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MINIMAL AND CO-MINIMAL PROJECTIONS
IN SPACES OF CONTINUOUS FUNCTIONS

Dominik Mielczarek

Abstract. Minimal and co-minimal projections in the space C[0, 1] are studied. We con-
struct a minimal and co-minimal projection from C[0, 1] onto a subspace Y defined in the
introduction.
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1. INTRODUCTION

Let X be a normed space over R and let Y be a linear subspace of X. A bounded linear
operator P: X — Y is called a projection if P, = Id,. The set of all projections
from X onto Y will be denoted by P(X, Y). A projection Py is called minimal if

IRl =nt{|P|| : PePX, Y)}.
A projection P, is called co-minimal if
1P — Id|| = inf{HP —Id|| : PeP(X, Y)}.

The constant
AX, Y) :inf{HPH . PePX, Y)}

is called the relative projection constant.
Minimal and co-minimal projections are important for two main reasons. The first
of them is the following Lebesgue inequality:

o — Px|| < |[Id — P||dist(z,Y) < (1+ ||P]) dist(z, V).

The above inequality gives us a “good” linear approximation of elements from X by
elements of Y if |P| or ||Id — PJ is small. The second reason is connected with
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the Hahn-Banach theorem; having a minimal projection we can linearly extend any
functional y* € Y* to X* by setting 2* = y* o P or equivalently we can speak of a
linear extension of the operator Id: Y — Y to X of the smallest possible norm.

One of the most difficult problems in the theory of projections is to find formulas
for minimal projections. The research concerning this problem has its origin in the
famous paper [9], where the minimality of the classical Fourier projection F,, (defined
on Cy(27)) onto the subspace of trigonometric polynomials of degree < n was proved.
Since then many results concerning the minimality of projections have been obtained
(see e.g. [7,8,10,11,13-17,24-27]); the interested reader is also referred to [1,2,4-6,
9,12-15,17-21,23] for further information on the subject).

Throughout the paper, we regard

X ={f:10,1] - R : f is continuous }

as a normed space equipped with the standard supremum norm. Suppose that a
sequence {z,}22; C [0, 1] satisfies the following conditions:

(1) {x,}52, is decreasing,
(2) limy— o0 Ty = 1,

(3) xrp = 0.
For n € N, we define a functional f, € X* by
fa(9) = g(zn), g€ X.

We set

e}
Y =(Nkerfi, Xi={feX : f(1)=0}.

i=1

We also define a sequence {g,}52; C X; by

-2z +1 ifzel0, 2],
g1(z) = : o
0 for the remaining z,

2 Tn+Tn—1 : Tn+Tn—1
Ty —Tpn_1 Ty —Tp_1 if e [ 2 ’x”]’
_ —2 2%, : Tp+Tnt1
gn (:L.) - Tn4+1—Tn z + 1 + Tn+4+1—Tn lf T e [xn7 2 ]7
0 for the remaining z.

It is easy to see that
for each n,m € N.

In this paper we will prove formulas for minimal and co-minimal projections in
P(X, Y). More precisely, we will show that a projection Qs € P(X,Y) given by the
formula -

Qs(f)=f—FO) =D (fle) = f(W)gi, feX,
i=1
is minimal and co-minimal.
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2. MAIN RESULTS

For n € N, we define an operator S,,: X; — X3 by

n

)= F(gi() =Y ha)g(), he X
i=1

i=1

It is plain that
< m < m ;
[Sn(h)(2)| < max|h(z IE 9i(z) < max|h(w;)|

for each n € N, z € [0,1] and h € X;.
We start our considerations with the ensuing lemma.

Lemma 2.1. {S,(h)},—, is a Cauchy sequence in X for each h € X;.
Proof. Fix h € X; and n,m € N such that n < m. Note that

m
1S(h) = S (W) = sup | D h(zi)gi(z) | <
ze(01] |, 20
< sup | max|h(x;)] Z gi(x <max|h(xz)|
z€[0,1] \ ©>7 i1

Since h(1) = 0, it follows that lim,, o (max;s, [h(z;)|) = 0. This together with the
above inequalities implies that {S,(h)},_, is a Cauchy sequence. O

Remark 2.2. The reader may easily convince himself that

h(zn)gn(z), where n is such that z € [z"‘l;m", z"+§"+1} )
0, ifx=1.

k—o0

lim Si(h)(z) = {

Now we will prove the following theorem.

Theorem 2.3. The set P(X1, Y) is not empty. For any projection P € P(X1, Y)
there exists a sequence of functions {y,}>2, C X1, which satisfies the following con-
ditions:

(1) a sequence Z fi(h)y; is convergent in X for each h € X7,

i=1
(2) for each i,j € N we get fi(y;) = d;j,
(3) the operator P has the form

- Zfi(')yi-
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Proof. By the Banach-Steinhaus theorem, there exists a constant M > 0 such that

| s

for each h € Xy, ||h|| = 1. Let

<M, (2.1)

Py(h)=h—>_ fi(h)gi, he Xy
=1

The operator P, is well-defined in X because of Lemma 2.1 and Remark 2.2. From
(2.1) we deduce that Ps is bounded. It is easy to see that P; € P(X1, Y). Therefore,
P(X1,Y) # (. Now fix Q € P(X1,Y). Since @ is a projection, we have

QP(m) = Q(h =Y filk)gi) =h =Y filh)gi heXu. (2:2)
Condition (2.2) implies that
Q(h) =h— Zfi(h)(gi —Q(gi), heXi.

We complete the proof by setting y; = g; — Q(g;) for each i € N. O

Theorem 2.4. The set P(X, Y) is not empty. Any projection Q € P(X, Y) has the
form

Q) =fMg+ Pu(f = f(1)),
where g€Y, f € X and P, € P(X1, Y).

Proof. Let us define an operator T: X — X; by

T(f)(@) = f(z) = f), [feX zel01]. (2.3)

Fix P € P(X3,Y). It is easy to see that P o T is a projection from X onto Y.
Consequently, P(X, Y) # (. Next, fix @ € P(X,Y). For any f € X, we have

Q) =R —f()+ /(1) =Q(U(M) +Q(f = f(1)) = F)Q) + Q(f — f(1)).

Clearly, 1 = Q|, € P(X1,Y) and g = Q(1) € Y. The reader may easily convince
himself that for each g € Y and P; € P(X;,Y) an operator @ given by the formula

Q) =fMg+A(f-fQ)), [feX,

is a projection from X onto Y. The proof is complete. O
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Remark 2.5. We have proved that each projection P € P(X,Y) has the form

P(f) =g+ P(f = f1) = f()g + P (T(])),

where f € X, g €Y, P, € P(X1,Y) and T is defined by (2.3). In view of Theorem 2.3,
we have

P(f)=f)g+T(f Zfz i = F(Mg+T(f) =Y (f(x:) )yi-

i=1
Theorem 2.6. A projection Ps € P(X1,Y) given by the formula

o0

Py(-) = Id(-) - Zfz‘(')gi,

i=1
is minimal.

Proof. Note that for each z € [0,1) and f € X; we have

Ps(N)(@) = f(x) = f(zn)gn (@),

Tn—1FTn ZTn+Tnii

where n € N is such that z € [ 5, TS ] Consequently, ||Ps|| < 2. Fix

Q € P(X1,Y). Now we will show that for each € > 0 there exists f € X3, ||f|| =1
such that ||Q(f)|| > 2 — . By Theorem 2.3,

Q() =1d(-) - Z fi()yis

i=1

where f;(y;) = d;; for i,j € N. Fix n € N. Since y,(z,) = 1, there exists zg < z,
such that 0 < y,(x9) < 1 and 1 — y,(zg) < e. Suppose that f € X; satisfies the
following conditions:

f(xO):la f(xn):_lﬁ f(xk)zo if k#na ||f||:1
Since Q(f) = f + Yn, we deduce that
Q(f)(@o) = fxo) + yn(wo) >1+1—-c=2—¢,

and finally ||@Q]| > 2. The proof is complete. O
Fix Q € P(X,Y). By Theorem 2.4,

Q(f) = f(L)g + P(T(f)),
where g €Y, f € X and P; € P(X1,Y). Hence,

1R = 11Qx, [ = 1Pl = 2. (2.4)

Now we will state and prove the principal result of this paper.
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Theorem 2.7. A projection Qs € P(X,Y) given by the formula
Qs(f):Ps(f_f(l))7 fEX,

is minimal.
Proof. For the purpose of the proof, we set

n

Qu(H)() = f() = FQ) =D (f(x:) = F(1))gi(-), neN, feX.

i=1
From Theorem 2.3 we infer that lim, . Qn(f) = Qs(f) for each f € X. We will
show that ||Q,(f)|| < 2 for each f € X such that ||f|| = 1. Observe that

lQ@u(NIl = || £ = 1) = D (@) = F)ai

i=1

<14+ H (1) + Z(f(xi) = f(1))gi

In order to finish the proof, it suffices to show that

<1

| £+ 3 w0) ~ 1D
i=1

Since the function

is piecewise linear, it follows that

| )+ @) - F0)
i=1

§max{|f(1)|, f(z)| : izl,...,n} <1. (25)
The above arguments show that ||@Q,(f)]] < 2. This in turn yields ||Qs(f)| =
limy, o0 ||@Qn(f)]] < 2. The proof is complete. O
Theorem 2.8. A projection Qs € P(X,Y) given by the formula
Qs(f)=P(f—f(1), [feX,

is co-minimal.
Proof. Fix Q € P(X,Y). By equation (2.4), we obtain

Hd = Q| = [|Qll — [I[1d]| = 2 — [[1d]| = 1.
In order to finish the proof, it suffices to show that ||[Id — Qs|| = 1. Observe that

)
n—oo

I = Quh)ll = [ 70+ 2o @) = g | = tim_ || 7))+ 3o (7o) = £(1))g

where f € X. By equation (2.5), we obtain

<1

}Uu>+§fuu»—fu»m

for each f € X such that ||f|| = 1. This completes the proof. O
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