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1. INTRODUCTION

The general and spectral theory of linear bounded hyponormal operators in a Hilbert
space was founded and developed by P.R. Halmos [8], C.R. Putnam [17], J.G. Stampfli
[18,19], C.R. Williams [20], D. Xia [21].

We know that, all normal extensions and discrete spectrum of the minimal opera-
tor generated by a linear differential-operator expression for the first-order in L? has
been described in terms of boundary conditions in [10-12] and [13]. We work with
hyponormal operators instead of normal operators.

A densely defined closed operator N in a Hilbert space H is called a normal
operator if D(N) = D(N*) and for all z € D(N) ||[Nz|l = || N*z||» (cf. [3]).

A densely defined closed operator T' in a Hilbert space H is called hyponormal if
D(T) c D(T*) and for all z € D(T), ||T*x||n < ||Tx||x.

If a hyponormal operator in H has no non-trivial hyponormal extension, then it
is called a maximal hyponormal operator. It is clear that for the hyponormality of a
linear closed operator T' in a Hilbert space H, it is necessary and sufficient to have
D(T) C D(T*) and TT* < T*T.

This paper contains two sections. In the first section we investigate all maximal
hyponormal extensions of the minimal operator in L? in terms of boundary conditions.
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In the second section we investigate discreteness of the spectrum and asymptotical
behavior of the modules of the eigenvalues for maximal hyponormal extensions of the
minimal operator Lo in L2.

Let H be a separable Hilbert space and let L? = L?(H, (a, b)) be the Hilbert space
of vector-functions from the finite interval (a,b) to H (cf. [7,9]).

1.1. DESCRIPTION OF MAXIMAL HYPONORMAL EXTENSIONS

In the space L? consider a linear differential-operator expression of first order of the
form

l(u) = u'(t) + Au(t), (1.1)

where A is a linear maximal hyponormal operator, A = Ar +iAj, Ag is the real part

of A, Ay is the imaginary part of A and Ag is a linear lower positive definite operator

in H. For simplicity, we assume that Az > E. E denotes the identical operator in H.
The formally adjoint expression (1.1) in the Hilbert space L? is of the form

I(v) = —v'(t) + A*0(t). (1.2)

Let us define the operator Ly on the dense L? set of vector-functions Dy,
D} = {u(t) €L ult) =Y ee)fi, or€C(ab), k=12....n, ne N},
k=1

as Lz)u = [(u). Since the operator Ag > E, then the LE) operator is accretive, that is
Re(Lgu,u)r> >0, wu € Dy. Hence the operator Ly has a closure in L. The closure
of LB in L? is called the minimal operator, generated by the differential-operator
expression (1.1) and is denoted by L.

In a similar way we can construct the minimal operator L§ in L? which is gener-
ated by the differential-operator expression (1.2) in L2. The adjoint operator of L
(resp. Lg) in L? is called the maximal operator, generated by (1.1), (resp. (1.2)) and
is denoted by L (resp. LT) (cf. [1,7]).

In this section the main purpose is to describe all maximal hyponormal extensions
of the minimal operator in L? in terms of boundary conditions.

Note that all normal extensions of the minimal operator generated by a linear
differential-operator expression for the first-order in L? has been described in terms
of boundary conditions in [12,15].

Lemma 1.1. T is a hyponormal operator in a Hilbert space H if and only if the
following two condition hold:

(i) D(T) c D(T™),
(ii) Im(Trzx, Trx) > 0,

where Tp = (T +T*) and Ty = (T — T*).
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Proof. Let us consider T, a hyponormal operator in H. Hence for all z € D(T)

Ter=Trx+ilTix €H,
T x=Trx —ilix €H,

then Trx € H, Trx € H. On the other hand, for all x € D(T'),
IT* ol < [ Talle.

From this inequality, we can easily show that
Im(Tgx, Trz) > 0.

Conversely, if D(T) C D(T*) and Im(Trz,Trx) > 0 for all x € D(T), then it
follows immediately from the obvious relation,

4Im(Tre, Trz)y = | Tx||* — || T*z||* for all z € D(T).

This completes the proof of the theorem. [

Theorem 1.2. If the minimal operator Lo has at least one hyponormal extension
in L2, then the minimal operator Ly is hyponormal in L?.

Proof. Let Lj be a hyponormal extension of, that is, Ly C Ly C L, then from the
condition D(Ly) C D(L}) and following relation

D(Lo) € D(Ly) € D(L) € D(LT) = D(Lj)

we obtain D(Lg) C D(L§).
On the other hand, from the inequality ||Ljz| < |Lnz|,x € D(Lp) for any
u(t) € D(Lg) we have

[Lhullze = | Loullz> < [[Lnullzz = || Loul| 2,

that is, || Liullrz < ||Lou||r2, u(t) € D(Lo). O

Theorem 1.3. Let A be a linear closed densely defined operator in ‘H. If the minimal
operator Lo generated by the differential-operator expression l(u) = u'(t)+ Au(t) in L?
s a hyponormal operator, then the operator A is hyponormal in H.

Proof. Existence of the minimal operator Lo in L? follows from the result in [7]. On
the other hand, since D(Lg) C D(L§) = D(L™') and for vector-functions

0
u(t) = ¢(t)f, o(t) €Wy, fe DA,
0
Wy (H, (a,b)) := {u(t) : u(t) € L*,u'(a) = ' (b) = 0},
belonging to D(Lg) and u(t) € D(L™), we have

Lyu=—¢'(t)f +(t)A"f € L*(H, (a,1)).
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It follows that f € D(A*). Hence
D(A) Cc D(A"). (1.3)
From the second condition of hyponormality of the operator Lg, we have
[Loulle < [[Loul L2, u(t) € D(Lo).

For the special case of vector-valued functions

u(t) = @(t)f, (1) € Wy (a, b);

f € D(A) in D(Ly) from the last inequality, we have
b b
14518 [ 10(0) 1 dt < 205, A [ 160700 + o077 e+

a

b
S, / | o(t) 2 di

and

b b b
140513 [ V(o) P e <27, Anf) [(o@@) de+ A7 [ 1ote) P ae <
b
< 27, A )olto) 2 +IAS, [ 16(0) P di <

b
<2(f, APl ¢ P (0)— [ ¢ I (a)] + IIAfH%/ | o(t) | dt

0
for p(t) € Wi (a,b). Then

b b
/ (1) 2t A" f12, < / o(t) 2| AF (1) 2,

Choosing function ¢(t) € I/I(}Ql(a, b) with property f; lo(t)|2dt # 0, from the last
relation we obtain,

[A*fllwe < [[Afll3, | € D(A). (1.4)

Hence from (1.3) and (1.4), it is established that operator A is hyponormal in H. O

Corollary 1.4. If the minimal operator Ly generated by the differential-operator
expression l(u) = u/(t) + Au(t) with a linear closed densely defined operator in H is
a normal operator in L?, then the operator A is normal in H (see also [10,11,16]).
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Note that furthermore we will take the operator A as a normal operator in H.
In a similar manner, we can construct the minimal My and the maximal operator
M corresponding to the differential-operator expression

m(u) = u'(t) + Aru(t),

in the Hilbert space L? of vector functions.
Let us introduce the following operator.

U, (t,s) f +iAU (t,s) f =0,
U(S,S)f:f, fGD(A), t,SG[a,b].

The operator U(t, s), t,s € [a,b], is linear continuous bounded invertible unitary
operator in H and U*(t,s) = U(s,t), U L(t,s) = U(s,t) (for detailed analysis of
these operators see [2] and [14]).

Uz(t) :==U(t,a)z(t), U:L*— L*

In this case it is easy to see that, for the differentiable vector-function z(t) € L?
with z(t) € D(A), t € [a,b], the following relation holds:

(Uz) = (Uz)/(t) + AW U=z(t) =U(Z'(t) + Arz(t) + (U; + 1A (t)U)z(t)
=Um(z) € L.
From this, then we have
UNU(2) = m(2).
It is clear that, if the operator L is an extension of the minimal operator Lo, that
is, Lo C L C L, then
U 'LoU =M, MycU 'LU=McM, U ‘LU=M. (1.5)

For example we will prove the validity of relation (1.5).
It is known that

D(M) = {u(t) € L*? : u(t) absolutely continuous on (a,b), m(u) € L*}
and
D(My) = {u(t) € D(M) : u(a) = u(b) = 0}.
If u(t) € D(M), then in this case Uu(t) is absolutely continuous on (a,b) and

WUz) = (U2) (t) + AU 2(t) = Um(2) + (U, +iA;())U)=(t) = Um(z) € L?, (1.6)

that is, Uu(t) € D(L). Furthermore, from the relation (1.6) we infer that M C
U-'LU.

Contrary, if the vector-function v(t) € D(L), then the element U~ 'v(t) is abso-
lutely continuous on (a,b) and

m(U " o(t)) = (U o(t) + AU~ o(1)) =

(1.7)
=U [/ (t) + Agu(t) +iAv(t)] = U M(v(t)) € L?,



84 Zameddin I. Ismailov, Erdal Unluyol

that is, U~ tv(t) € D(M), and from the relation (1.7)
U 'LcmUu~t, UT'LU c M.

Hence U7'LU = M. Therefore, operator U is a one to one map of D(M) onto D(L).

Here we define a Hilbert scale H,;(T"), —oco < j < 400 of the spaces constructed
via the operator T7. Let H = H, be a Hilbert space over the field of complex numbers
with inner product (-,-) g, and norm

1/2
1£l30 = (f: Drte- f € Ho.
Let T be a linear self-adjoint operator on the Hilbert space H such that
1T fll#o 2 111340
The set D(T7), 0 < j < +o0, under an inner product
(f?g)H+j = (ijvTjg)Hoa fag € D(TJ)

is a Hilbert space. We define H; := H;(T), 0 < j < +00, and it is called a positive
space. In a similar way we have H_; := H_;(T), 0 < j < 400, and this is called a
negative space. It is clear that

Hir CH4j, 0<7<j<o00, Hiyj CH=HoCH_j, Hij:H_j,0<j<oo,

and H;,0 < j < oo is dense in H (for a more detailed analysis of the spaces H;,
—00 < j < 400, see [6] and [7]).
0

Let W4 (H, (a,b)) (W3(H, (a,b))) be the Sobolev space of vector-functions from
the finite interval (a,b) into H (see [7]).

Theorem 1.5. If the minimal operator My is a hyponormal operator in L2, then

D(Mo) C Wz(  (a,0)),
ArD(Mo) C L*(H, (a,b)).

Proof. Indeed, in this case for any vector-functions w(t) from D(Mj) we have
u' 4+ Agu € L*(H, (a,b))

—u' + Aru € L*(H, (a,b)).

)

From these relations
u'(t) € L*(H, (a,b)),
Agu(t) € L*(H, (a,b)), u(t) € D(My) and wu(a)=u(b) =0,
we obtain

0
u(t) € Wy (H, (a,b)),
ArD(My) C L*(H, (a,b)).
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Theorem 1.6. If the minimal operator A is normal in H and the following condition
holds

0
AR W21 (H7 (a" b)) c Lz(Hv (a7 b))a
then the minimal operators My and Lg are hyponormal in L?.

Proof. First, we will prove hyponormality of My in L?. Under these conditions for
0
each u(t) € D(My) C W3 (H, (a,b)), we have

Miu = —u'(t) + Agu(t) =
= —(u'(t) + Apu(t)) + 2Agu(t) € L*(H, (a,b)).
That is, D(My) C D(M{).
On the other hand, for each u(t) € D(My), we have
IMoullZs — [ MgullZ. = (u'(t) + Agu, /(1) + Apu)L2—
— (= (t) + Agu, —u'(t) + Aru) 2 =
= [u'll72 + (v, Aru) 2 + (Agu, o) 2 + | ARullZs — [[o/[[ 72+
+(u', Apu) 12 + (Agu,u') 12 — [|ARull72 =
=2[(/, Agu) 2 + (Apu,u') 2] = 2(u, Agu)nI, =0,
that is, ||Mgu|l < ||Moul|| for each u(t) € D(My). Hence, the operator My is hy-

ponormal in L2. Now we will prove hyponormality of Ly in L?. From the following

properties
Lo=UMyU™", Li=UMiU"

and
D(Lo) = D(UMU ") ¢ DUMSU™Y) = D(LY)
we have D(Lg) C D(L{). Furthermore, for each u(t) € D(Lg)

ILGullie = [UMGU™ 72 = (UMGU ™ u, UMGU ™ )2 =
= (MU tu, U UMIU tu) 2 =
= (Mg (U™ ), Mg (U™ )2 = | Mg (U™ ) |72 <
< Mg (U™ )72 = (MU ), Mo(U™ )2 =
= (U*UMoU ™ u, MoU ™ u) g2 = (UMoU " u, UMU ') g2 < || Loul|32.

Therefore, operator Ly is hyponormal. [

Theorem 1.7. Let A}%/Q[D(L) N D(LT)] € Wi(H, (a,b)). Each hyponormal exten-
sion Ly, of the minimal operator Ly in L? is generated by the differential-operator
expression (1.1) with the following boundary condition,

u(a) = VU(a,b)u(b), (1.8)
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where V is isometric and 14}%/2‘/141;1/2 is also a contraction operators in H. The

isometric operator V is determined uniquely by the extensions Ly, i.e. Ly = Ly .
Contrary, the restriction of the maximal operator L to the manifold of

vector-functions u(t) € D(L) N D(L") that satisfies condition (1.8) for some isome-

tric operator V, where A}%/ZVAI?/2 s also contraction operator in H, is a mazimal
hyponormal extension of the minimal operator Ly in the space L?.

Proof. First, we will describe all maximal hyponormal extensions M}, of the minimal
operator My in L? in terms of boundary values.
Let M}, be a maximal hyponormal extension of M. In this case, for every u(t) €
D(My,), we have
Muu=u'(t)+ Agu(t) € L?,
Mju=—u'(t) + Apu(t) € L*.
From this relation we find that u’(¢) € L? and Aru(t) € L?. In other words, D(M},) C

W3 (H, (a,b)) and AgD(My) C L.
On the other hand, if u(t) € D(Mp) C D(M}), then we have representations,

t
u(t) = e~ Arlt=a) f 4 / e~ ARE=S) (M, u)(s)ds,

a
b

u(t) = eAn=0g 4 / eAn =) (M) (s)ds,

t

where f,g € H_i/2(Agr). Hence every u(t) € D(My) has the property
u(t) € C(Hyq2,[a,b]) (see [7]). Furthermore, from the relation

(Myu,v)p2 = (u(b),v(b))n — (u(a), v(a))n + (u, Mjv) L2,
which holds for every u(t) € D(Mp) and v(t) C D(M;), we have
[u(b)ll+ = llu(a)ll2.
Then there exists an isometric operator V in H such that
u(a) = Vu(b). (1.9)

On the other hand, for any u(t) € D(Mj) from the second condition of hyponor-
mality of the extensions M) we have
|Mjul|7e — |Mpul3e = (= + Agu, —u’ + Apu)r2 — (W + Aru, v’ + Agu) e =
= 2[(v, Apu) > + (Apu,u') 2] = —2(u, Agu)y 1l =
= —2[(u(b), Aru(b))n — (u(a), Aru(a))n] =
= 2| A u(@)ll5; ~ [ AR *u(B)]3] <0,
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that is,
1A u(a)|3, < A u®)|3,  ult) € D(My).

Hence there exists a contraction operator K in H such that
AMu(a) = KAYu(b), u(t) € D(My). (1.10)

Now we will prove that, if a hyponormal extension M , My C M C M is maximal,
then N N
Hy(M) = {u(b) € H : u(t) € D(M)} = M1 jo(An).
To prove this, we assume that there exists f € H,ii/2(Ag) such that for each
vector-function u(t) € D(M), u(b) # f. Now we will look at the vector-function
u (t) =f, a<t<b.
It is clear that

feDM)ND(M*), Apf € L?, f ¢ Hy(M)

and
(@) lr = llue®) 3, I1AH un(@) |2 < [|AH 1) |21

Now we consider an extension Mv* , ]\Z C M of the operator M to the linear manifold
D(M.,) = span{D(M), u,}.
On the other hand, if we denote by

Ve, z€DV) or Vildx+ f):=AVa+ f,
xTr =
f z=f xzeDV), AeC,
then Vi : D(Vi) — H, V C V, and an operator V, is an isometric operator in H. For
the vector-functions z(t) of the manifold D(M,) holds. That is, there exists a hyponor-
mal extension of the operator M to w,(t). This cannot happen since the extension

M is maximal. Furthermore, from the relation (1.9), (1.10) and Hi1/2(AR) = H we
have
V= A PKAY, that is, K = AY*VARY?

It is clear that, an isometric operator V' is determined uniquely by the extension
of Mh

Now let Lj, be a maximal hyponormal extension of the minimal operator L in L2.
It is clear that M), = U~'L,U, My C M; C M, is a maximal hyponormal extension of
My. Then in the first part of the proof M}, is described by the differential-operator ex-
pression m(u) and boundary condition (1.9) with some isometric operator V in H i.e.

v(a) =Vu(b), wv(t) € D(My), (1.11)
1 —1
where the operator K = ALV A7 is also a contraction operator in H. Since

v(t) =Ul(a, t)u(t), v(t) € D(My),
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then the boundary condition (1.11) will be of the form
u(a) = VU(a,b)u(db), wu(t) € D(Ly).

Now let Ly be an operator generated by the differential-operator expression I(u)
with boundary condition (1.8) in L2, that is,

Lyu=1(u),
u(a) = VU(a,b)u(d), wu(t) € D(Lv),

1 -1
where V and K = ARV A7 are isometric and contraction operators in H respectively.
In this case the adjoint operator L3, is generated by the differential-operator ex-
pression [*(v) with the boundary condition

v(b) =U(b,a)V*v(a), w(t) € D(LY).

It is easy to see that D(Ly) C D(L},) and the second condition of the hyponor-
mality extension in L? holds. O

Proposition 1.8. In order for a densely defined closed operator T to be hyponormal
in H, the necessary and sufficient condition is the hyponormality of T + AE, A € C,
mn H.

Proof. 1t is clear that for any A € C

D(T + \E) = D(T),
D(T* + AE) = D(T*).

In addition, it can be verified that for z € D(T')
(THAE)(T*+AE)z, )1 — (T*+AE)(THAE)x, 2)n = (TT*z, )5~ (T* Tz, 7)3. O
Remark 1.9. Ifin (1.1) Ag > 0, then writing (1.1) in the form

l(u) =u'(t) + Au(t) = u'(t) + (A + E)u(t) —u(t) =
= [u'(t) + (Ar + E)u(t) +iAr(t)u(t)] — u(t),
using Proposition 1.8 and Theorem 1.7 we may describe all maximal hyponormal
extension of minimal operator Lo in L? generated by (1.1) and boundary condition
(1.8), where V is an isometric and

(Ar+ BE)'"?V(Ar + E)'/?

18 a contraction operators in H.
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2. ASYMPTOTICAL BEHAVIOR OF THE MODULES
OF THE EIGENVALUES FOR MAXIMAL HYPONORMAL EXTENSIONS

In this section we will investigate discreteness of the spectrum and asymptotical
behavior of the modules of the eigenvalues for maximal hyponormal extensions of
minimal operator Ly in L?. For the convenience of the reader we give all the proofs
which are similar to those used in [13].

First of all it is easy to see that the following result holds.

Theorem 2.1. If L; is a mazimal hyponormal extension of the minimal operator Lg
and My, = U'L,U is the mazimal hyponormal extension of the minimal operator
My corresponding to Ly, then on the spectrum of these extensions in L%, we have
o(Lp) = o(Mp). We denote by C,(H),p > 1, the Schatten — von Neumann class
of operators in the Hilbert space H (see [5]) and B(H) is a class of linear bounded
operators in H (see [4]).

Now we prove the following theorem about the spectrum of maximal hyponormal
extensions.

Theorem 2.2. The spectrum of maximal hyponormal extensions Ly has the form

okt
U(LV)Z{)\GCIAZ)\0+bk_i;, where \g is a set

of solutions on X for the equation e *(b—a) — =0, € J(Ve_AR(b_“)), ke Z}.

Proof. Since o(Ly) = o(My), My = ULy U, then we investigate the spectrum of
maximal hyponormal extension My in L?. Now let us consider a problem for the
spectrum of maximal hyponormal extension My,

u'(t) + Agru(t) = Mu(t) + (1),
u(a) = Vu(b),

where A € C, f(t) € L%, V is an isometric operator and A}%/QVA;/Z is a contraction
operator in . It is clear that a general solution of a differential equation in L? has

the form
t

up(t) = e Arm N f oy /6_(AR_*)(t_S)f(S)dS> f € H_12(AR).

a
In this case from the boundary condition, we get the following relation

b
(Ve Ar(b=a) _ o=Ab=a)) ¢ _ —V/e_AR(b_S)f(S)dS'
a

From this we see that, A € C has a point of spectrum of extension My it is necessary
and sufficient for the following relation to hold:

e N0 — e g(Ve Ar(bm),

Therefore, A = A\g + %kf;, where \g € o (Ve‘AR(b_“)) and k € Z. O
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Theorem 2.3. Since Ve 47(=%) ¢ B(H), then o(Ly) # 0 and is infinite.
It is easy to see that following result holds.

Theorem 2.4. If dimH < +oo, then each mazimal hyponormal extension Ly has

a pure point spectrum and the modules of the eigenvalues of extensions Ly have the

same asymptotics |\, (Ly)| ~ 222, as n — oo.

Theorem 2.5. If Agl € Co(H) and the operator Ly is any mazimal hyponormal
extension of the minimal operator Ly, then L' € Cu(L?).

Proof. Let Ly be any maximal hyponormal extension of the operator Ly and My be
a maximal hyponormal extension of the minimal operator M, corresponding to L2,
that is,

My =U""LyU

It can be verified that, for f(t) € L?

b
M;lf(t) = e’AR(t’“)(E - Ve*AR(b*“))*IV/e’AR(b*S)f(s)der
t a

+/67AR(tfs)f(5)ds.

a

Now we prove that, if A" € Coo(H), then
t

Kf(t):= /e‘AR(t_s)f(s)ds € Coo(L?).

In order to prove this, for € > 0 we define a new operator K, : L? — L? of the form

t—e

K.f(t) := / e AR f(s5)ds,  f(t) € L2 e > 0.

a

For each ¢ > 0, the operator K. can be represented in the form
b
Kof(t) = [ Ke(t5)f(5)ds,
a

where f(t) € L? and for each (t, s) € [a,b] x [a,b],

K.(.5) e Ar(t=s)  if g<s<t—eg,
S) =
= 0, if t—e<s<b.

Since for each pair (¢, s) € [a,b] X [a,b], a < s <t — ¢, satisfies the following property

Age Ar(t=%) ¢ B(H), e~ Ar(=9) = [ARe_AR(t_S)} AR' € O (H),
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then K. € C (L?),e > 0. On the other hand, the following estimate holds:

t t

=K Sl = | [ e psas| < [ et sl <
t—e L2 t—e
. . 1/2 ¢ 1/2
< [UsGds < | [1ras) | [12as) <
t—e t—e t—e

1/2

b
< / 1F()2ds | €2 = V2| fla, (1) € L2,

that is,
|K. — K| <e'/2.

Therefore, K. — K, as ¢ — 0.
Hence from the important theorem [5], we have K € Cu.(L?). Thus the represen-
tation of My implies that M;,' € Cwo(L?). Hence Ly;' € Coo(L?). O

Corollary 2.6. Let Ly be any mazimal hyponormal extension of the minimal operator
Lo and X € p(Ly). Then Ryx(Ly) € Coo(L?).

This result follows from the relation
Ry(Ly) = L' — AR\(Ly) Ly
Using the method in the proof of Theorem 2.5 the following result can be proved.

Corollary 2.7. If A}_;i1 € Cp(H),p > 1 and Ly is any mazimal hyponormal extension
of Lo, then Ly, € Cp(L?).

Furthermore, from the representation of resolvent Rx(Lv),\ € p(Ly), of the
operator Ly we have the following corollary.

Corollary 2.8. Let Ly, , Ly, be two mazimal hyponormal extensions of the minimal
operator Lo in L* and X € p(Lv,) N p(Ly,). Then we have

R)\(LV1) - RA(va) € CP(L2)a 1 <p,

if and only if
VliVTQGCP(H% p21

Now we prove a result on the structure of the spectrum of the mazximal extension of
the minimal operator Lg.

Theorem 2.9. If Agl € Co(H) and Ly is any mazimal hyponormal extension of
the minimal operator Lg in L?, then the spectrum of Ly has the form

o(Lv) = {An<AR> + (arg A (Ve A=) 4 2kmi), n € N,k € Z}-

)
a—2>
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Proof. Since o(Ly ) = o(My) = o,(My ), then we will investigate the structure of the
spectrum of My . From Theorem 2.2 we obtain

o(Ly) = {)\ eC: A= (In|u| + i arg u + 2kmi), p € o(Ve ArG=D) | ¢ Z}.

1
a—b
Since Ap' € Cu(H), then Ve Art—a) = V(Age ArC=a) ALl € Oy (H). For any

eigenvector x) € H corresponding to the eigenvalue A\ € Jp(Ve*AR(b*a)), we have
Ve Ar(b=a)gy = \(Ve Ar(=a)) 3y This implies that

efAR(bfa) V*VefAR(bfa)x)\ _ )\(VefAR(bfa))efAR(bfa)V*x _
= \Ve ArU=a) \(Ve—Ar(b—a)) g, |

that is,
e—QAR(b—a)x)\ _ |)\(V6_AR(b_a))|2(E)\.

Hence |\(Ve Ar(=2))|2 = \(¢=24r(b=a)) = ¢=2Ar(b=a) "that i,

| = ‘A(Ve—AR(b_a)N — ¢~ MAR)(b=a)

From this relation we have In|u| = A(Ag)(a — b). Thus

o(Ly) = {,\ €C:\=M(Ag)+ ! b(arg A (Ve Ar0=) 1 okr) ne Nk € Z}. O

a—
Now we can prove the main theorem of this section.

Theorem 2.10. If Agl € Coo(H), Mu(AR) ~ cn®, 0 < ¢, < 00, as n — 00, then

Lyt € Coo(L?) and

An(Ly)| ~dnf, 0<d<oo,f=

«o
—, asn — oo.
1+«

Proof. Since AR' € Cu(H), then My, Ly = UM 'U € Coo(L?) and M\, (Ly) =
An(My),n € N. Tt is clear that

A (Lv)| = [An(AR) +

L (arg A (Ve A1) 4 2] =

1
= Ap)+ —— (6, +2 =
An(AR) + —— (6 + 2km)|

= [02712”Z + (0n + 2k:7r)2] 1/2,

1
(b—a)?
where m = m(n, k) € Nyn € Nk € Z,6,, = arg A\, (Ve_AR(b_“)). Since 0 < 6, < 27
for each n € N, then from the last equality we have

1/2
,neNkeZ.

1/2
2 2 4m 2 2 2 4m 2
cn +(b—a)2k <|A(Ly)| < |e*n +(b_a2(k:+1)
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Therefore, |\(Lv)| ~ vVcn?* + h2k?, n € N,k € Z, where h = %. On the other
hand, we note that (c>n?® + h2k2)1/2, n € Nk € Z, are modules of eigenvalues of the
periodical boundary condition (for the Dirichlet problem), i.e.

IMLEg)| = (*n** + h?k?), neNkeZ.

Therefore, asymptotical behavior of the modules of eigenvalues of each maximal hy-
ponormal extension Ly and Dirichlet extension are the same, that is,

P Lv)| ~ Am(Le)], a5 m — oo.
Using the method established in [6,7] (in our case k € Z). It can be found that
Am(LEg)| ~dmT™s | 0<d< oo, m— oo,

which completes the proof. O
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