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STEPANOV-LIKE C™-PSEUDO ALMOST AUTOMORPHY
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TO SOME NONAUTONOMOUS HIGHER-ORDER
DIFFERENTIAL EQUATIONS
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Abstract. In this paper we introduce and study a new concept called Stepanov-like
C(">-pseud0 almost automorphy, which generalizes in a natural fashion both the notions
of C™-pseudo almost periodicity and that of C{™-pseudo almost automorphy recently
introduced in the literature by the authors. Basic properties of these new functions are
investigated. Furthermore, we study and obtain the existence of cw J”")-pseudo almost au-
tomorphic solutions to some nonautonomous higher-order systems of differential equations
with Stepanov-like C™)-pseudo almost automorphic coefficients.
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1. INTRODUCTION

A few years ago, following a suggestion by N’Guérékata [39, p. 40], Xiao et al. 34,40,
41] introduced the concept of pseudo almost automorphy in the literature, which in
fact is a very interesting generalization of the notions of periodicity, almost periodicity,
almost automorphy, and that of the pseudo almost periodicity. Since then, the concept
of pseudo almost automorphy has generated several developments, see, e.g., [12,18,22,
25,26], and [34]. More recently, such a notion has been utilized to study the existence
of pseudo almost automorphic solutions to various types of differential equations, see
for instance [6,12,15,17,18,21,22,25,26,30,32,34], and [40].

In Adameczak [1], the concept of C(™-almost periodicity for real-valued functions
was introduced and studied. Next, Bugajewski and N’Guérékata |7] extended such a
notion to Banach spaces and then introduced the concept of asymptotic C(™)-almost
periodicity, which is a natural generalization of the notion of C'(™-almost periodicity.
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For recent developments on the notion of C'(™-almost periodicity and related issues,
we refer the reader to for instance [2,4,7,24,28], and [33] and the references therein.
Similarly, in [29] Ezzinbi et al., introduced and studied the notion of C(™-almost
automorphy. Recent developments on the concept of C(")-almost automorphy and
related issues can be found for instance in [24], and [27].

In a recent paper by Diagana and Nelson [15], the concept of C(™)-pseudo almost
automorphy (respectively, C"™-pseudo almost periodicity) is introduced. Basic prop-
erties of these new functions such as the stability of the convolution or the primitive for
C(")_pseudo almost automorphic functions were investigated. Furthermore, Diagana
and Nelson [15] obtained the existence of C'("™)-pseudo almost automorphic solutions
to some higher-order systems of differential equations.

The concept of Stepanov-like almost automorphy which is generalization of the
classical almost automorphy was introduced in the literature by N’Guérékata and
Pankov [36]. Such a notion was then, subsequently, utilized to study the existence of
weak Stepanov-like almost automorphic solutions to some parabolic evolution equa-
tions. Recently, such a notion gained lots of attention (see, e.g., [19,23,30-32]) and
has also been generalized (see, e.g., [11,16], and [18]). In this paper it goes back
to introduce and study a new concept called Stepanov-like C'(™-pseudo almost auto-
morphy which generalizes the notion of C'"™)-pseudo almost automorphy (respectively,
C™)_pseudo almost periodicity). Basic properties such as the stability of the convo-
lution of those new functions are investigated. It should also be mentioned that the
space of C(™-pseudo almost automorphic functions is a subspace of the space of
Stepanov-like C'™)-pseudo almost automorphic functions (Proposition 2.22).

To illustrate the previous outlined results, we study and obtain the existence of
C(m+N)_pseudo almost automorphic solutions solutions to the higher-order differential
equations

=2

w™M )+ ap®w(t) = f(t), teR, (1.1)
0

where a; : R+— R for k =0,1,..., N —1 and the function f : R — R is Stepanov-like
C(™)_pseudo almost automorphic.

>
Il

2. STEPANOV-LIKE C™-PSEUDO ALMOST AUTOMORPHIC FUNCTIONS

Let (X[ - 1), (Y, - [ly) be Banach spaces. Let C(R,X) stand for the collection of
continuous functions from R into X. Similarly, define C(™)(R,X) as the collection of
functions f : R — X such that f*) exists and belongs to C(R,X) for k = 0,1,2,...,n.
(The symbol f*) being the k-derivative of f with f(°) corresponding to the continuity
of the function f.) Define BC(™ (R, X) as the collection of all functions f € C(™ (R, X)
such that

1fllny == sup D IF P (0)]] < oc.
teR 1o

It is not hard to see that (BC™(R,X), | - [|(n)) is a Banach space.
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In this paper, the symbols £, || - |, o), CO(R,X), BSy(R,X), AS" (X), and
PAAS,SO)(X) stand respectively for f, | - [ls,, C(R,X), BSP(R,X), ASP(X), and
PAASP(X).

Definition 2.1. The Bochner transform f°(t,s), t € R, s € [0,1], of a function
f:R— X, is defined by

ot s) = ft+s).
Remark 2.2. Note that a function (¢, s), t € R, s € [0, 1], is the Bochner transform
of a certain function f(t),

Pt 5) = f'(t,5),
if and only if (t + 7,5 —7) = ¢(s,t) for all t € R, s € [0,1] and 7 € [s — 1, s].

Definition 2.3 ([36]). Let p € [1,00). The space BS?(X) of all Stepanov bounded
functions, with the exponent p, consists of all measurable functions f on R with values
in X such that f* € L> (R, L?((0,1); X)). This is a Banach space with the norm

41 1/p

1715w = £l o g.ir) = sup / £ ()IIP dr
teR )

We now introduce the space BS,(,n) (X) as follows.

Definition 2.4. Let p € [1,00) and let n € N. The space BS,()n) (X) consists of all
functions f : R — X such that f*) € BSP(X) for k=0, 1,...,n. We equip the space

BS{™(X) with the norm defined by

. [ tEL 1/p
1y = sup > / 10 ()| dr
t€® 155\ 4

Proposition 2.5. The space BSI(,n) (X) equipped with the norm | f|, n) is a Banach
space.

Proof. Let (fm)m>0 C BSZ(;n)(X) be a Cauchy sequence. It is clear that (fﬁf))mzo is
a Cauchy sequence in BSP(X) for k = 0,1,...,n. Now since (BSP(X), | - ||sr) is a
Banach space it follows that there exists a function g € BS?(X) that is n-differentiable
such that (f,(,]f))mzo converges to g*) with respect to the norm || - ||s» as m — oo
for k = 0,1,...,n. Clearly, ||fm — gllp,m) = 0 as m — oo, which yields BSZ(,")(X)

equipped with the norm || - [, ,,) is a Banach space. O

Definition 2.6. A function f € C(R, X) is said to be almost automorphic if for every
sequence of real numbers (s}, )nen, there exists a subsequence (s, )nen such that

g(t) == lim f(t+s)

n—roo
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is well defined for each t € R, and

lim g(t —sn) = f(?)

n— 00

for each t € R.
The collections of almost automorphic functions denoted AA(X), turns out to be
a Banach space when equipped with the sup norm || || -

Definition 2.7 ([15,29]). A function f € C("(R,X) is said to be C'™-almost auto-
morphic if f(¥) € AA(X) for k = 0,1,...,n. The collection of C™)-almost automor-
phic functions is denoted by AA™) (X).

Clearly, the following inclusions hold:
o AAMTD(X) o AATD(X) o AAM(X) L AAD(X) > AA(X).

Definition 2.8 ([15,29]). A jointly continuous function F : R x X — Y is said to be
C™-almost automorphic in ¢t € R for each x € X if Dt(k)f(t, x) = %(t7 x) is almost
automorphic in ¢ € R for each z € X where £ =0,1,2,...,n with Dt(o) = %(t, x) =
f(t,z). The collection of such functions will be denoted by AA™ (X,Y).

Define
1
PAPy(X) :={ f € BC(R,X) : lim —/Hf(s)”ds:o

r—oo 21
—Tr

Similarly, PAPy(Y,X) will denote the collection of all bounded continuous func-
tions F': R X Y +— X such that

uniformly in x € K, where K C Y is any bounded subset.
Define

PAPM(X) == {f € BOM(R,X): f® € PAP(X) for k=0,1,.. n}
and

PAR{Y(X,Y) i= {f € BC®(X,Y): D[ e PAR(X,Y) for k=0,1,....n}.

Definition 2.9 ([15]). A function f € BC™(R,X) is called C(™-pseudo almost
automorphic if it can be expressed as f = g + ¢, where g € AA(”)(X) and ¢ €

PAPé”)(X). The collection of such functions will be denoted by PAA™ (X).
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Definition 2.10 ([15]). A bounded continuous function F' : R x X — Y belongs to
PAA™) (X, Y) whenever it can be expressed as F = G+®, where G € AA™) (X, Y) and

NS PAPO") (X,Y). The collection of such functions will be denoted by PAA™ (X, Y).

Theorem 2.11 ([15]). The space PAA™ (X) equipped with the norm || - H(n) is a
Banach space.

Given two functions f, g : R +— R, their convolution f * g, if it exists, is defined by
(Fea)0) = [ 1)l - 5)is.

Theorem 2.12 ([15]). If f € PAAM™(R) and if g € L*(R), then their convolution
fxge PAAM(R).

Proposition 2.13 ([15]). If (fn)nen C PAA(X) converges uniformly to f on R, then
f e PAAKX).

Theorem 2.14 ([15]). If f € PAA"(X) such that {1 is uniformly continuous,
then f € PAAMTD(X).

Definition 2.15 ([|36]). The space ASP(X) of Stepanov-like almost automorphic
functions (or SP-almost automorphic) consists of all f € BSP(X) such that f* €
AA(LP((0,1);X)).

In other words, a function f € L} (R;X) is said to be SP-almost automorphic if

its Bochner transform f*: R — LP((0,1);X) is almost automorphic in the sense that
for every sequence of real numbers (s} ),cn, there exists a subsequence (s, )nen and
a function g € LP (R;X) such that

loc
t+1 1/p

/ 1f(5n+5) — g(s)|Pds|  —0, and

t41 1/p

[ lots == a0

as n — oo pointwise on R.
We now introduce the following definition.

Definition 2.16. The space AS,(,") (X) of Stepanov-like C(™-almost automorphic

functions (or S;(,n)—almost automorphic) consists of all f € BS,(,TL)(X) such that
(f* e AA(LP((0,1);X)) for k=0,1,...,n.

In other words, a function f € BSI(,") (X) is said to be S,(,n)—almost automorphic if
(f(k))b is almost automorphic for £ = 0,1,...,n in the sense that for every sequence
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of real numbers (s),)men, there exists a subsequence (S, )men and a function g €
BS{™(X) such that
t+1 1/p

/ 1F 9 (s +8) = g™ (s)IPds| =0, and

t+1 1/p

/wﬁmw—&w—fWuMMs 50

for k=0,1,...,n, as m — oo pointwise on R.

Definition 2.17. A function F : Rx X — X, (t,u) — F(t,u) with F(-,u) € ASS™ (X)
for each u € X is said to be S,(,n)—almost automorphic in ¢ € R uniformly in u € X.

The collection of those Sjgn)-almost automorphic functions F': R x X — X will be
denoted by ASS™ (R x X, X).

Definition 2.18. The space PAAS,(,n) (X) of Stepanov-like C(™-pseudo almost auto-

morphic functions (or S,(gn)—pseudo almost automorphic) consists of all f € BS,(Q") (X)
such that (f*))> € PAA(LP((0, 1);X)) for k=0,1,...,n.

In other words, a function f € BS,(,n) (X) is said to be S,(,n)—pseudo almost auto-
morphic if f = h + ¢ such that for every sequence of real numbers (s,,)men, there

exists a subsequence (8, )men and a function g € BS,(,n) (X) such that

t+1 1/p
/ 1hE) (50 + 5) — g®(s)|[Pds|  — 0, and
t

t+1 1/p
[ 1996 = 5) = i s)pds| =0
t

for k=0,1,...,n, as m — oo pointwise on R, and

r t+1

.1 1/p
i [ ([ 1 rar) M=o
t

for k=0,1,...,n.

Definition 2.19. A function F : R x X — Y, (¢t,u) — F(t,u) with F(-,u) €

PAAS,()R) (Y) for each u € X, is said to be Sén)—pseudo almost automorphic in ¢ € R
uniformly in u € X.
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The collection of those S]g")—pseudo almost automorphic functions F': R x X — Y
will be denoted by PAASS™ (R x X, ).
The following inclusions hold:
+2 +1
.. PAAS(")(X) — PAAS™™) (X) < PAASM (X) —
< ... PAAS(V(X) < PAAS,(X).

Theorem 2.20. If f € PAASI(;") (R) and if g € L*(R), then their convolution f*g €
PAASSY(R).

Proof. Let f e PAASS(R) and let ¢ € LY(R). Let f = h + ¢ such that
(Re = (R®)R) € AA(LP(0,1;R)) and (")t = (p")*) € PAP,(LP((0,1);R))
for k = 0,1,...,n. To complete the proof it suffices to show that [(h * g)*)]> €
AA(LP((0,1);R)) and [(¢ * g)®]* € PAPO(LP((O,l);R)) for all k = 0,1,2,...,n
Indeed, using the fact [(h * g)(’“)] = [h®) % g]® = (A*))? x g and Theorem 2.12,

it follows that [(h * g)®]® € AA(LP((0,1);R)) for all k = 0,1,2,...,n. Similarly,
from [(¢ * ¢)®]° = [p (k) * g] = (¢ (k)) * g and Theorem 2. 12 it follows that
[(p * )™ € PAP,(LP((0,1);R)) for all & = 0,1,2,...,n. This completes the

proof. O

Proposition 2.21. The space PAAS,(,H)(X) equipped with the norm || - ||, ) s a
Banach space.

Proof. The proof is based upon the fact PAASS™ (X) is a closed subspace of BSS™ (X).
O

Proposition 2.22. If f € PAAM™(X), then f € PAASS™ (X). That is, PAA™ (X) C
PAASSM(X).

Proof. Let f = h+ ¢ where h € AA™(X) and ¢ € PAP{"(X). Clearly, f® ¢
BSP(X) for k = 0,1,...,n and hence f € BSZ(,H) (X). To complete the proof it suf-
fices to show that (h(®))® € AA(LP((0,1);X)) and (¢¥))* € PAPy(LP((0,1);X)) for
k =0,1,2,...,n. Using the fact that AA(X) C ASP(X) for p € [1,00) (see [36]) it
follows that (h(®))? € AA(LP((0,1);X)) for k = 0,1,2,...,n. Similarly, Diagana [16,
Proposition 2.12] has shown that if & € PAP,(X), then k* € PAPy(L?((0,1);X)). Us-
ing that it readily follows that (¢*))® € PAPy(LP((0,1);X)) for k = 0,1,2,...,n. O

Example 2.23. Let p = 1 and let ¢ € AA®)(R) such that gnﬂg e”(t) = dp > 0. We
€

give an example of a function f € PAASP(R) such that f & PAASF’) (R). Indeed,
consider the function f defined by

Setting
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we claim that:
(i) ¢ € ASP(R) while ¢ ¢ AS®)(R); and
(ii) h € PAPP(R).
Indeed,

d1)=3 T ey =3 0
k=1

k=1 &
for all t € R.
Clearly, ¢ € BSP) (R) as it can be easily shown that ¢, ¢’, ¢” € BS*(R). Moreover,
o, ¢, " € AA(R). Consequently, ¢ € AS;Q)(R).

Now -
6/// kt
(pw(t) _ Z ]({ )
k=1
Clearly, ¢"" ¢ BS'(R). Therefore, ¢ € AS\¥ (R) while ¢ ¢ AS®)(R).
The fact h € PAP(EQ)(R) has been shown in Diagana and Nelson [15]. However for

the sake of clarity, we reproduce it here. Indeed, it is readily seen that h belongs to
PAPy(R). Now the functions

2t W) = -2 —10¢2
(1+1¢2)2 (1+1¢2)?
are bounded continuous functions with |h/(t)] < 1 and |h”(t)] < 12 for all ¢ € R.
Further, it is easily seen that both 2’ and h” belongs to PAP;(R) and hence h €
PAPP (R).

In view of the above it follows that f € PAASF) (R) while f ¢ PAAS;S)(R).

h'(t) = —

3. EXISTENCE OF C(™)_PSEUDO ALMOST AUTOMORPHIC SOLUTIONS

In this section we study the existence of C'™)-pseudo almost automorphic solutions
to the nonautonomous higher-order differential equations (1.1). For that, we rewrite
it as a first-order differential equation in RY involving an N x N square matrix A(t).
Indeed, if u is N-times differentiable and setting

u

l
u

z = ” e RY,
u

w1

then (1.1) can be rewritten in the following form:

2'(t) = A(t)z(t) + F(t), t € R, (3.1)
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where A(t) is the N x N square matrix given by

0 1 o - 0
0 0 1 0
A(t) = (3:2)
—ao(t) —al(t) el —CLN—l(t)

and the function F' appearing in (1.1) is defined on R by

0

f®)
Let {A(t)}+er be an N x N square matrix and consider the differential equation
Z(t) = A(t)z(t) + g(t), teR, (3.3)
and its corresponding homogeneous equation
Z(t) = At)z(t), teR, (3.4)
where ¢ : R — RY is continuous.

Definition 3.1. The homogeneous equation (3.4) is said to be to have an exponential
dichotomy if there exist a projection P and the constants K,§ > 0 such that:

(1) | X()PX(s)|| < Ke %¢=%) for all t,s € R and t > s; and
(ii) | X()QX 1 (s)|| < Ke %C¢—Y for all t,s € R and t < s,

where Q = I — P and X () is a fundamental solution to (3.4) satisfying X (0) =1 (I
being the identity matrix for RY).

If (3.4) has an exponential dichotomy, we then define
X(t)PX~s) ift>s,

L(t,s) =
—-Xt)QX(s) ifs>t.
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Clearly,
Ke 0t=9) if ¢ > s,
IT(E, s)ll <
Ke 9= if s > ¢,

We require the following assumptions:

(H1) g is Stepanov-like C'(™)-pseudo almost automorphic; and
(H2) T(t,s)u € bAA(R,RY) uniformly for all u in any bounded subset of RY.

Theorem 3.2. If (3.4) has exponential dichotomy and if assumptions (H1)—(H2)
hold, then (3.3) has a unique C"™) _pseudo almost automorphic solution.

Proof. Let X(t) be a fundamental solution to (3.4) satisfying X (0) = I and suppose
there exists a projection P and the constants K,é > 0 such that

| X () PX " (s)|| < Ke 009 (3.5)
forall t,s € R and t > s, and
IX(HQX ™ (s)]| < Ke™7 (3.6)

forall t,s € R and t < s, where Q =1 — P.
According to Coppel [13], the only bounded solution to (3.3) is given by

o0

z(t) = /F(t,s)g(s)ds.

— 0o

Let ¢ > 1 such that p—!' 4+ ¢~! = 1. Consider for each n € N, the integral

t—n+1 n
up(t) == / (t, s)g(s)ds = /F(t,tfs)g(tfs)ds.
ton n=1
Now
t—n+1
uall <K [ e g(s) s
tZn

Using the Holder’s inequality we obtain

t—nm—+1 1/ t—m—+1 1/
q p
funll < ([ eeas) ([ pgtsipas) T -
t—n t—n
e~ "qw 1/q
- K[ ()] e

o€ +1 1/q
< ke[ g =
qw

= C(Kv W, q)e_nw ||g||S’"
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™ is convergent, it follows from the Weierstrass

Z un(t)
n=1

Since the series ¢(K,w,q) > oo €™
test that

(o)
is uniformly convergent on R and set u(t) = Z U (t).
n=1

Note that

oo

u(t) = /F(t,s)g(s)ds.

—00

Moreover, u € C(R,RY) and for any t € R,

lul <D lun @] < ¢ (K, w,9) g s»

where ¢/ (K,w, q) is a constant.

Let us show that u,, is C")-pseudo almost automorphic. Since g is Stepanov-like
C™)_pseudo almost automorphic, let g = g; + go where (ggr))b € AA(LP((0,1),RM))
and (g)° € PAPy(LP((0,1),RN)) for r = 0,1,2,...,m. Using the fact (¢\")? €
AA(LP((0,1),RN)) for r = 0,1,2,...,m it follows that for every sequence of real
numbers (77,)ren there exists a subsequence (74)ren and an m-differentiable function
h1 such that

1 1
égl/ﬂﬁ”@+m+g7hW@+gwws:£§1/H%”@fm+gfﬁ”u+gwwu:o
0 0

for each t € R and for r =0,1,2,...,m.
Similarly, using (H2), we can assume that

A(t,s)h = lim T'(t + 7, s + T )h
k—o0

is well-defined for each h € R and t,s € R, and

D(t,s)h = lim A(t — 7%,8 — 7x)h
k— o0

is well-defined for each h € RY and t,s € R.
Setting

[ , , 1
@@y:(/ﬁwu+m¢+m—@@9u+m—@—hpu—@mmg

n—1
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and

n

TL(t) ;:(/||(r(t+7k,t+7k—s)—A(m—s))hg”(t—s)upds)

n—1

1/p

forr=0,1,2,...,m, one can see that

[ (r) (r) rgs)'”
([ IR+ mttm = )07+ 7= 5) = At = Rt = 9)l[Pds) <

n—1
< ILp(8) + JE (1)

forr=0,1,2,...,m.
Using (3.5) and the Lebesgue Dominated Convergence theorem, one can easily see
that

IY(t) -0 as k— o0, t €R.

Similarly, using (H2) it follows that
JP(t) =0 as k— oo, teR.

Consequently,

klim / It + 75, t + 7% — s)ggr) (t+71—3)— A(t,t — s)hgr)(t —3)||Pds =0
bade el

n—1

forr=0,1,2,...,m.
Using similar ideas as the previous ones, one can show that

klim IA(t — T, t — 71 — s)hgr) (t—71,—s)—T(t,t— s)gy) (t—s)||Pds=0
— 00

n—1

forr=0,1,2,...,m.

Set
t—n+1 n
vp(t) = I(¢, s)gg)(s)ds = / (¢t — s)gér)(t — 8)ds
t—mn n—1
forr=0,1,2,...,m.
Now

t—n—+1
loall < K / e~ =9)||g ()| ds

t—n
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for r =0,1,2,...,m. Using the Holder’s inequality we obtain

t—nm-+1 t—nm-+1

e <5 ( [ ema) ([ 1) -

t—n t—n

t—nm+1
—nqw

)] o)<

t—n
t—nm-+1

qw 4 141/ 1/
<xem[TET(C[ 1elras) " -
qw

(&

:K{

t—n

t—n+1
” 1/p
—cKwpe ([ 1o olrds)

t—n

and hence v, € PAPy(R") as (¢5")° € PAPy(LP((0,1),RN)) for r = 0,1,2,...,m.

Furthermore, since the series ¢(K,w, q) fo:l e ™ is convergent, it follows from the

Weierstrass test that
o0
> valt)
n=1

o0
is uniformly convergent on R and set v(t) = Z v (2).
n=1

Now
oo

o(t) = / It 5)gy" (s)ds

— 00

for r =0,1,2,...,m. Moreover, v € C(R,R") and for any ¢ € R,

@Ol < S oa @ < ¢ (K,w,9)1g5” ||sv
n=1

for r =0,1,2,...,m, where ¢/(K,w,q) is a constant. Thus the uniform limit v(¢) =
> oo2 vn(t) € PAPy(RY). The proof is complete. O

‘We suppose that
(H3) t — f(t) is Stepanov-like C(™)-pseudo almost automorphic.

Theorem 3.3. If the homogeneous equation associated with (3.1) has exponential di-
chotomy and if assumptions (H2)—(H3) hold, then (1.1) has a unique C™*N)-pseudo
almost automorphic solution.
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Proof. Using Theorem 3.2 it follows that (3.1) has a unique C("™-pseudo almost
automorphic solution given by

'lU(N_l)(t)

Therefore, t — w(t),t — w'(t),...,t — wN)(t) € PAA(R) and hence t — w(t) €
PAAWN+™)(R), ie., (1.1) has a unique CN+™)_pseudo almost automorphic solution

w.

O
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