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FRECHET DIFFERENTIAL OF A POWER SERIES
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Abstract. We present two new forms in which the Fréchet differential of a power series in a
unitary Banach algebra can be expressed in terms of absolutely convergent series involving
the commutant C(T') : A — [A,T]. Then we apply the results to study series of vector-valued
functions on domains in Banach spaces and to the analytic functional calculus in a complex
Banach space.
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1. INTRODUCTION

In this work we consider a general formula for the Fréchet differential of a power series
in a unitary Banach algebra A over K € {R,C}. In Theorem 2.11 it is proved that
the Fréchet differential of the map g : A>T — > °° a,T™ € A, can be expressed
in terms of absolutely convergent series involving the commutant C(T) : A > h —
hT —Th € Awith T € A, in three different forms containing C(T"), C(T™) or C(T)™.

The two forms of the Fréchet differential of a power series containing C(T") and
C(T™) given in statements (1) and (2) of Theorem 2.11 are new. While we give a
different proof with respect to [13], of the known formula in statement (3), containing
the form C(T)".

These results are then applied to study series of vector-valued functions on domains
in Banach spaces and also applied to analytic functional calculus in complex Banach
spaces.

The commutant C'(T)-forms in the differential of a power series g in a noncommu-
tative Banach algebra A, allows us to strongly simplify the formula of the derivative
of a function of the type R O D 3 t — g(7 (t)), whenever C(7 (t))" (4-(t)) = 0
for some n € N — {0}, (see (2.37) and (2.38)). Here T is a derivable map defined

on an open subset D of R and with values in A, and D > t — 2L(t) € A is the
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derivative of 7. In a similar way we obtain simplification also for the more general
case of differential maps (see Remark 2.13). To obtain these type of simplification
procedures in calculating the derivative or the differential maps of functions valued
in a noncommutative Banach algebra, represents one of the main motivations of this
work.

Let us start fixing some notations. Let A be a unitary Banach algebra over K
and denote by B(.A) the unitary Banach algebra of all bounded linear operators on
A with the standard sup-norm. Define the linear maps R(T') : A > h+— Th € A and
L(T): A>hw— hT € Afor all T € A, then it results that R, L € B(A, B(A)) such
that HRHB(A,B(A)) <1 and ||£HB(A,B(A)) < 1. Let g(\) = ZZO:O ap A", with A € K,
the coefficients a,, in K and R > 0 its radius of convergence. In order to simplify
the notations, we convein to denote by the same symbol g, both the functions: the
numerical map g(A) = > .7 a, A" € K, with A € K such that [\| < R, and the
A-valued map ¢(T) = > .7 a,T" € A, with T € A such that |T||4 < R, where
Il - |4 is the norm on A, (see Def. 2.6).

Hence if we denote by ¢g(®) the p-derivative of the numerical map ¢, we have

g (A) =0 p! <"> a, \""P € K, with A € K such that || < R, while by consid-
p

ering g” as a B(A)-valued map we obtain g (Q) = 3°>°  p! n) anQ" P € B(A),
p

with @ € B(A) such that ||Q[ g4y < R. Thus we have for all 7" € A such that

T4 < R

oo n -
JI(R(TY) = 3 (p)amm" P e BA). (1.1)

n=p
Denote by B,.(0) a ball of radius » > 0 in .A and let g be considered as an A-valued
map, 50 g : Br(0) 2 T +— > o0 ja,, T™ € A, then gl : BR(0) — B(A) denotes the

Fréchet differential map of g. Therefore for T € Bg(0) the element g!!l(T) € B(A) is
uniquely determined by the following

i 19T + 1) = g(T) = g"H(T)(R)]|4 _

po 174

0.

Finally given a series N = >/ P,,, where P, : A — B(A) for all n € N, we say that
it converges absolutely uniformly on B,.(0), or absolutely uniformly for T' € B,.(0), if

(oo}
> sup [|Pu(T)]peay < oo
n—o T'€B-(0)

For a more general definition see Def. 2.8.

It is a well-known result that a power series g(T') = > - a,T™ in a Banach
algebra A is Fréchet differentiable term by term, the corresponding power series of
its Fréchet differential gl!! is absolutely uniformly convergent on B, (0) in the norm
topology of B(A) for all 0 < r < R, and finally that ¢g[*! is continuous, where the
radius of convergence R of Y 2 a,, A" is different to zero.
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The Fréchet differentiability of g can be seen as a particular case of the Fréchet
differentiability of a power series of polynomials between two Banach spaces over K,
whose proof for K = C, was given for the first time in [10]; while the one for K = R,
was given for the first time in [11], used a weak form of Markoff’s inequality for the
derivative of a polynomial, see [14].

Our proof in Lemma 2.9 of the Fréchet differentiability term by term of g has the
advantage of giving for the particular case of Banach algebras a unified approach for
both the cases real and complex.

We are now able to state the results of the main Theorem 2.11 of this work.
We give for the first time the Fréchet differential g!'! of the A-valued function
g(T) = 30" ya,T", in a C(T)-depending absolutely uniformly convergent series on
B,(0), for all 0 < r < R, in (1.2) and in a C(T*)-depending absolutely uniformly
convergent series on By(0), for all 0 < r < R and with k > 1, in (1.3). This allows
us to give immediately a simplified formula for the value g[!l(T)(R) in the case of the
commutativity [T, h] = 0, with T' € Br(0) and h € A (see Remark 2.13).

Finally we give a different proof with respect to [13] and in such a way generalizing
that in [5], of the known formula in (1.4), in case 0 < r < &.

1. For all T € Br(0)

$U(T) = Y non (1) - {i{ > (n-p- 1>anc<T>n<2+p>} R(T)P}cm

p=0 \n=p+2
(1.2)

(here all the series converge absolutely uniformly on B,.(0) for all 0 < r < R).
2. For all T € Bg(0)

gM(r) = inan/j(T)"*l — i { 3 oznﬁ(T)"k} c(T 1. (1.3)
n=1 k=2 \n=k

(here all the series converge absolutely uniformly on B,.(0) for all 0 < r < R).
3. Forall T € Bg(O)

| —

gM(T) =) g P (RD)CT) (1.4)

i

(Here the series converges absolutely uniformly on B, (0) for all 0 < r < %, g®) -
K — K is the p-th derivative of the function g and ¢(®)(R(T)) is given in (1.1).)
Finally we applied these results in Corollary 2.16, Remarks. 2.17 and 2.18, for
describing the differential map of a series of vector-valued functions differentiable
on domains in Banach spaces, and in Cor. 3.1 to study the differential map of the
function X O D 5 z — ¢(7 (x)) € B(G). Here G and X are Banach spaces, D is
an open set of X, g is the operator-valued map coming from the analytic functional
calculus on G and 7 : D — B(G) is a differential map, where B(G) is the unitary
Banach algebra of all bounded linear operators on G.
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2. FRECHET DIFFERENTIAL OF A POWER SERIES
OF DIFFERENTIABLE FUNCTIONS

Notations 2.1. We denote by N the set of all natural numbers {0,1,2,...}. Let
K € {R,C} and (G,| - |lg), or simply G, be a Banach space over K, then for all
a € G and r > 0 we define the open ball centered in a of radius r, to be the following
set B.(a) = {v € G| |lv—allg <r}, hence its closure in G is B,.(a) = B,(a) = {v €
G| v —alla < rh

Let F,G be two Banach spaces over K, briefly K-Banach spaces, then
(B(F,G),| - |p(rc)), will denote the K-Banach space of all linear continuous map-
pings of I to G and ||U|| p(r,q) = supjjy|»<1 IU(v)lc, we also set (B@G), |- Is)) =
<B(G7 G)a H ! ”B(G,G)>~

Let {G1, ..., Gy} be a finite set of K-Banach spaces, then (J];_; G, | - Iy, Gr)
is the Banach space, where [[,_; Gy is the product of the vector spaces {G1, ..., Gy},
and H(Ul, S ’U")anzl G, = MaXge (1, n} HkaGk'

If G = G for all k € {1,...,n}, then we will use the following notation
(G lan) = <HZ=1 G, || - HH£=1G1«>' Let {Fy,...,F,,G} be a finite set of
K-Banach spaces, then B, ([]_, Fr;G) is the K-vector space of all n-multilinear
continuous mappings defined on [[,_, F, with values in G. If F, = F for all
ke {1,...,n}, then we set B,(F";G) = B,([[;_, Fi; G).

In the sequel we shall deal with Fréchet differentiable functions

f:UCF—-G

defined on an open set U of a K-Banach space F' and with values in a K-Banach
space G. Its Fréchet differential function will be denoted by

YU CcF - B(FQ).

Recall that a map f: U C F — G is Fréchet differentiable at z¢ € U if there exists a
T € B(F, Q) such that

i 1 (@0 +h) = flwo) = T(h)lc
h29 Al F

=0.

T is called the Fréchet differential of f at z¢ and is denoted by f[U(xq). f is Fréchet
differentiable on U if f is Fréchet differentiable at each x € U, and in this case the map
v — B(F, @) is called the Fréchet differential function of f. For the properties
of Fréchet differentials see Ch. 8 of the Dieudonne book [7].

Let A be an associative algebra over K (or briefly an associative algebra) then the
standard Lie product on A is the following map

[,]:Ax A>(A,B)—[AB]=AB—-BAc A
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the commutator of A, B, and for all T' € A the adjoint linear map of T is so defined
ad(T) : A3 h — [T,h] € A. We denote by A* the set of all maps from A to A, let
R:A— AA and £ : A — A4 be defined by

{R(T):ABhHThGA, 21

L(T): A>h— hT € A,
for all T € A. We also define the map C : A — A4 by
C=—-ad=L—-R.
We consider for any n € N the following mapping
Up cADT —T" € A.

A Banach algebra over K (or briefly Banach algebra), see for example [6] or [12],
is an associative algebra A over K with a norm || - || on it such that (A, ] -|) is a
Banach space and for all A, B € A we have

[AB[| < [[AllllBI]-

If A contains the unit element then it is called a unitary Banach algebra. We assume
for any unitary Banach algebra with unit 1 that ||1| = 1.
It is easy to verify directly that for all 77,75 € A

[R(T1), L(T»)] = 0. (2.2)

By recalling definition (2.1) we have for all T, h € A that |R(T)(h)||a < ||T||.allk] .4,
and [[L(T)(h)[[4 < [[T]|.al[2]].4, hence

R(T), L(T) € B(A) (2.3)

with
IR(T)| Bay < 1T, 1£(T) || Bay < 1T, |C(T) || Bay < 2[|T| - (2.4)

Since £ and R are linear mappings we can conclude that

{5,72 € B(A, B(A)), (2.5)

IRl BaBay: £l BaBay < 1.
Finally for [,k € N and {4; }.lj:O C A we use the following conventions H;:k Aj =
Land Yj_, A; =0 for | < k.

We now present a simple formula which will be used later to decompose the com-
mutator C(T™) in terms of C(T).
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Lemma 2.2. Let A be an associative algebra, then for all n € N and
Ay, ..., Ay, B €A we have

n+1 n s n+1
H A, B| = Z <H Ak) [Asi1, B H 4;. (2.6)
k=1 s=0 \k=1 j=s+2

Proof. We shall prove the statement by induction. For n = 0 (2.6) is trivial. Let (2.6)
be true for n — 1, then for each Ai,...,A,11, B € A we have
n+1

IT 4 B| = <H Ak) nt1, B
k=1

and since [A; Ag, B] = A1[As, B] + [A1, B]A; it follows

= (HA,J [Ani1, B HAk,B A
k=1 k=1

and by hypothesis of the induction we conclude

n+1l —

= (ﬁ Ak) [Ap+1, B] —|—i (f[ Ak> [Ast1, B] ﬁ Al A =

s=0 \k=1 Jj=s+2
n s n+1
Z (H Ak) Asy1, B] H Aj.
s=0 j=s+2

O

Corollary 2.3. Let A be a unitary associative algebra, then for alln € N and T € A
we have

C(T") =3 R(T)*C(T)L ZR )5 C(T).

s=0
Proof. The second equality follows by Lemma 2.2, where A1 = Ay = ... = A1 =T,
the first one by the second and (2.2). O

The following equality is stated without proof in the exercise 19, §1, Ch. 1 of [3].
For the sake of completeness we give a proof.

Lemma 2.4. Let A be a unitary associative algebra, then we have for oll T € A and

n € N that B
= S0 () Raery

k=0
Proof. Since by (2.2) £(T) and R(T) commute the statement follows. O
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Lemma 2.5. Let A be a unitary associative algebra. Then for allT € A and n € N
we have

> (")R(T)"—PC(T)p—l => R(T)"*L(T)*". (2.7)

DOR(D)PLTPTN =Y R(T)H(C(T) + R(T))P =
_ Z (T)" i <p; 1> R<T)p717kC(T)k7 _

Definition 2.6. Let A be a unitary Banach algebra, f(A) = Y7 @, A™, where the

coefficients «,, € K and has the radius of convergence R > 0. Then for all T € A
such that ||T||4 < R we can define

FT) =) a,T" e A
n=0

It is well-known that the map wu,, is Fréchet differentiable. For the sake of com-
pleteness we give a direct proof of the Fréchet differential function of w,, in several
forms which will be used in the sequel.

Lemma 2.7. Let A be a unitary Banach algebra. Then for all n € N the map
Up : AT — T" € A is Fréchet differentiable and its Fréchet differential map
ud A B(A) is such that for allT € A and n € N
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. =2 (2.8)
n np
=3 (0)rery ey -
p=1 b
n—2
=nL(T)"" = (n—s—1LIT)""CIR(T)C(T),
s=0
and
lui ()l peay < nlITI (2.9)
Proof. For brevity in this proof we write || - || for || - || 4. The cases n = 0,1 are trivial.
Assume that n € N—{0,1} and T, h € A
ZR nPL(TYP Y (h) = KT + ThT™ 2 4+ 4 TFYhr % 41" 1h

SO

(T +h)" T”+ZR )" PL(T)P Y (h) + T(h; T;2).

Here T(h;T;2) is a polynomial in the two variables T' and h each monomial of which
is at least of degree 2 with respect to the variable h. Hence

I+ =T = S R )|
h—0 ||h‘||

o BTN SRITI) _
T A

(2.10)

Here X(||h];|IT||;2) is the polynomial in the variables ||k|| and ||T'|| obtained by re-
placing in T(h;T;2) the variable h with ||h|| and T with ||T'||. Hence

n

ull(T) =Y R(T)"PL(T)P (2.11)

p=1
and (2.9) and the first of equalities (2.8) follow. Therefore we have for all T € A and
heA
ulN(T)(R) = AT + ThT" 2+ ...+ TF R % 4 4T h =
= RT" 1  [T, AT 2 4 RT™ 4 4 [TF L BT hT 4
T [Tn—l’ h] 4 th—l7
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hence .
ull (T)(h) = nhT™ = + > "[T5, BTk, (2.12)
k=2
This is the second equality in (2.8). The fourth equality in (2.8) follows by the second

one, by the commutativity property in (2.2) and by Corollary 2.3. By the first equality
in (2.8) and Lemma 2.5 we obtain the third equality in (2.8). O

Definition 2.8. Let S be a no empty set and X be a Banach space over K, then we
define

B(S,X) = {F 28 = X | |Flss,x) = sug |1F(u)||lx < oo} . (2.13)

ue
Then <l’)’(S7 X), || - ||B(5,X)> is a Banach space over K and the convergence in it is
called the wuniform convergence on S in || - || x-topology , or simply when this does

not cause confusion, the wuniform convergence on S, (see Ch. 10 of [1]).

Let {fa}acp C B(S,X) then the sum ) ., fo converges uniformly on SV if
the net of all finite partial sums converges in B(5, X), i.e. by denoting with P, (D)
the direct ordered set of all finite subsets of D ordered by inclusion, there exists
W e B(S, X) such that

lim sup

— 0. (2.14)
JEPL(D) uesS

X

W) = 3 fulu)

acJ

The sum ) .p fo converges absolutely uniformly on S or converges absolutely
uniformly foruw € S if

> sup [ fa(wllx = | lim > sup [1fa(u) 1 < oo

w (D
weD UE JEPL( )QGJU

Since B(S, X) is a Banach space, the absolute uniform convergence implies uniform
. . o . . . . [o'e)
convergence. Similar definitions for sequences and in particular for series )~ fn,

by replacing D with N, while ) _; and lim,ep_ (py with resp. ijzo and limy _, o,
finally Y. with Y07 .

Now we shall show that a power series g(T') = Y " a,, 7" in a Banach algebra A
is Fréchet differentiable term by term, the corresponding power series of its Fréchet
differential ¢! is uniformly convergent on B,.(0) in the norm topology of B(A) for
all 0 < r < R, and finally that g[! is continuous, where the radius of convergence R
of Y0 ja, A" is different to zero. The proofs are based on the well-known results
stating that uniform convergence in Banach spaces, preserves Fréchet differentiability
and continuity, see Theorem 8.6.3. of the [7] for the first and Theorem (2), §1.6.,
Ch. 10 of the [1] for the second one.

The Fréchet differentiability of g can be seen as a particular case of the Fréchet
differentiability of a power series of polynomials between two Banach spaces over

1) For the general definition of a summable family in a Hausdorff commutative topological group G
see Ch. 3, §5.1. of [1], in our case G = B(S, X).
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K, whose proof for K = C, was given for the first time in [10]; while the one for
K = R, given for the first time in [11], used a weak form of Markoff’s inequality for
the derivative of a polynomial, see [14].

If £ and F5 are Banach spaces, a homogeneous polynomial of degree n on E; to
E, is a function py, (x) with values in Fs, defined for all elements = in E; and having the
properties (a) p,(tx) = t"p,(x), (b) pn(x + ty) is a polynomial of degree not greater
than n in the numerical variable ¢, with coefficients in Fs, (c¢) ||pn(z)| < m|z||™ for
some constant m and every z; the smallest m satisfying (c) is called the modulus
m(pn) of the homogeneous polynomial. A series of the form f(z) = > 0" pn(x) is
called a power series.

Michal in [11], considers real Banach spaces only, and defines the radius of ana-
lyticity r of the power series as the radius of convergence of the ordinary power series
>0 m(pn)t™. He proves that if r > 0 the function f(x) has Fréchet differentials of all
orders when ||z|| < r and that these differentials are given by successive term-by-term
differentiation of the series for f(x). For complex Banach spaces this result is well
known. It was first proved in [10].

Our proof in Lemma 2.9 has the advantage of giving for the particular case of
Banach algebras a unified approach for both the cases real and complex.

Lemma 2.9 (Fréchet differentiability of a power series in a Banach algebra). Let A
be a unitary Banach algebra, {amn tneny C K be such that the radius of convergence of
the series g(A) = >_0° y ap A" is R > 0.

1. The series
o0
§ a7zun
n=0

converges absolutely uniformly on B,.(0) for all0 < r < R.2
Hence we can define the map g : Br(0) — A as g(T) = >_°"_ anun (T).
2. g is Fréchet differentiable on Br(0) and

gt = Z apull). (2.15)
n=1

Here the series converges absolutely uniformly on B,.(0), for all0 < r < R?)
and gl is continuous.

2) By Def. 2.8,

oo
S sup a4 < oo
n—o IT'€Br(0)
forall 0 <r < R.
3) By Def. 2.8

oo

ST s Januh (T)llpa) < oo
n—1T€B(0)

forall 0 < r < R.
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Proof. For all 7 € (0,R), T € B,(0) and n € N we have |a,T"||4 < |an]|T|} <
jan ™, 50

o0 o0
Z sup |l T4 < Z |, |r™ < oo.
n—0 TeB,(0) n=0

Which is statement (1).
By (29) forall0 <r < R

o0 [o.]
sup ||anu£ll] (D) Beay < lon [nr™ ™t < .
205 w2

(1]

Hence the series > apun
R. Thus the mapping

converges absolutely uniformly on B,.(0) for all 0 < r <

szMchprwmneBm) (2.16)

n=0

is well defined on Br(0) and the series converges uniformly for 7' € B,.(0) for all
0 < r < R. Hence we can apply Theorem 8.6.3. of the [7] and then deduce (2.15).

Now it remains to show the last part of the statement (2), i.e. the continuity of
the differential function g!!. By the first part of Lemma 2.7 applied to the unitary
Banach algebra B(A) and by (2.5) for all n € N the maps

AST — L(T)" € B(A), A3 T — R(T)" € B(A) (2.17)

and the product on B(A) x B(A) are continuous in the norm topology of B(A), so
by the first equality in (2.8) for all n € N

ulll : A — B(A) is continuous. (2.18)

By (2.18), the uniform convergence of which in the first part of statement (2), and
finally by the fact that the set of all continuous maps is closed with respect to the
topology of uniform convergence, see for example Theorem (2), §1.6., Ch. 10 of the
[1], we conclude that for all 0 < r < R the mapping ¢g[*! | B,.(0) : B,(0) C A — B(A)
is continuous. This ends the proof of statement (2). O

Remark 2.10. By statement (2) of Lemma 2.9 we have
g N T)(h) =Y~ anul(T)(h).
n=1

Here the series converges absolutedly uniformly for (T, h) € B,-(0) x B (0), for all
L>0and0<r<R,ie.

oo

sup o |[|ul (T) (B) ]| 4 < oo
=1 (T.h)E€B,.(0)x B (0)
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Theorem 2.11 (Fréchet differential of a power series). Let A be a unitary
Banach algebra, {ap}neny C K be such that the radius of convergence of the series
gA) = >0y apA™ is R > 0. Then:

1. For all T € Br(0)

ry= i no, L(T)" 1 — {i{ i (n—p-— l)anﬁ(T)"(2+p)}R(T)p}C’(T).
n=1 p=0 \n=p+2
(2.19)

Here all the series converge absolutely uniformly on B.(0) for all 0 < r < R.
2. For all T € Bg(0)

Ty = i na, L(T)" ™t — i {i anﬂ(T)”_k} C(Tr ). (2.20)

k=2 \n=k

Here all the series converge absolutely uniformly on B, (0) for all 0 < r < R.
3. For oll T € Bg(O)

(T i; )T (2.21)

Here the series converges absolutely uniformly on B,(0) for all 0 < r < ? and

g®) K — K is the p-th derivative of the function g.

Remark 2.12. If R/3 < r < R then in general the series in (2.21) may not converge,
see for a counterexample the [5].

Remark 2.13. By using Def. 2.6 we have for all T' € Br(0)

1 = /n n—p
o RO =3 (p) anR(T)"™7 € B(A).

Clearly both (2.19) and (2.20) immediately imply that if T,h € A are such that
[T, h] = 0, then

[1] Z na,hT" 1.

Proof of Theorem 2.11. By Lemmes 2.7 and 2.9

g(T Z anulll(T

n=1

o] n—2
=al+ ) ap (mmnl -y (n—s— 1)£(T)n(s+2>R(T)SC(T)> :

n=2
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By (2.4) forall0 <r < R

Z sup ||ann£(T)"_1||B(A) < Zn|an\r"_1 < o0
n—o I'€B(0) n—>
and
co n—2
Yo s lan(n—s = L) CTIR(T) C(T) | pay <
n=2 s= OTEB (0) (2 22)
§Z|an\2(n—s— r"T2(2r) = Z\an|n—1
n=2 s=0
Therefore
Z annl(T Z n Z (n—s—1)L(T)"CHIR(T)*C(T). (2.23)

Here each series converges absolutely uniformly on B,.(0) for all 0 < r < R. Inequality
(2.22) also implies that

3w 30— s — DL HIR(TYCT) =
n=2 s=0

S Y (- e LT BHORE O =

s=0n=s+2
= {i { i (n—s— 1)an£(T)”_(2+s)} R(T)S} C(T).
s=0 n=s+2

Here each series converging absolutely uniformly on B,(0) for all 0 < r < R and
statement (1) follows. Using (2.4) we can estimate

oo n

Z Z sup

n=2 k=2 T€B(0)

Zan n kR( )E(T)k7(2+S)C(T)

B(A)
-3 s S amyaay-tom| s
n—2 =2 T€B:(0) B(A)

oo n k-2
S 2 S
<333 lanl sup IR 1L ICD 50 < (224)
n=2 k=2 s=0
oo n k-2
<2ZZZ|Q”‘ sup( TN
n=2 k=2 s=0

= nn—1)|a| up )|\T||’j;1 =3 n(n = Dlanr" < o,

n=2 TeB-(0 n=2
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and therefore

3 e £ R £ 0T =

n=2 k=2 s=0

3 S S R £ () =
k=2 n=k s=0

S S ) S R L) =
k=2 n=%k s=0

= f: {i anﬁ(T)"_’“} (T ). (2.25)
k=2 \\n=k

All the series uniformly converge for T' € B,.(0). Here in the last equality we used
Corollary 2.3 and the fact that £(C(T*~!)) € B(B(A)). Moreover by (2.2)

i i aﬂ[:(T)n—kR(T)QE(T)k—(Q""g)C(T) =
- i (n— s — Dan L(T)"~FFIR(T)*C(T)

. . R
hence by (2.25) and (2.23) we obtain statement (2). Finally we have for all r < =

A = ZZ sup

n=1p=1T€B> (0)

atn (Z) R(T)"~PC(T)P~

<
B(A)

<ZZ( Jiaul s IREGEICEDI <

n=1p=1

n 1 n— —
<35 (Mlanl s i = S (a2
n=1p=1 TeB-(0) n=1p=1

Hence

A< Z oy |71 Z ( >2p1 < i v, [Pt Zn: <n)2p =
n=1 p=1 n=1 p=0 p
i o [P 13" =t i |cn | (37)™
n=1 n=1

Thus by the third equality in Lemma 2.7 and Lemma 2.9 we obtain statement (3). O
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The previous Theorem 2.11 is the main result of the present work. Let A be
a unitary K-Banach algebra and Zf;o ap A" a series at coefficients in K having
radius of convergence R > 0. We give for the first time the Fréchet differential
gt of the A-valued function g(T) = > 0% j @, T™, in a C(T)-depending absolutely
uniformly convergent series on B,(0), for all 0 < r < R, in statement (1); and in a
C(T*)-depending absolutely uniformly convergent series on B,.(0), for all0 <r < R
and with k > 1, in statement (2). This allows us to give immediately a simplified
formula for the value gl!!(T)(h) in case of the commutativity [T,h] = 0, with T €
Bpr(0) and h € A, (see Remark 2.13).

Finally we give a different proof with respect to [13] and in such a way generalizing
that in [5], of the known formula in statement (3), in case 0 < r < ?, see Remark
2.15 and Remark 2.20.

Remark 2.14. We note that the formula (2.19) explicitly contains C(T") as a factor,
formula (2.20) gives an expansion in terms of C(T*) and finally formula (2.21) gives
an expansion in terms of C(T)*.

Remark 2.15. For all T such that || 7| < & and for all h € A we have

oo

g1y =S ig@) (T)C(TY=1(h). (2.26)

p=1

Here the series is uniformly convergent for (T, h) € B,(0) x B (0) for all 0 < r < &
and L > 0, i.e.

=1

D

p=1

= sup lg®(T)C(T)P~ (h)[|a < o
P (T,h)eB,.(0)x B (0)

Corollary 2.16 (Fréchet differential of a power series of differentiable functions de-
fined on an open set of a K-Banach Space and at values in a K-Banach algebra
A). Let A be a unitary Banach algebra, and {a,}nen C K be such that the radius
of convergence of the series g(A) = Y .- japA" is R > 0 and 0 < r < R. Finally
let X be a Banach space over K, D C X an open set in X and T : D — A a
Fréchet differentiable mapping such that T (D) C B,.(0) or alternatively D is convex

and bounded and sup,cp, |70 (2)|| p(x,4) < 00. If we set T = sup,ep | T (2)]| 4, then:

1. ¥ < oo and if ¥ < R then
goT = Zan’]’".

n=0
Here the series is uniformly convergent on D, while T™ : D > x — T (z)™.
2. If 0 < ¥ < R then the function g o T is Fréchet differentiable and

lgoTIM (z) = i apul (T (2))TM(2), Vz e D. (2.27)
n=0

Here the series converges in B(X,A). Moreover:
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a) If TN : D — B(X, A) is continuous then the function [g o T}[l] : D — B(X,A),
is also continuous.

b) If sup,ep I TM(2)| p(x,.4) < 00, then the series in (2.27) absolutely uniformly
converges on D.

Proof. Let us consider the case in which D is convex and bounded, and
supgep || TM(2)| 5(x,4) < 00. Let a,b € D and S, the segment jointing a,b. D is
convex so S, C D. By an application of the Mean Value Theorem, see Theorem 8.6.2
of [7], we have for any x¢ € D

I17(6) = T(a) = T (o) (b~ a)|a < b —allx - sup [TH(2) = T (2o) | px,0)-

TESq,b
Thus by ||A]| — | B|| < ||A — B|| in any normed space,
sup | 7(a) |4 < sup | 7(0) = T (o) (b — a) |+
a€D a€D

+ sup ||b—al|lx - sup sup ||T[1] (z) — Tl (x0)||B(X7A) <
a€D a€ED x€Sq
< T ®) )|+ 17M(z0) | 5(x,) sup [|b — al|x+
acD (2.28)
+sup [|b—ax - sup [T (z) — T (20) | ) <
aceD zeD

<N T®)]at+

+sup |b— allx - (2||T[” (20) | 5x.a) + sup |71 <x>|B(X,A)) < .
a€ED xeD

Here D is considered bounded and sup,¢p, | 7(2)| 5(x,4) < 00 by hypothesis.

So by (2.28) 7 < co which is the first part of statement (1.).

Let D C X be the open set of which in the hypotheses.

By 7 < oo we can assume that 0 < 7 < R, then the second part of statement (1.)
follows by statement (1.) of Lemma 2.9.

In the sequel of the proof we assume that 0 <7 < R.

By statement (2.) of Lemma 2.9 and by the Chain Theorem, see 8.2.1. of the [7],
g o7 is Fréchet differentiable and its differential map is

[goTIM: D52 g (T(2) o TH(z) = {i apull] (T(x))} o T(z) € B(X, A),
n=0

(2.29)
here it was used the fact that uniform convergence implies puntual convergence. By
statement (2.) of Lemma 2.9 and ¥ < R the previous series converges in B(.A), more-
over b : B(A) x B(X,A) > (¢,9) — ¢po1p € B(X,A) is a bilinear and continuous
map i.e.

be Ba(B(A) x B(X,A); B(X,A)), (2.30)

since [} 0 ¥llz(x.4) < 6]za) - (¥l Thus (2.20) implies (2.27).
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> I:Dsz— (gMoT(x), TH(z)) € B(A) x B(X, A).
According to (2.29)
[goTI™ =borl. (2.31)
T is continuous by hypothesis, and ¢gl!! is continuous by statement (2.) of Lemma

2.9, while 7 is continuous being differentiable by hypothesis, so g!*/ o 7 is continuous.
Therefore by Proposition 1, §4.1., Ch. 1, of the [1] the map T is continuous. Thus by

(2.31) and (2.30) [go T]m is continuous and statement (a)) follows.
By (2.9)

Z sup lonu (T (@) o TH(@) | .y <

n— OIE

< Z sup lanlllul (T (@) ey - 1T (@) 3(x,a) <

nOaC

< Z sup Ja ||| 7 (z Wi 1T @) ex,a) <

nO:C

< Z sup | |n||7 (2 [ sup 1T (@)l px,a) <

n= Oz
< MZ o, [nF" ™ < o0,
n=0
where M = sup,cp |70 (2)|| p(x,4) and statement (b)) follows. O

Remark 2.17. By (2.29), statement (3) of Theorem 2.11 and (2.30), if 0 < ¥ < §7
we have for all x € D
lgoTI (@) =3

p=1

%9“’) (R(T(2)))C(T ()"~ T (x). (2.32)

In addition if sup,¢ p, |70 ()| 5(x,4) < 00, then the series in the (2.32) is absolutely
uniformly convergent on D.
If 0 <7 < & by (2.32) we have for all h € X

o0

lgoTIM (2)(h) = Z p,g(p)(ﬂ 2))C(T ()P~ H (T W (@) (h)). (2.33)

In addition if sup,¢p, |71 (7)[| B(x,4) < 00, then the series in the (2.33) is abso-
lutely uniformly convergent for (x,h) € D x Br(0), for all L > 0, i.e.

oo

1w W) (T vy .
3 i, o 18 TENOT P T Bt <
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Remark 2.18. In a similar way as in the proof of statement b) of Corollary 2.16 we
have:

1. if0< 7 < R
lgo T (@)(h) = Y~ no, TW (@) (W) T (2)" '+
oo n—2
+3°3 (0 - p— DanT (@) [T (x), TV @) (W) T (2)"~+P) =
n=2 p=0

(2.34)
Z na,T (R)T (z)"

£35S (e p - DanT@P (@), TV @) ()T ().

p=0n=p+2

If in addition sup,cp [|7(2)] 5(x,4) < 00, then all the series in (2.34) are abso-
lutely uniformly convergent for (x,h) € D x B(0), for all L > 0.
2. If 0 < ¥ < R we have

lgoT|M (z) =

= Z nonE(T (@) T (@)~ 3 {Z e ’“} O(T (@) T ).

k=2
(2.35)
If in addition sup,¢p | 71(2)| 5(x,4) < 00, then all the series in (2.35) are abso-
lutely uniformly convergent on D.

Definition 2.19. Let (G, || - ||¢) be a C-Banach space, then we denote by Ggr the
vector space G over R whose operation of summation is the same as that of the
C -vector space GG, and whose multiplication by scalars is the restriction to R X G of the
multiplication by scalars on C x G, finally we set || ||gz = || |/¢. Then (Gg, || - |lcg) 18
a Banach space over R and will be called the R-Banach space associated to (G, || - |l¢)-

Let F, G be two C-Banach spaces then of course B(F,G) C B(Fg, Gr), where the
inclusion is to be intended only as a set inclusion. Let A C F then if A is open in F'
it is open also in Fg. For a mapping f: A C F' — G, we will denote with the symbol
f®: A C Fg — Gg the same mapping but considered defined in the subset A of the
R-Banach space associated to F' and at values in the R-Banach space associated to G.

Remark 2.20. Let Y, Z be two C-Banach spaces, then by considering that B(Y, Z) C
B(YR, Zr), we have that for each Fréchet differential function f: A C Y — Z the
same function f® : A C Yz — Zg considered in the corresponding real Banach spaces,
is differentiable, in addition f[I = (f®)[. Therefore if we get a real Banach space
X, we shall obtain the same statements of Corollary 2.16, Remark 2.17 and Remark
2.18 by replacing A with Ag.

In particular take X = R and recall that for every differential map H : D C R —
Ag we have H(t)(1) = 4H (¢) for all t € D, where 42 : D — Ag is the derivative
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of H. Hence if we denote g(A) = > | a, A" and assume 0 < 7 < &, then we obtain
by (2.33) that for allt € D C R

R oo
YT =3 v roeror (Go). (2.36)

pzlp!

In addition if sup,cp || %% (¢)[|.4 < oo, then the series in the (2.36) is absolutely uni-
formly convergent on D.
This formula has been shown for the first time by Victor I. Burenkov in [5].

Notice that C(7(t))° = 1 and for all n € N — {0}

n n

o W (AT _/_/HdT T
(T(t)) (dt(t)) { Hdt(t),T(t)],T(t)],...}

In particular if [4Z(¢),7 (t)] = 0, then

R o
T (1) = g0 (7)) L (1), (2.37)
If [[4Z(t),T(t)] ,7(t)] = O then
R o)
WL =T G0 + 5020 [T 10| @)
and so on.

Corollary 2.21. Let A be a unitary Banach algebra, {a, }neny C K be such that the
radius of convergence of the series g(\) = > 7 ap, A" is R > 0. Finally let W € A,

0<r<R, Dew) = —W, ”I;,” [ with the convention § = oo and
T(t) =tW

for allt € D, wy. Then with the notations adopted in the statements of Lemma 2.9,
we have:

1.
gt o T(t) = Z apt"wn
n=0

and the series is absolutely uniformly convergent for t € D, w.
2. g® o T is derivable, the following map

dgfoT

(=W > et twrTt = wdd, T(t) (2.39)

dA

n=1

Jor allt € D, w) is the derivative function of g® o T, is continuous and the series
in the (2.39) is absolutely uniformly convergent.

Proof. Statement (1) is trivial. The map 7 is derivable with constant derivative equal
to W € A, hence we have statement (2) by Remark 2.20 and (2.34). O
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3. APPLICATION TO THE ANALYTIC FUNCTIONAL CALCULUS
IN A C-BANACH SPACE

In this section G is a complex Banach space and Open(C) is the set of all open
subsets of C. We denote by o(T) the spectrum of T for all T € B(G), and for all
U € Open(C) such that o(T) C U and g : U — C analytic, by g(T) the operator
belonging to B(G) as defined in the analytic functional calculus framework given in
Definition 7.3.9. of the [8], that is

1
Ty = —
9(T) = 5.

/g()\)R()\; T)dA.

B

Here

R(\;T) = (A1 — T)~! is the resolvent of T, while B C U is the boundary of
an open set containing o(7") and consisting of a finite number of rectifiable Jordan
curves. If U is an open neighborhood of 0 and g(\) = Y7 j a, A™ for all A € U, then
by Theorem 7.3.10. of the [8] ¢(T') = Y., a,T™ converging in B(G). Therefore for
this case we can apply all the results in Section 2.

Corollary 3.1 (Fréchet differential of an operator valued analytic function defined
on an open set of a R-Banach Space). Let Uy be an open neighborhood of 0 € C,
g : Uy — C an analytic function such that g(\) = Y07 o ap\", for all X € Uy. Let
R > 0 be the radius of convergence of the series Y .- ap,A". Finally let X be a
Banach space over R, D C X an open set of X and T : D — B(G)r a Fréchet
differentiable mapping such that there exists r € RT | 0 < r < R such that:

1. T(D) C B,(0)
2. 0(7T(x)) C Uy, forallxz € D.

Then:
1.

FoT = ia,ﬁ”.

n=0

Here the series absolutely uniformly converges on D.
2. The statements of Corollary 2.16, Remark 2.17 and Remark 2.18 hold with A
replaced by B(G)r, while Remark 2.20 holds with A replaced by B(G).

Proof. The map g o T is well defined by the condition o (7 (x)) C Uy for all z € D,
while the power series expansion follows by Theorem 7.3.10. of the [8]. Therefore
statement 1. follows by the hypothesis 7 (D) C B,.(0), with 0 < r < R and Remark
2.20. Statement 2. is by Corollary 2.16 and Remark 2.20. O

Remark 3.2. If we assume that G is a complex Hilbert space and 7 (x) is a normal
operator for all z € D, then the condition 7 (D) C B,(0) is equivalent to the following
one o(7 (x)) C B-(0) for all z € D.
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Although the following is a well-known result, for the sake of completeness we
shall give a proof by using Corollary 2.21.

Corollary 3.3. Let {an}nen C C be such that the radius of convergence of the
series g(A) = Yoo ganA" is R > 0. Moreover let W € B(G), 0 < r < R, and
D¢wy = HWH’ HWH with the convention § = oo. Then the operator g(tW') is well
defined for all t € D, wy and

oo
= Z apt"wWwn.
n=0

Here the series converges absolutely uniformly on D, wy. Moreover the map D, wy) >
t— g—i(tW) is Lebesgue integrable in B(G) in the sense defined in [4], Definition 2
Ch. IV, 83, n°4, and for all ui,uz € D w)

W/ %(tW) dt = g(ueW) — g(u W).

Here fu2 49 (tW) dt is the Lebesque integral of the map Diwy 3t — j—/g\(tW) as
defined in Deﬁmtzon 1 Ch. IV, §4, n°1 of [4].
Proof. By (2.3)
R(W) € B(B(@)). (3.1)
Set T(t) = tW for all t € D(, wy. Then Z—f oT(t) = > 7 apnt™ *W"1 and
the map Dy wy >t — ?T,\ o T( ) is continuous in B(G), as a corollary of (2.39), by

replacing the map g with 4
Ui, Ug € D(T,W)

2%, hence it is Lebesgue-measurable in B(G). Finally let

*

dg [ el gy
/||ﬁ(tW)Hdt: / 1Y annt™ Wt dt <

=1
[u1,uz) [uwtz] "

oo
Z lovn [nr™ L dt = Jug — uy| Z o [nr™ ™ < oo
n=1

[ul uz]

Here f[zl’uz} is the upper integral of the Lebesgue measure on [u1, ug]. By this bound-

edness and by its Lebesgue- measurability we conclude by Theorem 5, IV.71 of [4]
that [u1,u2] 3¢ — % o T (t) € B(G) is Lebesgue-integrable in B(G), so in particular
by Definition 1, V.33 of [4]

Uz

/ % o T(t)dt € B(G). (3.2)

uy
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Therefore by (3.1), (3.2), Theorem 1, IV.35 of [4] and (2.39)

Uz

Tdg g [T )
w / 0 o Tt = / WS o T(t)dt = / —— . (3.3)

U1

Furthermore by the continuity of the map D¢, wy 3t +— 49 o T(t) in B(G) and

ax
by (2.39), Dwy 3 t +— % is continuous in B(G) and it is the derivative of
the map D, w) 3t — g® o T (t). Therefore it is Lebesgue integrable in B(G), where
the integral has to be understood as defined in Ch. I of [2], see Proposition 3, n°3,
§1, Ch. IT of [2]. Finally the Lebesgue integral for functions with values in a Banach
space as defined in Ch. IT of [2], turns out to be the integral with respect to the
Lebesgue measure as defined in Ch. IV, §4, n°1 of [4] (see Ch. III, §3, n°3 and

example in Ch. IV, §4, n°4 of [4]). Thus the statement follows by (3.3). O

Finally we want to remark that one of the main aims of our work [16] is proving
this formula for a certain class of unbounded operators in a Banach space and by
considering the integral in weaker topologies than that induced by the norm in B(G).
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