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ASYMPTOTIC BEHAVIOUR
AND APPROXIMATION OF EIGENVALUES
FOR UNBOUNDED BLOCK JACOBI MATRICES

Maria Malejki

Abstract. The research included in the paper concerns a class of symmetric block Jacobi
matrices. The problem of the approximation of eigenvalues for a class of a self-adjoint
unbounded operators is considered. We estimate the joint error of approximation for the
eigenvalues, numbered from 1 to N, for a Jacobi matrix J by the eigenvalues of the finite
submatrix J, of order pn x pn, where N = max{k € N: k < rpn} and r € (0,1) is suitably
chosen. We apply this result to obtain the asymptotics of the eigenvalues of J in the case
p=3.
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1. INTRODUCTION

Tridiagonal matrices are very useful in many problems in mathematics and in applica-
tions, and the theory and methods related to tridiagonal matrices are still developed
and generalized (see [20]). In the context of advances and applications, block tridi-
agonal matrices are very interesting (see, e.g., [6] and [8]). This work is devoted to
spectral properties of a class of block Jacobi matrices with discrete spectrum. The
problem, when the linear operator defined by a Jacobi matrix has discrete spectrum,
i.e., its spectrum consists of isolated eigenvalues of finite multiplicity, was already
investigated and partially solved (see, e.g., [7,10] and [12]). It is well known that
sometimes it is possible to calculate exact formulas for eigenvalues of Jacobi matrices
(see, e.g., [9,18] and [11]), but it is not possible in general. So, asymptotic and approx-
imate approaches have to be applied (see, e.g., [3-5,12,13,17,21] and [22]). Projective
methods, that use finite submatrices to investigate spectral properties of operators
given by infinite Jacobi matrices are applied successfully (see [1,2,10, 15,16, 21]).
In this paper we continue the research related to the approximation of the discrete
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spectrum of selfadjoint operators in the Hilbert space [?(N) and generalize the results
included in [16] and [15].

The paper is organized as follows. In Section 2 we introduce conditions that are
needed to apply the projective method and obtain the result. The method, that is
used in this paper, is based on the Volkmer’s results ([21]). Section 3 includes a
generalization of the lemmta, which come originally from [21], and other technical
facts. In section 4 we formulate the main result of the article. There we estimate
the joint error of approximation for the eigenvalues, numbered from 1 to N, of J by
the eigenvalues of the finite submatrix J,, of order pn x pn, where N = max{k € N :
kE < rpn} and r € (0,1) is suitably chosen. Section 5 is devoted to an application
of the main result to obtain asymptotic formulas for the eigenvalues of an operator
that is defined by an infinite real symmetric 5-diagonal matrix and acts in the Hilbert
space I?(N).

2. NOTATIONS AND PRELIMINARIES

The notations (-,-) and || - || are used for an inner product and a norm, respectively,
in the Euclidian space CP as well as in any Hilbert spaces. Moreover, the notation
Il - || is also used for the operator norm.

Let My «i(C) be the set of complex matrices with & rows and [ columns for any
integers k,l > 1.

Next we introduce some concepts from abstract operator theory which we will
need later. Let H be a Hilbert space and T : D(T) C H — H be a self-adjoint
operator in H. Assume that T has a compact resolvent and is bounded from below
in the sense that there exists ¢ € R such that (T'f, f) > c||f||? for f € D(T). Then
the spectrum of T' consists of the eigenvalues that can be ordered non-decreasingly:
A (T) < Xo(T) < Ag(T) < .... By the minimum-maximum principle, for all k£ € N,
there holds

Me(T) = r%inmax{(Tx,x) cx € By, ||z]| = 1}, (2.1)
k

where the minimum is taken over all linear subspaces Ey, C D(T) of dimension k.
Denote by zj, the eigenvector of T" associated with the eigenvalue Ay (7"). We will
assume that the system of eigenvectors {x1,xa,23,...} is orthonormal in H, so it
forms an orthonormal basis of H.
Let En be a N-dimensional subspace of H. Assume that Exy C D(T). Denote
by Py the orthogonal projection onto EFy and Qn = I — Py. Let us consider the
following operator on Ey :

Tn :En>v— PyTv € Ey.

Denote by u;, 1 < i < N, the eigenvalues of T by assuming that p; < po < ... < un.
For any k=1,..., N, define

L™ = (L )ij=1,..k € Mpxr(C) with L;; = (Qnwi,x;),
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and

k€ kak((C) with Miyj = ((PNTPN — T).’ti,.’tj).

The following lemma is fundamental to obtain the results in this paper.
Lemma 2.1 (Volkmer [21]). If ||L*¥)|| < 1 then

[ M®) 4\ (T)L®)||

0< — (1) <
> Uk k( )— 1—||L(k)|| 5

where 1 < k <n.
Let p > 1 be an integer and also denote
(N, CP) = {{fn}ff_l fa€CPin>1, and Y| fil® < +oo}.
k=1

Consider a Jacobi operator J in the Hilbert space I2 = [2(N,CP) given by the
symmetric block Jacobi matrix

Dy C: 0
C, Dy C; 0

J= |, po=DrCLeM,©), n>1,  (2.2)
0 02 Ds C;: . pp

more exactly, J acts on the maximum domain

D) = {2y € B {Cu tfucs + Dufu+ Cifan}in €2}, (23)
and it is defined by

Jf ={Cn-1fu1+ Dunfn+C, fuy1}nzy for f={fu}nzs € D(J),

where f, € C?, n>1 and Cy := 0.
Denote

dy™ = inf{(Dnf, f): feCP, |l =1}, (2.4)
" = sup{(Dnf, f): [ €CP, |If] =1} (2.5)

We assume the following conditions:

(Cl) D,, = D for n > 1 and there exist a > 0, 61 > d2 > 0 and {€,}22; C [0, +0),
lim,, o0 €, = 0, such that

don®(1 —€,) < dZ”” <At < hn*(1+e€,), n> 1,
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(C2) there exist § € R and S > 0 such that
ICall < S0, n > 1;

(C3) a>p.
Proposition 2.2. If (C1)-(C3) are satisfied then:

L D(J) = {{fa}52, € ?: {Dnfn} € ?},

2. J is a selfadjoint operator in 12,

3. J is bounded from below,

4. (J = X\)7L is compact for any \ belonging to the resolvent set of J.

Proof. Let _
¢ =inf{d™" —28n” : n > 1},

then (C1)—(C3) yield ¢ € R. Denote

Dy 0 0 0 Cf 0
0 D, 0 0 Cl 0 Cg 0
A= , B=

Let A € (—o0,¢). For n > 1, D,, — A is invertible and
1(Dn = N)HI < (™ = X)),

because A < d”". Moreover, the operator given by the matrix A— \ is also invertible,
(A —\)~!is a compact operator on [ and

(A =N < Sgli(dnmm = A7 < oo,

because _
lim (@™ —\)~' =0.
Next calculate
0 Ci(Dy — )7t 0 -
Ci(Dy — )t 0 C3 (D3 — )t 0
B(A-)\"1=

0 Co(Dy — N)1 0 C;(Dy— )1

The operator norm for the matrix B(A — \)~! is estimated as follows

[B(A— XY < 2sup{Snf(dm™ — X))t :n>1},
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because
[Cu(Dy = N)7H| < SRP(dp™ = XN, n>1,

and
|C_ (D — N7 < SRP (™ — N7, n>2.
Clearly, lim,, o, n?(d7" — X\)~! =0, so

2sup{Sn’(d™"™ — \)71} = QSng(dZ’om —A)7!

n>1
for a ng € N. Notice that
290G (drim —N) 7N <1 == A< dPi" - 25n.

The last inequality is satisfied because A < c¢. Thus || B(A—\)~!|| < 1 and we observe
the infinite matrix I+B(A—\)~! acts as a bounded and boundedly invertible operator
in 2.

Notice that the matrices J, A and B satisfy the following formal identity:

J=A=A-X+B=(T+BA-XN"H(A-)\). (2.6)
Consequently
D(J) = D(A) = {{fa} € 12 {Dnfn} € l2}5 (2.7)

moreover,

(J-N"t=A-N1T+BA-NHN

Thus (J — A)~! is compact for A\ < ¢ and, therefore, for all A from the resolvent
set. In particular, due to the fact that J is symmetric, it follows that J, in fact, is
a self-adjoint operator in [2. Consequently, we had proved that .J is bounded from
below by a lower bound ¢ and (Jf, f) > c|/f||*> for f € D(J) because (—oo,c) is
included in the resolvent set of .J. O

Let J be an operator given by (2.2) and assume (C1)—(C3). The spectrum of J
consists of the sequence of the eigenvalues of finite multiplicities only:

o(J) = {(J)  k=1,2,3,...},

and we can assume
M) < Xa(J) < As(J) < ...
Let z; € 12 be an eigenvector of J, such that Jz; = \;(J)z; (i = 1,2,3,...).
Moreover, we can assume {x; : i = 1,2,3,...} is an orthonormal basis in /2. Let

T = {Tintpet

where
-
Tin = (wi,(nfl)erlawi,(nfl)p+2, c Wimp) € CP.
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Then
p

oo oo
lzill? = " lzinl® =YD lwienpral® = 1.
n=1

n=1k=1

Denote e¢; = {A;,}22, for ¢ = 1,2,3,..., where A;, is defined as follow. If
i=(mn—1)p+k, where n >1and k € {1,2,...,p}, then

DN = (0,0,...,0)" € CP, for m #n,
and
Ai,n = ((51’]@,(52’]“, .. .,(Sp’k)—r S (Cp, where 6t’5 = {(1)7 i f z,

The system {e; : i = 1,2,3,...} is the canonical orthonormal basis in [? = [?(N, CP).
Put
E, =span{er,eq, ..., enpt, (2.8)

then dimFE,, = np. Let P, be an orthogonal projection on FE,,, and let
o E,>x— P,Jx € E,. (2.9)
Then J,, is represented, with respect the canonical basis of F,,, as the matrix

Dy C: 0
C, Dy C; 0

0 Cy D3 C3 (2.10)
0 Cn72 anl 7*7,—1
0 Cnfl Dn
Denote by
Pin < p2n < v lnp—1n S Pnpn
the sequence of the eigenvalues of J,,.
From the min-max principle we derive
Me(J) < pgn and  Ag(J) < |[[Jp]| £ Cn® for k=1,2,...,np.
3. AUXILIARY ESTIMATIONS
In this section we use the notations introduced in Section 2.
Denote
Q,=1-P,. (3.1)

Let k € {1,...,np} and define the following k x k-matrices:

Lkn) — (LEZ))LJ’:LWJ“ where ng;-) = (Qni, zj),
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and

M®D = (M) o1k, where M) = (P, JP,

2]

Lemma 3.1. Ifn € N and k € {1,2,...,np}, then

k
IZED < D71 Quarsl?;

i=1
k

k
1B+ A (DZEDN < NCal (D Nzina )2 N
i=1 j=1
k

— J)l'z,ll'])

2)1/2,4

+ O () — Ai(J)\QllQnﬂci||2)1/2(Z 1Qnzy]I*)'/2.
j=1

=1

Proof. The proof follows the Volkmer’s method (see [21]).

norm ||L(%™)|| of the k x k matrix can be estimated as above.

Next notice that
Dix;q + Cizi o

At first notice that
|L£7;)\ = [(Qnzi, ;)] = [(Qnzi, Qnrj)| < ||Qnzil|||@nz;|l; therefore, the operator

Cizig + Dazio 4+ Cizs
o Cn—in,n—Z + Dn—lxi,n—l + O:in,n _
Janj o On—lxi,n—l + ani,n o
Cn‘ri,n
0
)\i(J)l‘iJ 0
Ai()Ti2 0
_ Ai()Zin—1 . _ 0
NNz — Crxipr | Ail ) Poi + S TR
Cnxi,n an'i,n
0 0
and
0 0
PnJPnil'Z—Jitz = )\Z(J)anz+ C*O _)\z(J)xz = _Crzxi,n—i-l -
—UnTin+1 0




318 Maria Malejki

Then
M = (PyJPya; — Ji,05) = —(Chini, Tjn) — N(I)(Quiti, 27);
moreover,
M+ N LY | = (Pad Pai — Ji,25) + Ao (Quats, )| =
=| = (ChZin+1,Tin) — (Ni(J) = A (D)) Qnis 75)| <

<(Crwimt1s Tin) |+ Ni(T) = A (D|[(Quzi, z5)] <
<NCullllzimsrllllzinll + A (T) = A (DN Qnwal | Qu; |l

Finally, from the above estimation we derive the second inequality of the lemma. [

Define
pn = max{ek® : k <n}, ¢, =max{Sn’ S}, n>1. (3.2)

Lemma 3.2. Under assumptions (C1) and (C2), the sequences {p,} and {g,} are

non-decreasing and
. pn
lim —

n—oo N

=0.

Proof. By definition p,, = €
then lim,,_, . k, = +00. So,

for some k,, < n. Assume that {p,} is unbounded,

wTL’

Gknka
=== <€k, —» 0, n— oo
ne "

Pn
nCK

because lim,, ., €, = 0. O

The following estimates are satisfied for the eigenvalues of J.
Proposition 3.3. Assume that (C1)—(C3) are fulfilled. Let j > 1,1 € {1,2,...,p}
andi= (5 — 1)p+1, then
Ai(d) <150 < 615 + pj + 2q;-

Proof. Notice that ¢ < pj. By applying the minimum-maximum principle (2.1) and
using (C1)—(C3), we derive the following estimate

Xi < iy < |5 < maX dmax—&-Q <max |Ckl < 015% + pj + 2q;. O

LetO<r<r < (62/(51)1/a, 1<j<r'kandi=(j—1)p+l, wherel € {1,2,...,p}.
Next, follows Volkmer ([21]), we define

[Cr1ll

fi,k‘ = —Te) ) k Z n.
di = (151 = (|l
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If £ > n then j < r'k, so from Lemma 3.2 and Proposition 3.3
B
< Sk <
- 52k0‘(1—€k)—51j0‘+51pj—25j5—5k/3 -
Sk SEB
< - 9
— Ooke — 61(7“/]{5)0‘ — Ook%ey, — 61pk — 35k8 (51]6‘)‘(62/61 — TIO‘) + gk

fik

where ¢, = o(k®), k — oo, i.e.,

. €k
1 — =0
Jcin;o ke
Therefore,
1
fir € o < 5 for k> Ko, (3.3)

where Ky is large enough and ¢ > 0 is a constant independent of i and k.

Lemma 3.4. Assume (C1)—(C3). Ifn > Ko, 1 <j<r'n,i=(—1p+I,1<1<p,
then
lzinll < finllzin—1l-

Proof. If X\;(J) is an eigenvalue of J and z; is a normalized eigenvector associated to
Ai(J), then

Cr-1%ix—1+ (Dp — Ni(J)xip + Cpwipyr =0, k>2.
There exists k > n such that ||z; x11|| < ||2ikl. Then
Cr—1zi -1 = —(Dr — Ni(J))xi ks — Crift1,

SO

(Cr—1Zip—1,zik) = —((Dr — M(I)) @ik, i) — (Crikt1,Tik),
(Cr—1%ik—1,Ti k)| = ((Dr — Ai(I)Ti ks Tik) — [(Cripr1s Tik)|
and
[Cr1lllli k1 llllikll > dit™™ @i kll* — Ae(D)1@i k> = I Crlllls g lll]2ix ]l
Assume ||z; || # 0. Then
1Ck—allllzi k-1l = (@™ = Ni(I) il = | Cxllllwi g2 ]| >
> (di"" = N(I) |z k]l = [|Cxlll|lik ]l =
= (""" = |51l = 1ICkI) 1,k ]|-
Obviously, k > Ky, so d*™ — || J;|| — [|Ck|| > 0,

HkaHS — HCkfln
di™ = |51 = 1Cx|l

1
|z k-1l < QHfﬂi,kle < |lzik—1ll

and
llzikll < firllzir—1ll-

If & > n then we can repeat this procedure to obtain ||z; | < finllZin-1l- O
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4. APPROXIMATION FOR EIGENVALUES
OF UNBOUNDED SELF-ADJOINT JACOBI MATRICES
WITH MATRIX ENTRIES BY THE USE OF FINITE SUBMATRICES

The main result of this article is formulated as the following theorem.

Theorem 4.1. Let J be an operator in the Hilbert space [* defined by the infinite
matriz (2.2) satisfying (C1)-(C3). Then for every v > 0 and r € (0, (52/51)1/a) there
exists C' > 0 such that

sup  |prn — Me(J)] < Cn7 forn >,
1<k<rnp

where A\, (J) is the k-th eigenvalue of J and p1, < pon < ... < ppnn are the
eigenvalues of the matriz J,, given by (2.10).

Proof. Let s € N be such that
2s(a—p)—a—12>4, (4.1)
and choose r < 1’ < (52/51)1/0‘ and Ky € N for which (3.3) is satisfied, and put

r's
Ny = Ko+ s, — 1.
0 max{ 0+S 7"/—’/‘}

Forn > Ny, 1 <j<rn,i=(j—1)p+1, wherel € {1,2,...,p}, and m > n, by using
Lemma 3.4, we deduce

1 m—n
zimll < fimll@im-1l] < fimfim—1-- o fint1llTinl < (2> lzin

If j <rn and n > Ny then j < ¢/(n — s), and then

c’ < M
[n(n—1)...(n— s+ 1)]@=B) = psla=p)’

H.’L‘l)nH S fimfi,nfl Tee” fimfs”xi,nfsu S

where M = M(s,«, 3) is a positive constant independent of ¢ and n. Now, we use
Lemma 3.1 to continue the proof. At first notice that

oo o0 m—n
1 M?
@uil? = 3 NomlP<lloal 3 (3) < loinl? < sy

m=n+1 m=n+1
Let k < rnp. Then
M? C

k
(k,m) 112 =
HL ” S z; ”anZ” S pranS(a—ﬁ) - n2s(o¢—ﬁ)—1 .
=

Since the sequence {\,,,(J)} is non-decreasing and since

Hm A (J) = 400,

m— 00
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it follows
max{| A, (J)] : A (J) <0} = p < 400,

and then by using Proposition 3.3, we obtain
Ae(J) = Ai(J) < Ap(J) +p < Con® for @ < k.
Thus

M? M’
2 2 2« _
Z ‘/\k )| ||Q":EZH S p?"?’LC n2s(a—B)  p2s(a—pB)—2a-1"

Next,
M3?pr
Z”xlnu n2s(a B)—1’

A M?pr
Z i mia]? < Zf?,nllxi,nl\z Q(Q B Z inl* < e (e B 1
i=1 1=1

and, finally, from Lemma 3.1 we derive

cM?pr cM' M

(k,n) (k,n) R
”M +/\k(J)L || = n2s(a—p)+a—p-1 + n2s(a—p)—a—1 = ny -

Assume

M? 1
mgi for TLZNl,

where N; is large enough and Ny > Ny. Then

1
JLGm) < 2 <1

and, by Lemma 2.1,

"

Hrn — Me(J) < for k < rnp.
Finally,
2M//
su n— ()] <
S |k = Ak (T)] < =
for n > Ny, and the proof is complete. O

Theorem 4.1 generalizes the results included in [16] and [15].



322

Maria Malejki

5. ASYMPTOTICS

Theorem 4.1 can be applied to obtain an asymptotic behaviour of the discrete spec-
trum for a concrete class of operators acting in I2(N). Let us consider a 5-diagonal

symmetric infinite matrix

ar B |0
fr az P2 |2 O
Mo B2 az | By 3 O
=10 7 Bs|loa B m
0 v |Bs a5 PBs
0 |71 B as

We identify this matrix with a block Jacobi matrix with 3 x 3-matrix entries

Dy
Ch
0

where
agp—2  Ban—2
D, = | Ban—2 azp-1
Y3n—2 ﬂ?)n—l

(O
Do
Cy

Y3n—2
ﬁSnfl

Qa3n

C
Ds

N %

Y

We introduce the following conditions:

(Al) a, € Rand o, = n*(1 + A,,), n > 1, where a > 0 and lim,,_,o A, = 0;

(A2) Bn,7n € R and there exist 5 € R and B > 0 such that

1Bals [ym] < Bnﬂa n>1;

(A3) a> 3;

(Ad) a>p+1,a>1and A, —A,_1 =0(L), n — 0.

n

In this section we use the standard notations o(a,) and O(a,), as n — oco.

Apply formulas (2.4) and (2.5) to (5.2) and notice that

d™ > min{az,—2, a3n-1, @3, } — 6B(3n)° >

5(3n —2)Y = 6(3n — 2)* max{|As,|, | Asn—1], |Asn—2|} — 6B3°n” =

(5.2)
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=3%n*(1+¢€,), where e, =o(l),
and

d:?am < maX{Oégn_Q, A3n—1, aSn} + 6B(3n)ﬁ =
=3%n*(1+¢€!), where € =o(1).

Thus, €, = max{|e,],|e!]|} = o(1), n — oo, and
3900 (1 — €,) < d™™ < d™* < 3%n*(1 +€,), n > 1.

It is easy to verify that
|Cul| < 3PBPRA, n>1.

Therefore, (A1)-(A3) yield (C1)—(C3), where ; = d2 = 3%9. Then J defines an
operator in /2(N, C) which is identified with a Jacobi operator in I?(N, C3). Moreover,
we can apply Theorem 4.1 with any r € (0,1) and v > 0 to the operator given by the
matrix J.

Define the Gerschgorin radius (see [19])

and let

K,={z€eR:|a, —z| < R,}. (5.4)
Lemma 5.1. If (A1)-(A4) are satisfied then
1.

Qng1 — 0 — Rpg1 — Ry = on* 1 + o(na_l), n — 00;

2. there exists ng > 1 such that K, N (Umin Km> =0 for n > ng.

Denote
ag Bk Vi 0
Bk Qky1 Br+1 Ve+l
k _
=1 % Ber1 e Bire , k=i,
YN-2 Bi-1 o«
and
Jn = J3,- (5.5)
Let 11,5, ft2,n - - - 5 h3n,n be the non-decreasingly arranged sequence of the eigenvalues

of the matrix J,.

Lemma 5.2. Let v > 0. If (A1)—-(A3) are satisfied then

M (J) = i +O(n77), n— 0.
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Proof. Notice that p = 3. Let r = %, then rnp = n. From Theorem 4.1 we have

sup |pin — Ai(J)| < Cn77,
1<i<n

where C' is independent of n and . Thus
|t — An(J)| < Cn77. O

Remark 5.3. We apply the Gerschgorin theorem (see [19]) and the generalized Ger-
schorin theorem, which is given in the book of Saad (see Theorem 3.12, [19]), to the
symmetric matrix .J,,, and we observe that if ng < ¢ < 3n then p,;, € K;, where ng
is given in Lemma 5.1 and K; is defined by (5.4). Moreover, from Theorem 4.1 we
derive

)\7(J) = nlL»H;o Hin € K;, i > ng.

Lemma 5.4 (Liitkepohl [14]). Let A € My, D € My, B,CT € Mxy. Then

dot (A B) | detAdet(D —CA™'B), if Ais invertible,
C D) )detDdet(A— BD~'C), if D is invertible.

Theorem 5.5. Let J be an operator defined in the Hilbert space 1?(N) by the matriz
(5.1). Under (A1)—(A4) the following asymptotic formula for the discrete spectrum
of J is satisfied:

2 2 2 2 306
_ _ n
An(J) = oy — —=— — TR = B <2( —1)>,
Qp_1 — Oy, Qg1 — O, Qp_o — Qp, Qg2 — O, n=la

as n — oQ.

Proof. Let n > ng + 2, where ng is given in Lemma 5.1, N = 3n and A = p,, ,, be the
n-th eigenvalue of J,, = J € Myxn. Then

- NE
J}VA< E, J}\‘,_l—)\>’

where
0 - -3 Pn-o2
En = 0 N M(N—nt2)x(n-2)-
0 .- 0 0
J!_, is a real symmetric matrix, so

|Jh_o|l = max{p € Ry is an eigenvalue of J,_,} € K,_o,
||J71L_2H <apn2+ Ry <an— Ry <fpinn =X\

therefore, J! 5, — X is invertible and, from Lemma 5.4, we derive

det(Jy — ) =det(J:_5 — Ndet(Jy ' — A= E,(Ji_o =N IE:).  (5.6)

n
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Denote

Then

€ M(N_ni2)x(N-n+2)

o
o
o

where

a(N) =72 _smp—3n-3(\) + B2 _omn—2n—2(A) + 2¥n-3Bn—3Mmn-2.,-3(7),  (5.8)
b(A) = Yn—2Yn—-3Mn-3n-2(X) + Yn—2fn—2Mp_2 n—2(N),
d(N) = 7n_aMn-2.n—2(N). (5.10)

Applying Lemma 5.4, we deduce

det(Ju ' = A= E,(JE 5 — N 7TES) =

Jr b XN —E(\ E'*
=det | """ ) ah ) = (5.11)
E, JNTT=A
= det(Jp? = N)det (J' 7 = A= E(\) — Bl (I =N TTEL)
where
a(A) b(A) 0
0 0 0
and
0 Tn ﬁnJrl
0 0 7,
E’II’LJrl = Tt e MN—n—1)x3-
0 0 0

Notice that Ju™? — X is invertible because from (5.4) and Remark 5.3

A= tinn < ap+ Ry < apta — Rpge <min{p : p is an eigenvalue of J}{,ﬁ}.

Let
a2 = N1 = (s (5.12)

i,j=1
Thus

0
B (IR =N E = |00 d(0) V() | € Msys,
0 b
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where
C'(/\) 5n+151 1(>\) + % 1522(A) + 260 117m4151.2(N), (5.14)
V' (N) = Y (Brag151,1(A) + 152,10 (N)). (5.15)
From (5.6) and (5.11) we deduce

det(J} — A) = det(J:_y — N)det(Jyt? — N)det A, (M),

where
Ap—1 — A— a/()\) ﬁnfl - b(A) TYn—1
AMM::( Ba1—b()  an—A—dN) —d'(N)  Bu—b () )
Yn—1 B —V'(N) i1 — A= (A)

The matrices J}kz — X and JK,H — A are invertible and A = p,,, € K, is an
eigenvalue of J};, so det(J5 — \) = 0, or, equvalently, detA4, (\) = 0, or also

A=, —dN\) —d'(\) + E,(\) + Ga(N), (5.16)

where
B WO BBV 2 (B — BN~ YY)
ap—1 —A—a(N)  apr1 —A—d(A) (a1 — A —aX)(ant1 — A= (V)

and

Ta—1F (V)
(on-1 = A= a(A)(ant1 = A=(N) =74
Observe that, under conditions (Al)—(A4),if 1 <k <n—2, |]A —a,| <R, and
x € R¥ then

Gn(A) = (5.18)

(T =Nzl = Mzl =l Jgzll = Mzl =[]l = (an—Rn—ar—Ry) ||| = en®" 2],
for a constant ¢ > 0; therefore,

1Tz =27 < (en®™H) 7

Then, by Lemma 5.4, from (5.7) we derive

1 nf
Mp—3n-3(A) = o +0 (ng(a_1)> ;
1 nb
Min-2,n 2()\) Up—2 — Qp o (n2(a1)> ’
nP
Mp—2n 3(>\) = mn—S,n—Q()\) =0 (TLQ(O‘_l)) ;



Asymptotic behaviour and approximation of eigenvalues. . . 327

if [\ — a,| = O(n?). Then we calculate the following asymptotic equalities

2 2 306
Tn—3 n—2 n
A) = O ———— 5.19
a( ) Un—3 — Qp * Un—2 — Qp + (712(0‘1)) ’ ( )
_ 6n—27n—2 nS,B
2 36
o Yn—2 n
AN = =240 (nz(al)) , (5.21)

for A = pnn, € Ky, where K, is given by (5.4).
From (A1)-(A4) we derive also |[(J§ — A)7!| < (en®1)~! for k > n + 2 and
A = fin,n. Then from Lemma 5.4 and equation (5.12) we deduce

1 nf
s11(A) = P +0 <n2(a—1)) '
1 nf
s22(A) = Qi3 — Qp o (”2(0‘_1))
and
nP
SLQ(A) = SQJ(}\) = O <n2(0¢_1)> .
Then
2 38
/ _ Tn n
d'(\) = omra — o + O <n2(a—1)> , (5.22)
2 2 33
/ )\ _ n+1 rYn—i—Q O L 523
C ( ) Onta — O + Gnts — Qn + nQ(a—l) ( )
and
’Yn/BnJrl n3P
(N = 0] . 5.24
() = ety (WD (5.24)

Notice that if A =y, ,, then A = a,, +0(n”) and using (5.19)—(5.21), (5.22)—(5.24),
(5.17) and (5.18) we have

(ﬂn—l - 'Yn—Zﬂn—Q/(Oén—l - O‘n))Q

F,(\) = — - +
+ _(6n - ’Ynﬂn—&-l/(an—&-l - O‘n))Q +0 < 2”23?1)) _
Opy1 — Oy nl«

()

Qp—1 — Qp Op41 — Qp nQ(a—l)

and
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Thus

A:/Ln,n = Oy —

2 2 2 2 38
n—1 571 Yn—2 Tn n
(5.25)

Ap—1 — Op Opt1 — Oy Qp_2 — Op Qpt2 — Oy

Notice that the above estimate is satisfied under conditions (A1)—(A4).
Finally we apply Lemma 5.5 with a constant v > max{0,2(a — 1) — 38} to obtain
the asymptotic equality for the eigenvalues of the operator J:

2 2 2 2 36
)\n(J) =, — n—1 o ﬂn + Tn—2 + Tn + O < n > ,

Qp—1 — Qn Qpy1 — Qp Qp—2 — Qn Qpy2 — Qp n2(a—1)

as n — o0. O

Remark 5.6. The asymptotic formula for A,(J) from Theorem 5.5 and formula
(5.25) for p, ., are more precise then the estimates mentioned in Remark 5.3 even if
we do not assume additional conditions on the sign of the expression 2(a — 1) — 3.

Example 5.7. Let consider a non-symmetric tridiagonal operator T on [?(N)

1 a1 O

by 4 ay O

0 b 9 a3 | (5.26)
0 0 b3 16

where {a,} and {b,} are bounded real sequences. If J = T*T then J is symmet-
ric 5-diagonal operator and the infinite matrix, associated with J, has the entries
determined by the sequences

an:n4+ai_1—|—bi, for n>2, a;=1+0b%

Bn = n’a, + (n+ 1)2bn, Yo = apb,, for mn>1.

The above sequences satisfy (A1)—(A4) with & =4 and § = 2, so we apply Theorem
5.5 to obtain

2 2
)\n T*T :)\n _ 4 n—1 _ ﬂn 1) =
( ) (J) " +n4—(n—1)4_pn (n+1)4_n4+pn+1+0()
2 _ 2
_ n4 I n((an_l + bn—li (an + bn) ) 4 0(1), n — 0o,

(pn = ap_y + b3 —ap_s —bi_q).
From the above result we deduce easily the asymptotic formula for the singular
numbers of T as follow

(an_l —+ bn_l)z — (an -+ bn)2

sn(T) = O (T°T)% =0 + &n
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