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Abstract. The main purpose of this paper is by using a new hybrid projection iterative
algorithm to prove some strong convergence theorems for a family of quasi-¢-asymptotically
nonexpansive mappings. The results presented in the paper improve and extend the corre-
sponding results announced by some authors.
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1. INTRODUCTION

Throughout this paper, we assume that F is a real Banach space, E* is the dual space
of E, C is a nonempty closed convex subset of E, and (,-) is the pairing between E
and E*. Recall that a mapping T : C' — C' is said to be asymptotically nonexpansive
[1] if there exists a sequence {k,} C [1,00) with k, — 1 such that

IT"z — T y|| < kpllz —y[|Vz,y € C and Vn > 1. (1.1)

In recent years, nonexpansive mappings and asymptotically nonexpansive map-
pings have been studied extensively by many authors. In 2003, Nakajo and Taka-
hashi [2] proposed the following modification of the Mann iteration method for a
nonexpansive mapping T in a Hilbert space H:

xg € C,
Yn = QpTp + (1 - O‘n)Txnv
Cn={2€C:|lyn — 2| < [lzn — 2|I}, (1.2)

Qn={2€C:{(xy—2z0—2z,) >0},
Tn+1 = Po,nq, (o).
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where C' is a closed convex subset of H, and Pk is the metric projection from H onto
a closed convex subset K of H. They proved that if the sequence {c,} is bounded
above from one, then the sequence {z,} generated by (1.2) converges strongly to
Pr(r)(20)-

In 2006, Kim and Xu [4] proposed the following modification of the Mann iteration
method for a asymptotically nonexpansive mapping 7" in a Hilbert space H:

Xo € C,
Yn = WnZpn + (1 — ap) T2y,
Cn={2€C: |lyn — 2|* < |0 — 2|1> + O}, (1.3)

Qn=4{2€C:{x,— 2,290 — x,) > 0},
Tny1 = Po,nq, (7o),

where C' is a bounded closed convex subset and 6,, = (1 — a,)(k2 — 1)(diamC)? — 0
(n — o0). They proved that if the sequence {a,} is bounded above from one, then
the sequence {x,} generated by (1.3) converges strongly to Pp(r)(zo).

In 2005, Matsushita and Takahashi [3] proposed the following hybrid iteration
method with generalized projection for a relatively nonexpansive mapping 7' in
a Banach space E:

o € C,
Yn = J_l(anjxn + (1 - 057L)JTxn)7
Cn={z€C:4(2,yn) < (2,20}, (1.4)

Qn={z€C:{(x, —2z,Jxg— Jx,) >0},
Tp+1 = e, nq, (o).
Under suitable conditions they proved that the sequence {z,} generated by (1.4)
converges strongly to Iy (o).
In 2009, Zhou and Gao [5] proposed the following modified hybrid iteration method

with generalized projection for a family of closed and quasi-¢-asymptotically nonex-
pansive mappings which are asymptotically regular in a Banach space E:

g € C,

Yni = J HanJr, + (1 — an)J T y,),

Cni={2€C:0(2,yni) < d(z,20) +Eni}s

Cn = NierCh,i, (1.5)
Qo =C,

Qn=A{2€Qn-1:{xn—2Jxg— Jx,) >0},

Znt1 = e, ng, (20).

Under suitable conditions they proved that the sequence {z,} generated by (1.5)
converges strongly to Iln, _, p(7,)(%0).

Motivated and inspired by the research going on in this direction, the purpose of
this paper is to introduce a hybrid projection iterative algorithm and prove strong
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some convergence theorems for a family of quasi-¢-asymptotically nonexpansive map-
pings in the setting of Banach spaces. The results presented in the paper improve
and extend the corresponding results in [2-5].

2. PRELIMINARIES

Let E be a Banach space with a dual E* and C be a nonempty closed convex subsets
of E. We denote by J : E — 25" the normalized duality mapping defined by

Jr={feE :(z,f)=lz|*=|fI}, z€PE.

It is well known that if E is uniformly convex and uniformly smooth, then J and J~*
both are uniformly continuous on bounded subsets of F and E*, respectively.
In the sequel, we always denote by ¢ : E x E — R* the Lyapunov functional
defined by
¢(x,y) = ||zl|* = 2(z, Jy) + |ly|*, Vz,y € B. (2.1)

From the definition of ¢, it is obvious that

(=l = lly)* < ¢(a,y) < (el + Iyl)?, Va,y € E. (2.2)

The generalized projection Ilg : E — C' is defined by

Lemma 2.1 ([6]). Let E be a smooth, strict convex and reflexive Banach space and
C' be a nonempty closed convex subset of E. Then, the following conclusions hold:

(1) ¢(x7HCy)+¢(Hcyay) §¢(x7y)v VIGC,yGE
(ii) Let x € E and z € C, then

z=Mer <= (z—vy, Jr —Jz) >0, VyeC. (2.4)

Let C be a closed convex subset of F, and T" a mapping from C' into itself. T
is said to be ¢-asymptotically nonexpansive, if there exists a sequence {k,} C [1,00)
with k, — 1 such that ¢(T"x, T"y) < kné(z,y) for alln > 1 and x,y € C. T is said
to be quasi-¢-asymptotically nonexpansive, if F(T) # 0 and there exists a sequence
{kn} C [1,00) with k,, — 1 such that ¢(p, T"z) < k,¢(p,x) for all n > 1, x € C and
p € F(T). T is said to be closed, if for any {z,} with z,, — « and T'z,, — y, then we
have Tx = y.

T is said to be asymptotically regular on C if, for any bounded subset D of C,
the following equality holds:

limsup{||T""'2 — T"z| : 2 € D} = 0.

n—oo

The following lemmas will play an important role in the proof of the main results
in this paper.



344 J.F. Tang, S.S. Chang, M. Liu, J.A. Liu

Lemma 2.2 ([6]). Let E be a uniformly convex and smooth Banach space and {x,},
{yn} be sequences of E. If ¢(xpn,yn) — 0 (as n — oo) and either {z,} or {yn} is
bounded, then x, — y, — 0(as n — 0).

Lemma 2.3 ([5]). Let E be a uniformly convex and smooth Banach space, C' be a
closed conver subset of E, and T be a closed and quasi-p-asymptotically nonerpansive
mapping from C into itself. Then F(T) is a closed convex subset of C.

Lemma 2.4 ([7]). Let E be a uniformly conver Banach space, v > 0 be a positive
number, and B-(0) be a closed ball of E. For any given points {x1,x2,...,Tn,...} C
B,.(0) and for any given positive numbers {1, Ao, ..., A\p, ...} with X2\, = 1, there
exists a continuous, strictly increasing and convex function g : [0,2r) — [0,00) with
9(0) = 0 such that for any i,j € {1,2,...,},i < J,

oo
H Z Ay
n=1

2 [o ]
<D Aallall? = Xidsglas — o) (2.5)
n=1

3. MAIN RESULTS

Theorem 3.1. Let C' be a nonempty bounded closed conver subset of a uniformly
convez and uniformly smooth Banach space E. For eachi=1,2,..., letT; : C — C
be a closed and quasi-¢-asymptotically nonexpansive mapping with a sequence {ky ;} C

[1,00) such that k,, := sup;>1 kn; — 1 (n — o0) and F = (F(T;) # 0. Suppose
> 12

further that for each i = 1,2,..., T; is asymptotically reqular on C. Let {zn} be the
sequence in C defined by:

ro e C, Co=0C,

Yn = I HanoJzn + Y ooy aniJ T wy,),
Cny1 =1{2 € Cp: d(2,yn) < 0(2,70) + &0},
Tnt1 = e, (20),

(3.1)

where J : E — E* is the normalized duality mapping, M = sSup,cp ,>1 o(z,xy),
&n =2 oy ni(kn — 1)M, and {ou;} is the sequence in [0,1] satisfying the following
conditions:

(a) Ygomi =1, ¥n>0;
(b) liminf apo apy >0, i=1,2,....

Then {x,} converges strongly to llpxg, where Mg is the generalized projection of

FE onto F.

Proof. (I) Because ¢(z,yn) < &(z,2zy,) + &, is equivalent to 2(z, Jx, — Jyn) <

lznll* = llynll? + &,. This implies that C,, is a closed and convex subset of C' for all
n > 0.
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(IT) Next, we prove that F := (| F(T;) C C,, VYn > 0.

1=1
Indeed, it is obvious that F' C Cy. Suppose that F' C C,, for some n € N. Noting
that || - |* is convex and using (2.1), for any 2 € F C C, and for any ¥Ym,j €
{0,1,2,...}, m < j, we have that

&z, yn) = 0(2, ] Hano Sy + ZamJTi"xn)) =
= ||z|1* - 2(z, ZamJTi":En> + ZamJTi":cn\P (where Ty =1) <
i=0 i=0

e} (o)
<=l - Z ani2(z, JT @y) + Zani”TinanQ_
=0 =0
- anmanjg(”JTrzwn - erjnan) =

=3 anlllzl = 20, JTPwa) + [TV (32)
i=0
= Qi g(| I Tipen — JT] wn|) =

- anO(b(Za ‘rn) + Z Oém'¢(27 T‘zn'rn) - anmanjg(HJTv?lxn - JTJnxn”) S
=1

S anO(b(Za xn) + Zanz((kn,1 - 1) + 1)(,25(2,.%”)7
=1
— anmn; ([T xn — JTj o) <
< (2, xn) + & — anmanjg(”JT:rLLG - JT].”an) < (2, 2n) + &n.

This implies that z € C,,. Thereby, F' C C,, Vn > 0.

(III) Now, we prove that {x,} is a Cauchy sequence.

Indeed, since z,11 = ¢, 20 and z, = ¢, o, Tnt1 € Cpy1 C Cy, from the
definition of Il¢,, we have

¢(xnv'r0) S ¢($n+1,1‘0), n Z 0. (33)

Therefore {¢(xy, xo)} is nondecreasing. By the assumption that C' is bounded, hence
from (2.2) we know that {¢(z,,x0)} is bounded. This together with (3.3) ensures
that the limit {¢(x,, xo)} exists. Write

lim ¢(xn, zo) = d. (3.4)

n—oo

n+1

From Lemma 2.1, we have, for any positive integer m > n, that

Ty Zn) = O(@m, e, z0) < ¢(@m, x0) — ¢, x0, 20) =
= Qb(Im,xO) - d)(SCn,l’o)

This implies that
lim  ¢(xp,, z,) = 0. (3.6)

n,m—oo
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By Lemma 2.2, we know that z,, — z,, — 0 (n,m — o0), hence, {z,} is a Cauchy
sequence. Without loss of generality, we can assume that z, — p € C (n — 00).
(IV)  Now, we prove ||z, — T]'w,| — 0 for each i = 1,2,....
In fact, taking m = n + 1 in (3.5) we have that

H(Tnt1,70) < G(Tng1,T0) — ¢(Tn, z0) — 0 (0 — 00), (3.7)

and hence z,,y1 — , — 0 as n — oo by Lemma 2.2. Since z,41 =g, 70 € Cpy1,
and by the assumption that &, — 0 (as n — 00), hence from the definition of C,, 1,
we have

Qb(zn-&-la yn) < d’(zn-&-la xn) + gn —0 (n - 00)7 (38)

and 80 Zp4+1 — yn — 0 (n — o0) by Lemma 2.2 Thus we have
[yn = 2all < llyn — Znsall + lZnt1 — 2l = 0 (n — o0). (3.9)
Since J is uniformly continuous on any bounded sets of F, we conclude that
lim ||Jz, — Jy,| = 0. (3.10)
n—oo
On the other hand, taking m =0 and j = 1,2,... in (3.2), for any z € F', we have

D(2,yn) < (2, 20) + & — anotung(||[Jzn — JT] x,0]]),

ie.,
anoanjg(Han - JT;lan) < @z, 70) — ¢(2,yn) + &n- (3.11)
Since
$(2,2n) = B(2,4n) + &n = [22]|* = ynll® = 2(2, Jn — Jyn) + & <
< znll? = llynll® + 2[|2 [ J2n = Jynll + & < (3.12)

< wn = ynllllzn + ynll) + 22 Jzn = Tynll + &

from (3.9) and (3.10), it follows that ¢(z,z,) — &(2,yn) + &, — 0 (n — 00). Hence,
from (3.11) and condition (b) in Theorem 3.1, we have that

gl Jzn — JT] 2p|]) — 0 (0 — 00),Vj =1,2,... (3.13)
Since g is continuous and strictly increasing with g(0) = 0, it follows from (3.13) that
|Jan — JTj zp|| — 0 (as n — o0) and for each j=1,2,...

Again by the assumption that E is uniformly convex and so E* is uniformly
smooth, hence J~! is uniformly continuous on any bounded subset of E*. Therefore
we have

|2n —T]'@pn| — 0 (n — o), foreach j=1,2,... (3.14)

(V) Now, we prove p € F.
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From z,, — p (n — o) and (3.14), we have
Tz, —p(n—o0) foreach j=1,2,... (3.15)
Noting that
TP 2y — pll < |T7F wn = T anll + 1T 20 — pll, (3.16)
using (3.15) and the asymptotic regularity of T}, from (3.16) we have
T, —p(n— o), ie, TiT'z, —p(n— o0). (3.17)

By virtue of the closeness of T;, it follows from (3.15) and (3.17) that p is a fixed
point of T;, Vi > 1, ie.,p e F.

(VI) Now, we prove z,, — p = IIpzo (n — 00).

Let w = pzy. Fromw € F C Cp4q1 and z,, 41 = Il
o(w,xg), Yn > 0. This implies that

vs1T0, We have ¢(r,41,70) <

By the definition of IIpxy and (3.18), we have p = w. Therefore, z, — p =
Mpxg (n — ).
This completes the proof of theorem 3.1. O

Remark 3.2. The asymptotic regularity assumption on T; in Theorem 3.1 can be
weakened to the assumption that Ti”Ha:n—Ti”xn — 0 asn — oco. The assumption that

Ti”“xn — Tz, — 0 as n — oo can be replaced by the uniform Lipschitz continuous
Of Tz .

Therefore, we have the following convergence result.

Corollary 3.3. Let C be a nonempty bounded closed convex subset of a uniformly
convex and uniformly smooth Banach space E, and {T;}52, : C — C be a family of
closed and uniformly Lipschitz continuous and quasi-¢-asymptotically nonexpansive
mappings with sequence {kn ;}7° C [1,00) such that k, = sup;>; kn; — 1 (n — o0)
and F = ?WOIF(TZ») # 0. Let {x,} and {a,} be the same sequences as given in Theorem
i=

3.1 Then {x,} — converges strongly to I pxg.

Because each quasi-¢ nonexpansive mapping is a quasi-¢-asymptotically nonex-
pansive mapping with sequence {k, ; = 1}, therefore we have the following

Corollary 3.4. Let C be a nonempty bounded closed convex subset of a uniformly
convex and uniformly smooth Banach space E and {T;}52, : C — C be a family of

closed and quasi-¢ nonexpansive mappings such that F = (EF(TO # 0. Let {x,} be
the sequence defined by:

T € O, Co = O,
Yn = Jﬁl(anoc]xn + Zfil aniJTixn)»

Chy1 = {Z €Cy: ¢(Z7yn) < ¢(z7mn)}a
Tn+1 = HC¢L+1(x0)7

(3.19)
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where {an;} C [0,1] is the sequence satisfying conditions (a), (b) in Theorem 3.1.
Then {x,} converges strongly to llpxg.
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