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Abstract. The main purpose of this paper is by using a new hybrid projection iterative
algorithm to prove some strong convergence theorems for a family of quasi-φ-asymptotically
nonexpansive mappings. The results presented in the paper improve and extend the corre-
sponding results announced by some authors.
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1. INTRODUCTION

Throughout this paper, we assume that E is a real Banach space, E∗ is the dual space
of E, C is a nonempty closed convex subset of E, and 〈·, ·〉 is the pairing between E
and E∗. Recall that a mapping T : C → C is said to be asymptotically nonexpansive
[1] if there exists a sequence {kn} ⊂ [1,∞) with kn → 1 such that

‖Tnx− Tny‖ ≤ kn‖x− y‖ ∀ x, y ∈ C and ∀ n ≥ 1. (1.1)

In recent years, nonexpansive mappings and asymptotically nonexpansive map-
pings have been studied extensively by many authors. In 2003, Nakajo and Taka-
hashi [2] proposed the following modification of the Mann iteration method for a
nonexpansive mapping T in a Hilbert space H:

x0 ∈ C,
yn = αnxn + (1− αn)Txn,

Cn = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},
xn+1 = PCn∩Qn

(x0).

(1.2)
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where C is a closed convex subset of H, and PK is the metric projection from H onto
a closed convex subset K of H. They proved that if the sequence {αn} is bounded
above from one, then the sequence {xn} generated by (1.2) converges strongly to
PF (T )(x0).

In 2006, Kim and Xu [4] proposed the following modification of the Mann iteration
method for a asymptotically nonexpansive mapping T in a Hilbert space H:

x0 ∈ C,
yn = αnxn + (1− αn)Tnxn,

Cn = {z ∈ C : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn},
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},
xn+1 = PCn∩Qn

(x0),

(1.3)

where C is a bounded closed convex subset and θn = (1− αn)(k2
n − 1)(diamC)2 → 0

(n → ∞). They proved that if the sequence {αn} is bounded above from one, then
the sequence {xn} generated by (1.3) converges strongly to PF (T )(x0).

In 2005, Matsushita and Takahashi [3] proposed the following hybrid iteration
method with generalized projection for a relatively nonexpansive mapping T in
a Banach space E: 

x0 ∈ C,
yn = J−1(αnJxn + (1− αn)JTxn),
Cn = {z ∈ C : φ(z, yn) ≤ φ(z, xn)},
Qn = {z ∈ C : 〈xn − z, Jx0 − Jxn〉 ≥ 0},
xn+1 = ΠCn∩Qn

(x0).

(1.4)

Under suitable conditions they proved that the sequence {xn} generated by (1.4)
converges strongly to ΠF (T )(x0).

In 2009, Zhou and Gao [5] proposed the following modified hybrid iteration method
with generalized projection for a family of closed and quasi-φ-asymptotically nonex-
pansive mappings which are asymptotically regular in a Banach space E:

x0 ∈ C,
yn,i = J−1(αnJxn + (1− αn)JTn

i xn),
Cn,i = {z ∈ C : φ(z, yn,i) ≤ φ(z, xn) + ξn,i},
Cn = ∩i∈ICn,i,

Q0 = C,

Qn = {z ∈ Qn−1 : 〈xn − z, Jx0 − Jxn〉 ≥ 0},
xn+1 = ΠCn∩Qn(x0).

(1.5)

Under suitable conditions they proved that the sequence {xn} generated by (1.5)
converges strongly to Π∩i∈IF (Ti)(x0).

Motivated and inspired by the research going on in this direction, the purpose of
this paper is to introduce a hybrid projection iterative algorithm and prove strong
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some convergence theorems for a family of quasi-φ-asymptotically nonexpansive map-
pings in the setting of Banach spaces. The results presented in the paper improve
and extend the corresponding results in [2–5].

2. PRELIMINARIES

Let E be a Banach space with a dual E∗ and C be a nonempty closed convex subsets
of E. We denote by J : E → 2E∗ the normalized duality mapping defined by

Jx = {f ∈ E∗ : 〈x, f〉 = ‖x‖2 = ‖f‖2}, x ∈ E.

It is well known that if E is uniformly convex and uniformly smooth, then J and J−1

both are uniformly continuous on bounded subsets of E and E∗, respectively.
In the sequel, we always denote by φ : E × E → R+ the Lyapunov functional

defined by
φ(x, y) = ‖x‖2 − 2〈x, Jy〉+ ‖y‖2, ∀x, y ∈ E. (2.1)

From the definition of φ, it is obvious that

(‖x‖ − ‖y‖)2 ≤ φ(x, y) ≤ (‖x‖+ ‖y‖)2, ∀x, y ∈ E. (2.2)

The generalized projection ΠC : E → C is defined by

ΠC(x) = inf
y∈C

φ(y, x), ∀x ∈ E. (2.3)

Lemma 2.1 ([6]). Let E be a smooth, strict convex and reflexive Banach space and
C be a nonempty closed convex subset of E. Then, the following conclusions hold:

(i) φ(x,ΠCy) + φ(ΠCy, y) ≤ φ(x, y), ∀x ∈ C, y ∈ E.
(ii) Let x ∈ E and z ∈ C, then

z = ΠCx⇐⇒ 〈z − y, Jx− Jz〉 ≥ 0, ∀y ∈ C. (2.4)

Let C be a closed convex subset of E, and T a mapping from C into itself. T
is said to be φ-asymptotically nonexpansive, if there exists a sequence {kn} ⊂ [1,∞)
with kn → 1 such that φ(Tnx, Tny) ≤ knφ(x, y) for all n ≥ 1 and x, y ∈ C. T is said
to be quasi-φ-asymptotically nonexpansive, if F (T ) 6= ∅ and there exists a sequence
{kn} ⊂ [1,∞) with kn → 1 such that φ(p, Tnx) ≤ knφ(p, x) for all n ≥ 1, x ∈ C and
p ∈ F (T ). T is said to be closed, if for any {xn} with xn → x and Txn → y, then we
have Tx = y.

T is said to be asymptotically regular on C if, for any bounded subset D of C,
the following equality holds:

lim sup
n→∞

{‖Tn+1x− Tnx‖ : x ∈ D} = 0.

The following lemmas will play an important role in the proof of the main results
in this paper.
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Lemma 2.2 ([6]). Let E be a uniformly convex and smooth Banach space and {xn},
{yn} be sequences of E. If φ(xn, yn) → 0 (as n → ∞) and either {xn} or {yn} is
bounded, then xn − yn → 0(as n→∞).

Lemma 2.3 ([5]). Let E be a uniformly convex and smooth Banach space, C be a
closed convex subset of E, and T be a closed and quasi-φ-asymptotically nonexpansive
mapping from C into itself. Then F (T ) is a closed convex subset of C.

Lemma 2.4 ([7]). Let E be a uniformly convex Banach space, r > 0 be a positive
number, and Br(0) be a closed ball of E. For any given points {x1, x2, . . . , xn, . . .} ⊂
Br(0) and for any given positive numbers {λ1, λ2, . . . , λn, . . .} with Σ∞n=1λn = 1, there
exists a continuous, strictly increasing and convex function g : [0, 2r) → [0,∞) with
g(0) = 0 such that for any i, j ∈ {1, 2, . . . , }, i < j,

∥∥∥ ∞∑
n=1

λnxn

∥∥∥2

≤
∞∑

n=1

λn‖xn‖2 − λiλjg(‖xi − xj‖). (2.5)

3. MAIN RESULTS

Theorem 3.1. Let C be a nonempty bounded closed convex subset of a uniformly
convex and uniformly smooth Banach space E. For each i = 1, 2, . . ., let Ti : C → C
be a closed and quasi-φ-asymptotically nonexpansive mapping with a sequence {kn,i} ⊂

[1,∞) such that kn := supi≥1 kn,i → 1 (n → ∞) and F =
∞⋂

i=1

F (Ti) 6= ∅. Suppose

further that for each i = 1, 2, . . ., Ti is asymptotically regular on C. Let {xn} be the
sequence in C defined by:

x0 ∈ C, C0 = C,

yn = J−1(αn0Jxn +
∑∞

i=1 αniJT
n
i xn),

Cn+1 = {z ∈ Cn : φ(z, yn) ≤ φ(z, xn) + ξn},
xn+1 = ΠCn+1(x0),

(3.1)

where J : E → E∗ is the normalized duality mapping, M = supz∈F, n≥1 φ(z, xn),
ξn =

∑∞
i=1 αni(kn − 1)M , and {αni} is the sequence in [0, 1] satisfying the following

conditions:

(a)
∑∞

i=0 αni = 1, ∀n ≥ 0;
(b) lim inf

n→∞
αn0 αni > 0, i = 1, 2, . . ..

Then {xn} converges strongly to ΠFx0, where ΠF is the generalized projection of
E onto F .

Proof. (I) Because φ(z, yn) ≤ φ(z, xn) + ξn is equivalent to 2〈z, Jxn − Jyn〉 ≤
‖xn‖2 − ‖yn‖2 + ξn. This implies that Cn is a closed and convex subset of C for all
n ≥ 0.
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(II) Next, we prove that F :=
∞⋂

i=1

F (Ti) ⊂ Cn, ∀n ≥ 0.

Indeed, it is obvious that F ⊂ C0. Suppose that F ⊂ Cn for some n ∈ N. Noting
that ‖ · ‖2 is convex and using (2.1), for any z ∈ F ⊂ Cn and for any ∀m, j ∈
{0, 1, 2, . . .}, m < j, we have that

φ(z, yn) = φ(z, J−1(αn0Jxn +
∞∑

i=1

αniJT
n
i xn)) =

= ‖z‖2 − 2〈z,
∞∑

i=0

αniJT
n
i xn〉+ ‖

∞∑
i=0

αniJT
n
i xn‖2 (where T0 = I) ≤

≤ ‖z‖2 −
∞∑

i=0

αni2〈z, JTn
i xn〉+

∞∑
i=0

αni‖Tn
i xn‖2−

− αnmαnjg(‖JTn
mxn − JTn

j xn‖) =

=
∞∑

i=0

αni(‖z‖2 − 2〈z, JTn
i xn〉+ ‖Tn

i xn‖2)−

− αnmαnjg(‖JTn
mxn − JTn

j xn‖) =

= αn0φ(z, xn) +
∞∑

i=1

αniφ(z, Tn
i xn)− αnmαnjg(‖JTn

mxn − JTn
j xn‖) ≤

≤ αn0φ(z, xn) +
∞∑

i=1

αni((kn,i − 1) + 1)φ(z, xn)−

− αnmαnjg(‖JTn
mxn − JTn

j xn‖) ≤
≤ φ(z, xn) + ξn − αnmαnjg(‖JTn

mxn − JTn
j xn‖) ≤ φ(z, xn) + ξn.

(3.2)

This implies that z ∈ Cn. Thereby, F ⊂ Cn, ∀n ≥ 0.
(III) Now, we prove that {xn} is a Cauchy sequence.
Indeed, since xn+1 = ΠCn+1x0 and xn = ΠCnx0, xn+1 ∈ Cn+1 ⊂ Cn, from the

definition of ΠCn
we have

φ(xn, x0) ≤ φ(xn+1, x0), ∀n ≥ 0. (3.3)

Therefore {φ(xn, x0)} is nondecreasing. By the assumption that C is bounded, hence
from (2.2) we know that {φ(xn, x0)} is bounded. This together with (3.3) ensures
that the limit {φ(xn, x0)} exists. Write

lim
n→∞

φ(xn, x0) = d. (3.4)

From Lemma 2.1, we have, for any positive integer m ≥ n, that

φ(xm, xn) = φ(xm,ΠCn
x0) ≤ φ(xm, x0)− φ(ΠCn

x0, x0) =
= φ(xm, x0)− φ(xn, x0)

(3.5)

This implies that
lim

n,m→∞
φ(xm, xn) = 0. (3.6)
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By Lemma 2.2, we know that xm − xn → 0 (n,m → ∞), hence, {xn} is a Cauchy
sequence. Without loss of generality, we can assume that xn → p ∈ C (n→∞).

(IV) Now, we prove ‖xn − Tn
i xn‖ → 0 for each i = 1, 2, . . ..

In fact, taking m = n+ 1 in (3.5) we have that

φ(xn+1, xn) ≤ φ(xn+1, x0)− φ(xn, x0)→ 0 (n→∞), (3.7)

and hence xn+1 − xn → 0 as n→∞ by Lemma 2.2. Since xn+1 = ΠCn+1x0 ∈ Cn+1,
and by the assumption that ξn → 0 (as n → ∞), hence from the definition of Cn+1,
we have

φ(xn+1, yn) ≤ φ(xn+1, xn) + ξn → 0 (n→∞), (3.8)

and so xn+1 − yn → 0 (n→∞) by Lemma 2.2 Thus we have

‖yn − xn‖ ≤ ‖yn − xn+1‖+ ‖xn+1 − xn‖ → 0 (n→∞). (3.9)

Since J is uniformly continuous on any bounded sets of E, we conclude that

lim
n→∞

‖Jxn − Jyn‖ = 0. (3.10)

On the other hand, taking m = 0 and j = 1, 2, . . . in (3.2), for any z ∈ F , we have

φ(z, yn) ≤ φ(z, xn) + ξn − αn0αnjg(‖Jxn − JTn
j xn‖),

i.e.,
αn0αnjg(‖Jxn − JTn

j xn‖) ≤ φ(z, xn)− φ(z, yn) + ξn. (3.11)

Since

φ(z, xn)− φ(z, yn) + ξn = ‖xn‖2 − ‖yn‖2 − 2〈z, Jxn − Jyn〉+ ξn ≤
≤ ‖xn‖2 − ‖yn‖2 + 2‖z‖‖Jxn − Jyn‖+ ξn ≤
≤ ‖xn − yn‖(‖xn + yn‖) + 2‖z‖‖Jxn − Jyn‖+ ξn

(3.12)

from (3.9) and (3.10), it follows that φ(z, xn) − φ(z, yn) + ξn → 0 (n → ∞). Hence,
from (3.11) and condition (b) in Theorem 3.1, we have that

g(‖Jxn − JTn
j xn‖)→ 0 (n→∞),∀j = 1, 2, . . . (3.13)

Since g is continuous and strictly increasing with g(0) = 0, it follows from (3.13) that

‖Jxn − JTn
j xn‖ → 0 (as n→∞) and for each j = 1, 2, . . .

Again by the assumption that E is uniformly convex and so E∗ is uniformly
smooth, hence J−1 is uniformly continuous on any bounded subset of E∗. Therefore
we have

‖xn − Tn
j xn‖ → 0 (n→∞), for each j = 1, 2, . . . (3.14)

(V) Now, we prove p ∈ F .
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From xn → p (n→∞) and (3.14), we have

Tn
j xn → p (n→∞) for each j = 1, 2, . . . (3.15)

Noting that
‖Tn+1

i xn − p‖ ≤ ‖Tn+1
i xn − Tn

i xn‖+ ‖Tn
i xn − p‖, (3.16)

using (3.15) and the asymptotic regularity of Ti, from (3.16) we have

Tn+1
i xn → p (n→∞), i.e., TiT

n
i xn → p (n→∞). (3.17)

By virtue of the closeness of Ti, it follows from (3.15) and (3.17) that p is a fixed
point of Ti, ∀i ≥ 1, i.e., p ∈ F .

(VI) Now, we prove xn → p = ΠFx0 (n→∞).

Let w = ΠFx0. From w ∈ F ⊂ Cn+1 and xn+1 = ΠCn+1x0, we have φ(xn+1, x0) ≤
φ(w, x0), ∀n ≥ 0. This implies that

φ(p, x0) = lim
n→∞

φ(xn, x0) ≤ φ(w, x0). (3.18)

By the definition of ΠFx0 and (3.18), we have p = w. Therefore, xn → p =
ΠFx0 (n→∞).

This completes the proof of theorem 3.1.

Remark 3.2. The asymptotic regularity assumption on Ti in Theorem 3.1 can be
weakened to the assumption that Tn+1

i xn−Tn
i xn → 0 as n→∞. The assumption that

Tn+1
i xn − Tn

i xn → 0 as n →∞ can be replaced by the uniform Lipschitz continuous
of Ti.

Therefore, we have the following convergence result.

Corollary 3.3. Let C be a nonempty bounded closed convex subset of a uniformly
convex and uniformly smooth Banach space E, and {Ti}∞i=1 : C → C be a family of
closed and uniformly Lipschitz continuous and quasi-φ-asymptotically nonexpansive
mappings with sequence {kn,i}∞1 ⊂ [1,∞) such that kn := supi≥1 kn,i → 1 (n → ∞)

and F =
∞
∩

i=1
F (Ti) 6= ∅. Let {xn} and {αn} be the same sequences as given in Theorem

3.1 Then {xn} → converges strongly to ΠFx0.

Because each quasi-φ nonexpansive mapping is a quasi-φ-asymptotically nonex-
pansive mapping with sequence {kn,i = 1}, therefore we have the following

Corollary 3.4. Let C be a nonempty bounded closed convex subset of a uniformly
convex and uniformly smooth Banach space E and {Ti}∞i=1 : C → C be a family of
closed and quasi-φ nonexpansive mappings such that F =

∞
∩

i=1
F (Ti) 6= ∅. Let {xn} be

the sequence defined by:
x0 ∈ C, C0 = C,

yn = J−1(αn0Jxn +
∑∞

i=1 αniJTixn),
Cn+1 = {z ∈ Cn : φ(z, yn) ≤ φ(z, xn)},
xn+1 = ΠCn+1(x0),

(3.19)
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where {αni} ⊂ [0, 1] is the sequence satisfying conditions (a), (b) in Theorem 3.1.
Then {xn} converges strongly to ΠFx0.
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