jolo0 < S VT2 ]2 (3.2)

In view of (Hy) and (Hs), we consider two cases as follows.
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Case 1. If (Hy4) holds, multiplying both sides of Eq. (3.1) by (™ and then integrating
it from 0 to 7, in view of Lemma 2.2 - Lemma 2.4, we obtain

T T
1 A
™2~ [mopRda= |1 A Gt —a 1™ )] de <
2™ 2 /|a: ()2 dt /‘1+>\G(t,m) N :c]\x ()] dt <
0

1
< _ () (¢
< (1+A 1+>\ /max{|G (t,z)],|G(t, x)|}|a: t)|dt =

T
= [ max {|G(t o), Gt ~2) e (D) <
0
T T
max z) — —z) — (™ (™
< [ max{l6(t.0) - G(t.0),G(t, ~2) - G0} }| <t>|dt+0/|c<t,o> ()]t <

T T T
<a [ |zt+ )|z (@)dt+ B [ 2"Vt +0)|| ™ (@) |dt + [ |at)|[=")(8)]dt+
/ / /
T T
+6 [ |2V @)™ (1) |dt + € [ |zt — 7@)||a) (t)|dt+
/ /

T T
+n / =D (1 — o(t)) |2 (1) dt + / IG(t,0)[ 2™ (1)) dt <
(0] (0]
1 1
< alzla|z™]s + Bz V]g]a(™M |y + VT - 7ﬁ|x'|2|x<”>|2 +eVT- 7ﬁ|x'|2|x(")|2+

+15|r(”_1)|2|x(")|2+71|m(” Dlglz™]y + max \G(t 0) \/|x<"> Y|dt =
(1—ol)2 tefo

— alable™la + (846 + ﬁ)w—%w% Ol lale™ 2+
2

1—0o
+ max |G(t,0)|VT|z(™M]y <
te[0,T]
T \n T T /T \n—1
4 (n)2 _n (n)2 Lt (n)2
S(X(Qﬂ) |a} |2+(ﬁ+6+(170 )%)QW‘I ‘2+(V+€)2<27r) |w ‘2+
+ max |G(t,0)|VT|z(™|y =
te[0,T]

T \n T T
= {a(—) +<ﬁ+5+$)f+7+6 }\ (M2 4 (ax |G(t,0)|VT|z(™)a,

2 (1_0.L)% 2 @n—lo2n
which, together with (Hy), implies that there exists a positive constant D such that
) T \n—J
|$(])‘2 S (7> ‘x(n)|2 <D13 .]:172a y . (34)
27
Since 2)(0) = zU)(T) (j = 0,1,2,--- ,n — 1), it follows that there exists a constant

¢j € [0, 7] such that
zUD(G) =0
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and
t

OO =29 (G) + [ 2 (5)ds] < / £ (@)dh < VTR, (35)
G
where 7 =0,1,2,--- ,n—2,t €[0,T].
Together with (3.2) and (3.4),(3.5) implies that there exists a positive constant
Dy such that
2o S VT|eU V], < Dy, j=0,1,2,- 0= 1,

which implies that, for all possible anti-periodic solutions z(t) of (3.1), there exists a
constant M7 such that
max |z0)|o < M. (3.6)
1<j<n-—-1
Case 2. If (Hs) holds, multiplying both sides of Eq. (3.1) by 2(®~1)(¢) and then
integrating them from 0 to T, by (Hs) and (3.2), we have

mla D3 = / mla D) (1) |2 (1) dt <

T

< /|F(t,u1,uQ, usg, 2V (t), ug, us) — F(t,ur, ug, us, 0, ug, us ) ||V (8)|dt <
0
T

< [olan D @llat D (o)de =
0

= dlz" V3,

which implies from (Hj) that there exists a positive constant Dy > 0 such that
29| < VT2 ™)y <Dy, §=0,1,2,+ ,n—2. (3.7)

Multiplying both sides of Eq. (3.1) by (™) (¢) and then integrating it from 0 to T, by
(Hs), (3.2), (3.3) and (3.7), we obtain

™2 /\x(" 2dt <

< afollo®la + (54 8+ L el + (3 + ) g ol

(1-ok)z
+ max |G(t, )|\F|m "|
t€[0,7)
Lm0
< oDy |z™], + 6+6+ L) D[z \2+(v+6)§Dzlﬂ«" |2+

+ max |G(t,0)|f|a: |2,

t€[0,T)
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it follows from (3.5) that there exists a positive constant Dy
z" "V (#)] < VT|z™ |, < Dy. (3.8)

Therefore, in view of (3.7) and (3.8), for all possible anti-periodic solutions z(t) of
(3.1), there exists a constant M; such that

max |zW)]o < M,
1<j<n—1

which, together with (3.6), implies that

max |x(j)|DO < M, Jr]A\fl +1:= M.
1<j<n—1

Take
Q={zeX:|z|x < M}.

It is clear that 2 satisfies all the requirement in Lemma 2.1 and that condition (H)
is satisfied. In view of all the discussions above, we conclude from Lemma 2.1 and
Lemma 2.5 that Eq. (3.1) has a unique anti-periodic solution. This completes the
proof. O

4. AN EXAMPLE

Example 4.1. Let F(t,x,y,2,9,h,j) = —iycost - % — G%h — %jcos4 t, for all
t,y,9,h,j € R. Then the following equation

1 1 1 3 1
" + Z(COS ' (t+2) + gzz:’(t) + ax(t —cos?t) + éa:'(t —sin?t) = m sint (4.1)
has a unique anti-periodic solution with period 27.

Proof. By (4.1), we have o = v = 0,6 = g, = &=, = 3. It is obvious that

8
assumptions (Hs) and (Hy) hold. Hence, by Theorem 3.1, Eq. (4.1) has a unique
anti-periodic solution with period 2. O
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