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CONVERGENCE THEOREMS
FOR STRICTLY ASYMPTOTICALLY
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Abstract. In this paper, we establish the weak and strong convergence theorems for a
k-strictly asymptotically pseudo-contractive mapping in the framework of Hilbert spaces.
Our result improve and extend the corresponding result of Acedo and Xu, Liu, Marino and
Xu, Osilike and Akuchu, and some others.

Keywords: strictly asymptotically pseudo-contractive mapping, implicit iteration scheme,
common fixed point, strong convergence, weak convergence, Hilbert space.

Mathematics Subject Classification: 47H09, 47H10.

1. INTRODUCTION AND PRELIMINARIES

Let H be a real Hilbert space with the scalar product and norm denoted by the
symbols (.,.) and || - || respectively, and C be a closed convex subset of H. Let T be a
(possibly) nonlinear mapping from C' into C'. We now consider the following classes:

(1) T is contractive, i.e., there exists a constant k < 1 such that
ITz — Tyl| < ko — (1.1)

for all z,y € C.
(2) T is nonexpansive, i.e.,
172 =Tyl < 1z — o, (1.2)

for all z,y € C.
(3) T is uniformly L-Lipschitzian, i.e., there exists a constant L > 0 such that

[Tz = T"y|| < Lflz —yll, (1.3)

for all z,y € C' and n € N.
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(4) T is pseudo-contractive, i.e.,
(Te = Ty,x —y) < |z -y, (1.4)

for all z,y € C.
(5) T is k-strictly pseudo-contractive, i.e., if there exists a constant k € [0,1) such
that
Tz = Ty|* < [|lz — y||* + k|(x = T2) - (y - Ty)|*, (1.5)

for all x,y € C.
(6) T is asymptotically nonexpansive [3], i.e., if there exists a sequence {r,} C [0, 00)
with lim,,_, 7, = 0 such that

1T =T y|| < (1+ra) llz =yl (1.6)

for all z,y € C and n € N.
(7) T is k-strictly asymptotically pseudo-contractive [10], i.e., if there exists a se-
quence {r,} C [0, 00) with lim,,_,o 7, = 0 such that

1Tz =Ty < (L4 7)o = yl* + k|[(z = T"e) = (y = T"p)|*  (L.7)

for some k € [0,1) for all z,y € C' and n € N.

Remark 1.1 ([10]). If T is a k-strictly asymptotically pseudo-contractive mapping,
then it is uniformly L-Lipschitzian, but the converse does not hold.

The class of strictly pseudo-contractive mappings have been studied by several
authors (see, for example [2,4,8,12] and references therein).

In the case of a contractive mapping, the Banach Contraction Principle guarantees
not only the existence of a unique fixed point, but also obtain the fixed point by
successive approximation (or Picard iteration). But outside the class of contractive
mappings, the classical iteration scheme no longer applies. So some other iteration
scheme is required.

Two iteration processes are often used to approximate the fixed point of nonex-
pansive and pseudo-contractive mappings. The first iteration process is known as
Mann’s iteration [9], where {x,} is defined as

xn-&-l = 0pTp + (1 - an)T-rnv n Z 07 (18)

where the initial guess z( is taken in C' arbitrary and the sequence {«,} is in the
interval [0, 1].
The second iteration process is known as Ishikawa iteration process [5] which is
defined by
Tp41 = QpTp + (1 - an)Tyna

where the initial guess z is taken in C arbitrary and {a,} and {3,} are sequences
in the interval [0, 1].

(1.9)
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Process (1.9) is indeed more general than the process (1.8). But research has been
concentrated on the later, probably due to the reason that process (1.8) is simpler
and that a convergence theorem for process (1.8) may possibly lead to a convergence
theorem for process (1.9), provided that the sequence {3, } satisfy certain appropriate
conditions.

If T is a nonexpansive mapping with a fixed point and the control sequence {«, }
is chosen so that >~ ° ;o (1—a,,) = oo, then the sequence {z,,} generated by Mann’s
iteration process (1.8) converges weakly to a fixed point of T' (this is also valid in a
uniformly convex Banach space with the Fréchet differentiable norm [14]).

Recently, Marino and Xu [8] extended the results of Reich [14] from nonexpansive
mappings to strict pseudo-contractions and obtained a weak convergence theorem in
Hilbert spaces. More precisely, they gave the following results.

Theorem 1.2 ([8]). Let C be a closed convex subset of a Hilbert space H. Let
T:C — C be a k-strict pseudo-contraction for some 0 < k < 1 and assume that T
admits a fized point in C. Let {x,,}32 be the sequence generated by Mann’s algorithm
(1.8). Assume that the control sequence {au, }22 is chosen so that k < ay, < 1 for all
noand Y " (an —k)(1— ) = co. Then {z,} converges weakly to a fized point of T

In 2001, Xu and Ori [15] have introduced an implicit iteration process for a finite
family of nonexpansive mappings in a Hilbert space H. Let C be a nonempty subset
of H. Let T1,T5, ..., Tx be self-mappings of C and suppose that F' = ﬂfil F(T;) # 0,
the set of common fixed points of T;,7 = 1,2,..., N. An implicit iteration process
for a finite family of nonexpansive mappings is defined as follows, with {¢,} a real
sequence in (0,1), zg € C:

1 =tizo + (1 — t1)Tha,
To = tloxq + (1 - tz)T25U2a

ey =tvev—1+ (1 —tn)TneN,

TN4+1 =tn+12n + (1 —tne1)The Ny,

which can be written in the following compact form:
Tp =tnTp_1+ (1 —ty)The,, n>1, (1.10)

where Ty, = Tj mod n- (Here the mod N function takes values in {1,2,...,N}). And
they proved the weak convergence of the process (1.10).

Very recently, Acedo and Xu [1] still in the framework of Hilbert spaces introduced
the following cyclic algorithm.

Let C be a closed convex subset of a Hilbert space H and let {T;} ;' be N

k-strict pseudo-contractions on C' such that F' = ﬂf\i_ol F(T;) # 0. Let p € C and
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let {a,} be a sequence in (0,1). The cyclic algorithm generates a sequence {x,,}52
in the following way:

z1 = apxo + (1 — o) Tozo,

zo = a1z + (1 — o) Thaa,

zy =an_12n-1+ (1 —ay_1)INn-1ZNn_1,

rn41 = aney + (1 —an)Toxw,

In general, {z,4+1} is defined by
Tpy1 = Ay + (1 — an)Tiyon, (1.11)
where T[n} =T, withi =n (mod N), 0 <4< N—1. They also proved a weak conver-

gence theorem for k-strict pseudo-contractions in Hilbert spaces by cyclic algorithm
(1.11). More precisely, they obtained the following theorem:

Theorem 1.3 ([1]). Let C be a closed convex subset of a Hilbert space H. Let N > 1
be an integer. Let for each 0 <i < N—1,T;: C — C be a k;-strict pseudo-contraction
for some 0 < k; < 1. Let k = max{k; : 1 <i < N}. Assume the common fixed point
set ﬂf\;l F(Ty) of {Ti}X51 is nonempty. Given zg € C, let {x,}52, be the sequence
generated by the cyclic algorithm (1.11). Assume that the control sequence {c,} is

chosen so that k + ¢ < oy, < 1 —€ for all n and for some € € (0,1). Then {z,}
converges weakly to a common fized point of the family {T; i]i_ol.

Motivated by Xu and Ori [15], Acedo and Xu [1] and some others we introduce
and study the following:

Let C be a closed convex subset of a Hilbert space H and let {Tl}f\[= 61 be N
k-strictly asymptotically pseudo-contractions on C such that F = ﬂfvz_ol F(T;) # 0.
Let g € C and let {a,} be a sequence in (0,1). The implicit iteration scheme
generates a sequence {z,}°2 in the following way:

z1 = oz + (1 — ap)Tozo,

o = anxy + (1 — o) Thaa,

zy =an_12n-1+ (1 —ay_1)IN-1ZNn-1,

anNTy + (1 — OZN)TOQ.’L‘(),

ITN+1

2
Ton = aon—1Zan—1 + (1 — aan—_1)TN_1Tan—1,

3
Tan41 = aanTon + (1 — aan)Tj xo,
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In general, {z,} is defined by
Tpt1 = QpTp + (1 — an)T[‘:l]xn, (1.12)
where T[Sn} =T noa vy = 17 withn=sN+iandieI={0,1,...,N —1}.

(2
The purpose of this paper is to establish weak and strong convergence theorems
of the implicit iteration process (1.12) for finite family of k-strictly asymptotically
pseudo-contraction mappings in Hilbert spaces. Our results extend the corresponding
results of Reich [14], Marino and Xu [8], Acedo and Xu [1] and many others.

In the sequel, we will need the following lemmas.
Lemma 1.4. Let H be a real Hilbert space. There hold the following identities:
(i) [le—yl* = ||96||22 - ||y|\22— Xe—yy) VaoyeH
(i) [tz + (1 = ylI” = tllzl"+ A=) [ylI"—t(1—1) lz —y[|", V £ € [0,1], V =,y € H.
(i) If {zn} is a sequence in H that weakly converges to z,

then
limsup ||z, — y||> = limsup ||z, — z||°> + |z — y||*> Vy € H.
n—oo

n—oo

We use following notation:

1. — for weak convergence and — for strong convergence.
2. wy(ry) ={x:3 x,, — v} denotes the weak w-limit set of {x,,}.

Lemma 1.5 ([13]). Let {an}22, {On}o2, and {r,}52, be sequences of nonnegative
real numbers satisfying the inequality

an—i—l S (1 +T7b)an +6n; n Z 1.

If 50° 1rn < 00 and Y07, B < o0, then lim, .o ay exists. If in addition
{an}32, has a subsequence which converges strongly to zero, then lim, . a, = 0.

Lemma 1.6. Let H be a real Hilbert space, let C' be a nonempty closed convexr subset
of H, and let T;: C — C be a k;-strictly asymptotically pseudocontractive mapping
for i = 0,1,...,N — 1 with a sequence {r,,} C [0,00) such that > .- rn, < 00
and for some 0 < k; < 1, then there exist constants L > 0 and k € [0,1) and a
sequence {r,} C [0,00) with lim, . , = 0 such that for any x,y € C and for each
1=0,1,...,N —1 and each n > 1, the following hold:

T/ — TPyl < L+ 7)o — gl + k(@ — T72) — (y — T7'y))1? (1.13)
and
|T7"x = Tyl < Lz —yl|. (1.14)

Proof. Since for each ¢+ = 0,1,...,N — 1, T; is k;-strictly asymptotically pseudo-
contractive, where k; € [0,1) and {r,,} C [0,00) with lim, .o 7y, = 0. By Re-
mark 1.1, T; is L;-Lipschitzian. Taking r, = max{r,,,i = 0,1,...,N — 1} and
k = max{k;,i =0,1,..., N — 1}, hence, for each i =0,1,..., N — 1, we have

1T e = TPyl < (Lt ) Nl =yl + kill(@ = TV'2) = (y = T'y)|* <

(1.15)
< (L4rm) llz —yl* + k(@ = TP2) — (y — Ty) I
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The conclusion (1.13) is proved. Again taking L = max{L; : ¢ = 0,1,..., N — 1} for
any z,y € C, we have

[T e =Tyl < Lillz —yll < Lilz =yl (1.16)

This completes the proof of Lemma 1.6. O

2. MAIN RESULTS

Theorem 2.1. Let C be a closed convex subset of a Hilbert space H. Let N > 1 be
an integer. Let for each 0 < i < N —1,T;: C — C be N k;-strictly asymptotically
pseudo-contraction mappings for some 0 < k; < 1, Y07 1, < 0o and I — Ty 1s
demiclosed at zero. Let k = max{k; : 0 < i < N — 1} and r,, = max{r,, : 0 <
i < N —1}. Assume that F = ﬂfigl F(T;) # 0. Given xg € C, let {x,}22, be the
sequence generated by an implicit iteration scheme (1.12). Assume that the control
sequence {ay, } is chosen so that k+ € < oy, < 1 — € for all n and for some € € (0,1).
Then {x,} converges weakly to a common fixed point of the family {T; figl.

Proof. Let p e F = ﬂivz_ol F(T;). Tt follows from (1.12) and Lemma 1.1 (ii) that

2
oy + (1 — ozn)T[fﬂa:n — pH =

s = o = |

= ap ||z, *pH2 + (1= o)

2
O‘n(xn _p) + (1 - an)(T[Sn]xn - p)H =

2
‘T[Sn]xn *PH -

2
<

—an(l—ay)

< an flan = pl* + (1= @) [(1+ 702 o — oI +
) (2.1)

2
T, — T[Sn]wn } —an(l—ay) ||z, — T{iﬁn <

< fan (142 + (1= @) (172 = plI* =

+k‘

— (an —k)(1 —an)

2

= (1+70)% |20 — pl” = (o — k)(1 — o)

2

)

= (1+dn) ||lzn _pH2 — (o = k) (1 = an)

T, — T[i] Ty

where d,, = 12 + 2r,,. Since k + ¢ < a,, < 1 — ¢ for all n, from (2.1) we have

2
s = ol < (14 da) 2 — o) = €|
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Now (2.2) implies that

|21 = plI* < (14 do) Jon = pII”. (2.3)

Since > 7 rp, < oo thus Yo7, d, < oo, it follows by Lemma 1.2, we know that
lim, o ||zn — p|| exists and so {z,} is bounded. Consider (2.2) again yields that

Since {z,} is bounded and d,, — 0 as n — co. So, we get

o

From the definition of {x,}, we have

2 1 2 2 dn 2
< Slllen = 2" = lznsr =271 + 5 llon —p[” (2.4)

—Tjyan|| — 0 as n— oo. (2.5)

[Zn+1 — 2nll = (1 — an) ||zn — Tyzn| — 0, as n— oo. (2.6)

So, ||€n — Zpyi]| = 0 as n — oo and for all | < N. Now for n > N, and since T is
uniformly Lipschitzian (by Remark 1.1) with Lipschitz constant L > 0, so we have

2 = Tiea| < |

+ HT[‘ZL]J?” — T[n]l‘n

Tp — T[iz] Tn

+ L HT;ﬁlmn -z,

(2.7)

+L{HT5 T ]xn_NH+

V@n-N = Tnow | + lzn-y = ol ]

Since for each n > N, n = (n — N) (mod N). Thus T, = Tj,—nj, therefore from
(2.7), we have

|n Tn — T Tn + L2 ||z — zp_n|| +
(2.8)
) HT T :rn_NH T
From (2.5) and (2.8), we obtain
Hxn — T[n]an —0 as n— oo (2.9)

Consequently, for any [ € I = {0,1,...,N — 1},

Hxn - T[n-f—l]an < lzn — Tnpll + Hwn—i—l - T[n+l]$n+l|| + ||T[n+l]xn+l - T[n+l]xn|| <

<A+ L) ||an — zppall + ||2nts — Tingna|| = 0 as n— oo.
(2.10)

This implies that

lim ||z, — Tyan| =0, VIiel={01,...,N —1}. (2.11)

n—oo



492 Gurucharan Singh Saluja

Since I —Tjy) is demiclosed at zero, (2.10) implies that x,, — x, where z is a weak limit
of {z,} and hence wy(z,) C F = ﬂiV;Ol F(T;). Now we show that {z,} is weakly
convergent. Let p1,ps € wy(2,) and {z,,} and {z,,, } be subsequences of {x,} which
converges weakly to some p; and po respectively.

Since lim, . ||z, — 2|| exists for every z € F and since p1,ps € F, we have

. 2 . 2 . 2 2
lim |z, —p1]|” = lm ||2m, —p1]|” = lm ||@m, —pa||” + Ip2 — 91l =
n—00 j—00 j—o0
. 2 2 . 2 2
= lim [lzg, —pi)” +2|lp2 —p1l|” = lim [Jzn, —p1]|” +2|p2 — p1|”-
1—00 n—oo

Hence p; = po. Thus {x,} converges weakly to a common fixed point of the family
{T;}N,'. This completes the proof. O

Theorem 2.2. Let C be a closed convexr compact subset of a Hilbert space H. Let
N > 1 be an integer. Let for each 0 < i < N —1, T;: C — C be N k;-strictly
asymptotically pseudo-contraction mappings for some 0 < k; <1 and Y > | r, < 00.
Let k = max{k; : 0 < i < N —1} and r, = max{r,, : 0 < i < N —1}. Assume
that F' = ﬂili_ol F(T;) # 0. Given zg € C, let {x,}52 be the sequence generated by
an implicit iteration scheme (1.12). Assume that the control sequence {cu,} is chosen
so that k+ € < ay, < 1 —€ for all n and for some ¢ € (0,1). Then {x,} converges
strongly to a common fived point of the family {T;} N !

Proof. We only conclude the difference. By compactness of C' this immediately implies
that there is a subsequence {x,;} of {x,} which converges to a common fixed point
of {Ti}i]i?)l, say, p. Combining (2.3) with Lemma 1.5, we have lim,_, ||z, — p|| = 0.
This completes the proof. [

For our next result, we shall need the following definition:

Definition 2.3. A mapping T: C — C is said to be semi-compact, if for any
bounded sequence {z,} in C such that lim, ., ||z, — Tz, | = 0 there exists a subse-
quence {x,,} C {x,} such that lim; .o x,, =2 € C.

Theorem 2.4. Let C be a closed convex subset of a Hilbert space H. Let N > 1 be
an integer. For each 0 < i < N —1, let T;: C' — C be N k;-strictly asymptotically
pseudo-contraction mappings for some 0 < k; < 1 and Zf:l r, < oo. Let k =
max{k; : 0 < i < N —1} and r, = max{r,, : 0 < i < N —1}. Assume that
F = ﬂil\:)l F(T;) # 0. Given xg € C, let {x,}22, be the sequence generated by an
implicit iteration scheme (1.12). Assume that the control sequence {ay,} is chosen so
that k +€ < o, < 1 —€ for all n and for some € € (0,1). Assume that one member

of the family {T;}o" be semi-compact. Then {x,,} converges strongly to a common
fized point of the family {T;}N L.

Proof. Without loss of generality, we can assume that 7} is semi-compact. It follows
from (2.11) that

lim ||z, — Tyan| = 0. (2.12)

n—oo
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By the semi-compactness of T7, there exists a subsequence {z,,} of {z,} such that
Zn, — w € C strongly. Since C is closed, v € C, and furthermore,

Jim i, = Tyza,[| = [lu = Tyul] = 0, (2.13)
foralll € I ={0,1,...,N —1}. Thus u € F. Since {x,,} converges strongly to u

and lim,, .« ||z, — u|| exists, it follows from Lemma 1.5 that {x,,} converges strongly
to u. This completes the proof. O

Remark 2.5. Theorem 2.1 extends and improves the corresponding result of Re-
ich [14] and Marino and Xu [8] from nonexpansive and strict pseudo-contraction
mappings to the more general class of a finite family of k-strictly asymptotically
pseudo-contraction mappings and implicit iteration schemes considered in this paper.

Remark 2.6. Theorem 2.1 also extends and improves the corresponding result of
Acedo and Xu [1] from k-strictly pseudo-contraction mappings to the more general
class of k-strictly asymptotically pseudo-contraction mappings.

Remark 2.7. Theorem 2.1 also extends and improves the corresponding result of
Xu and Ori [15] from nonexpansive mappings to more the general class of k-strictly
asymptotically pseudo-contraction mappings.

Remark 2.8. Theorem 2.2 extends and improves the corresponding result of Liu [7]
in the following respects:

(i) We removed the uniformly L-Lipschitzian condition.
(ii) The modified Mann iteration process is replaced by implicit iteration process for
a finite family of mappings.

Remark 2.9. Theorem 2.4 extends and improves the corresponding result of Kim
and Xu [6].

Remark 2.10. Theorem 2.4 also extends and improves Theorem 1.6 of Osilike and
Akuchu [11] from asymptotically pseudocontractive mappings to strictly asymptoti-
cally pseudocontractive mappings.
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