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FREE PROBABILITY
INDUCED BY ELECTRIC RESISTANCE NETWORKS
ON ENERGY HILBERT SPACES
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Abstract. We show that a class of countable weighted graphs arising in the study of electric
resistance networks (ERNs) are naturally associated with groupoids. Starting with a fixed
ERN, it is known that there is a canonical energy form and a derived energy Hilbert space
He. From Hg, one then studies resistance metrics and boundaries of the ERNs. But in earlier
research, there does not appear to be a natural algebra of bounded operators acting on He.
With the use of our ERN-groupoid, we show that Hg may be derived as a representation
Hilbert space of a universal representation of a groupoid algebra 21, and we display other
representations. Among our applications, we identify a free structure of ¢ in terms of the
energy form.

Keywords: directed graphs, graph groupoids, electric resistance networks, ERN-groupoids,
energy Hilbert spaces, ERN-algebras, free moments, free cumulants.

Mathematics Subject Classification: 05C62, 05C90, 17A50, 18B40, 47A99.

1. INTRODUCTION

While the study of weighted infinite graphs G has a long history of interacting with a
host of diverse areas of mathematics as well as applications (see the references cited
below), its symbiotic relationship with the theory of operators in Hilbert space is of a
more recent vintage. A case in point is the paper [11] dealing with sampling of signals
with the sampling taking place on a prescribed but irregular point configuration. By a
weighted graph we mean a pair of sets, vertices V(G) and edges E(G), and a positive
function ¢ defined on E(G). The simplest model described very well by this is an
electrical resistance network. In this case, the function c assigning weights to the edges
is then representing a system of resistors assigned to the edges in G, the value on an
edge of the function c is the reciprocal of the assigned resistance. For every pair (G, ¢),
we introduce an associated difference operator A and a Hilbert space He such that
A is a Hermitian operator, typically unbounded, with a natural and dense domain
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in He. The operator A is defined intrinsically from a fixed (G, c¢), but in a special
case, it is a discretized Laplace operator, so a discretization of a Laplace operator in
classical analysis, in divergence form. Moreover, in this case, the function c is related
to divergence. But we emphasize that not all discrete models with operator A are
discretizations of classical PDE Laplacians. In the discrete models, the operator A
plays a number of roles: It allows us to introduce such tools as random walk, spectral
theory, and associated algebras of operators in He. With this we get an associated
mean value property: the A-harmonic functions A on V(G) have the following discrete
mean-value property: For every x in V(G), the value h(z) is computed as a weighted
average of the values h(y), as the vertices y range over the neighbors to x, i.e., the
points y such that (x, y) is in E(G). This idea in turn gives rise to a family of
transfer operators, and radial operators (Definition 5.1). Our main results deal with
the spectral theory of these operators. In Section 6, for a fixed (G, ¢), we compute a
free probability model for an algebra of operators acting on Hg.

Since we address several audiences, operator theory and operator algebras, as well
as readers with interest in discrete analysis, before getting to our main theorems
(Sections 5 and 6) we must first introduce a number of definitions and preliminaries.

Recently, the second named author and E. Pearse have studied electric resistance
networks (ERNs) with the use of bounded and unbounded operators in Hilbert space
(e.g., see [6] through [10]). Independently, the first named author initiated an approach
to graph groupoids based on free probability theory and representations (e.g., see [1]
through [5]).

In this paper, we combine these tools in a study of countable weighted graphs as
they are used in the analysis of electric resistance networks. To do that, we re-establish
electric resistance networks, but now as graph groupoids (intuitively a certain family
of directed graphs). Further, we identify a canonical class of representations (of the
groupoids) as a tool for analysis on electric resistance networks.

As an application, we offer a new energy calculus for groupoid-algebras of electric
resistance networks. We begin with a definition of electric resistance networks as
weighted directed graph G, specifically a system of resisters configured on the edges
in a (typically) infinite graph.

We use this in computations of voltage configurations and current flows. In our
analysis, the resisters in G are represented by weights on the edges of G. Directions
in G in turn are prescribed by induced currents; a direction of an edge is determined
by the sign of current. We then build corresponding graph groupoids from this, called
the ERN-groupoids.

They in turn have groupoid actions, and we are interested in induced algebras of
bounded operators on the energy Hilbert space Hg, corresponding ERN-energy forms.

There are several early uses of tools from mathematics in the study of large electric
networks, probability, random walks, harmonic analysis, spectral theory, to mention
only a few (e.g., see [28]). We offer a sample of related problems, but caution the
reader that the list is extensive, and we do not attempt anywhere a complete list.

While weighted graphs and random walks have a multitude of applications, let us
mention one here which illuminates main ideas from our technical discussion. Consider
a large network of resistors arranged on the vertices in a graph G. Here, we will have
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G representing an electrical network. Of main interest to us is the case of models
using an countable graph of vertices and specified weighted edges.

Below we list the precise mathematical axioms which are of relevance both for
the physics (the laws of Ohm and of Kirchhoff) and for the mathematical models.
The following intuitive notions may be helpful. We will be using functions on both of
the set of vertices and of the set of edges: At the out set we have a fixed and given
positive function ¢ defined on the edges of G. This function c is taken to represent the
reciprocal of fixed resistors arranged on each edge of G. One question which can be
resolved with the use of our methods is that of determining induced currents. Consider
for example two vertices, say = and y, in G. If one Amp is inserted at z, and then
extracted at y, what is the induced current in G? What is the voltage drop from z to
y? The latter number is a resistance metric, turning the set of vertices into a metric
space.

For computations, it is useful to be able to evaluate two quadratic forms, one
represents the energy of a voltage function on vertices, and the other the dissipation
of a current, a function on edges.

An early pioneering paper using harmonic analysis in ERNs is [29] by Dole and
Snell (see also [6]); and by now present authors with E. Pearse developed a global
analysis of infinite weighted simplicial graphs (or network) based on a systematic
study of different but related boundaries; we mention [7-9], and [10], and the papers
cited there. However, the study of ERNs has not lent itself to natural algebras of
bounded operators. Our aim here is to adapt tools from the theory of representations
of groupoids to the solution of problems in the study of ERNs.

There is a variety of such problems in the literature, but studied with different
methods, for example [12,25] on geometry and telecommunications networks, [13]
studying Jacobi matrices on trees, [14,15] on random directed networks, [16,24] on
fractal networks and Sierpinski gaskets, [26] in potential theory, [17] on flow conduc-
tance in complex networks, [25] on equilibrium measures, [18] on impedance networks
and resonances. See also [31,32], and [33].

While groupoids have been used in representation theoretic problems (e.g., see
[19]) on inequalities for measured groupoids and [20-23], their use in ERNs has so far
gone unnoticed.

2. DEFINITIONS AND BACKGROUND

Starting with a graph G, for operator theory, we introduce a Hilbert space Hg nat-
urally coming from G. Our approach is as follows: From G, pass to an enveloping
groupoid G and an associated involutive algebra Ag. We then introduce a condi-
tional expectation E of Ag onto the subalgebra D¢ of diagonal elements. To get a
representation of Ag and an associated Hilbert space Hg, we then use the Stine-
spring construction on F (e.g., see [5]). In this section, we introduce the concepts and
definitions we use.
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2.1. GRAPH GROUPOIDS

Let G be a directed graph with its vertex set V(G) and its edge set E(G). Let
e € E(G) be an edge connecting a vertex v to a vertex ve. Then we write e = vievs,
for emphasizing the initial vertex v, of e and the terminal vertex vy of e. For a fixed
graph G, we define the oppositely directed graph G~1, with V(G~!) = V(G) and
E(G™') ={e!:e € E(GQ)}, where each element e~! of E(G~1) satisfies that

e=uwvevy in E(G), with v,vs € V(G),

if and only if
et =wvetuy, in E(GTY).

This opposite directed edge e™! € E(G™!) of e € E(G) is called the shadow of e.
Also, this new graph G~ is said to be the shadow of G. Note that (G~!)~! = G.

Define the shadowed graph G of G by a directed graph with its vertex set
V(&) =V(G) =V(G

and its edge set R
E(G)=E(G)UE(G™).

We say that two edges e; = vie1v] and es = voeqv) are admissible, if v] = va,
equivalently, the finite path ejes is well-defined on G. Similarly, if wy and ws are finite
paths on G, then we say wy and wy are admissible, if wiws is a well-defined finite
path on G, too. Similar to the edge case, if a finite path w has its initial vertex v and
its terminal vertex v’, then we write w = vywwvy. Notice that every admissible finite

A ~ ~

path is a word in F(G). Denote the set of all finite path by F'P(G). Then FP(G) is

~ ~

the subset of the set E(G)*, consisting of all finite words in E(G). Suppose we take

a part
€3

o = ...
T e
— e

€1

in a graph G or in the shadowed graph G , where e1, eq, eg are edges of G, respectively
of G. Then the above admissibility shows that the edges e; and e; are admissible,
since we obtain a finite path ejes, however, the edges e; and ez are not admissible,
since a finite path ejes is undefined. R R

Construct the free semigroupoid F+(G) of the shadowed graph G, as the union of

all vertices in V(G) = V(@) = V(G™!) and admissible words in FP(G), equipped

with its binary operation, the admissibility. Naturally, we assume that F*(G) contains
the empty word (), as the representative of all undefined (or non-admissible) finite

words in E(G).
Remark that some free semigroupoid F*(G) of G does not contain the empty word;
for instance, if a graph G is a one-vertex-multi-edge graph, then the shadowed graph

G of G is also a one-vertex-multi-edge graph too, and hence its free semigroupoid
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~ ~

F+(G) does not have the empty word. However, in general, if |V (G)| > 1, then F¥(G)
always contain the empty word. Thus, if there is no confusion, we always assume the
empty word ) is contained in the free semigroupoid F*(G) of G.

~

Definition 2.1. By defining the reduction (RR) on F¥(G), we define the graph
groupoid G of a given graph G, by the subset of F+(G), consisting of all “reduced”
finite paths on G, with the inherited admissibility on F*(G) under (RR), where the
reduction (RR) on G is as follows:

(RR) ww™! =vand wlw = v/,

for all w = vwv’ € G, with v,v’ € V(G).

~

Such a graph groupoid G is indeed a categorial groupoid with its base V(G).

2.2. GRAPH-GROUPOID ALGEBRAS

Let X be a set and let ) be a subset of X. Assume that each element x of X has
its initial moment y; and its terminal moment yo, where y1,yo are contained in ).
We denote this relation by x = yjzys. Clearly, every element y in ) is regarded as
an element of X, having its initial and terminal moments identified with itself. i.e.,
y = yyy. Thus, generally, we can conclude that

y* =y, forall ye€), and n €N,

in X. So, there exist functions
s,r: X —=Y
such that
s(x) =y1, and r(z)=ya,
whenever x = yyzys in X, with y1,y2 € V. We call s and r, the source map and the
range map on X.

Definition 2.2. Let X, ), s, and r be given as above. We say that the algebraic
quadruple X = (X,Y,s,r) is a (categorial) groupoid, if it satisfies the followings
conditions for binary operation (-):

(1) x122 is well-defined only when r(z1) = s(z2), for 1,22 € X.
(2) (v1m2)xs = x1(x223), for x1,x0, 23 € X.

The subset Y of X is called the base of X.

In our case, we will define the empty element () in X', to represent the case where
the products are undefined. So, if there is no confusion, then we always assume that
the empty element @) is contained in groupoids. However, it is possible that certain
groupoids have no empty words.

The merit of the empty element is that we can make the partially defined binary
operation (satisfying (1)) be well-defined. i.e., the condition (1) is the above definition
can be re-written by

x129  if r(x1) = s(xe),
T1To =
1 1] otherwise,
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for all z1,x2 € X. Trivially, all our graph groupoids are indeed groupoids with their
bases, the vertex sets, in the above sense. Also, all groups are groupoids having their
bases consisting only of group identities. Here, notice that all groups are the groupoids
without empty word.

Definition 2.3. Let X be a groupoid. The (pure algebraic) algebra Alg (X), gen-
erated by X, is called the groupoid algebra of X. i.e., Alg(X) = C[X], the algebra
consisting of all polynomials in X. However, in this paper, we also consider the pure
algebraic algebra C[[X]], consisting of all “formal” series in X, too. And we denote
Cl[]] by 2Ax.

Remember, by definition, the elements of Alg (X') are finite linear sums of X', but
the elements of 2y are either finite or infinite linear sums.

Similarly, for a graph groupoid G, we can construct the corresponding groupoid
algebra A¢ = C[[G]]. In such a case, we will denote it by 2g, to emphasize this
groupoid algebra is induced by a graph G.

Definition 2.4. We call the groupoid algebra 2 = C[[G]], generated by the graph
groupoid G of a graph G, the graph-groupoid algebra induced by G.

Precisely, the graph-groupoid algebra 2 have its zero element,
Q) = Oﬂc)

and its identity element

191(; = Z V.

veV(G)
Every element a of % has its expression,
a= > tyw with t,€C,
weG
where > means a finite or infinite sum.
LetwcezG: > tyw be an element of the graph-groupoid algebra 2. Define the

weG
subset Supp(a) of G by

Supp(a) e {lweG:t, #0 in C}.
This subset Supp(a) is called the support of a. By definition,
|Supp(a)| < oco.

By the admissibility on the graph groupoid G of a graph G, we obtain the following
multiplication rule:

i, — ) W12 if wiws #0 in G,
L O if wiwy =0 in G,
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for all wy,ws € G C Ag. Define now the unary operation (x) on the graph-groupoid
algebra g by
d
x:weGCAg — w* éfufle?lg,
with the linearity,
(trwy + tows)"™ = Ewl_l +gw2_17

for all wi,wy € G C g, and t1,t> € C, where t means the complex conjugate of ¢,
for all t € C. By the uniqueness of the shadow w~! for a fixed element w in G, the
element w* for w in Ag is uniquely determined. We will call w* = w™! of w, the
adjoint (or the shadow) of w, for w € G C Ag.

Proposition 2.5. The graph-groupoid algebra AUq, generated by the graph groupoid
G of a graph G, is a (pure algebraic) x-algebra.

2.3. GROUPOID ACTIONS

Let X = (X,Y,s,r) be an arbitrary groupoid and let A be a set. We say that X
acts on A, if (i) there exists a function g from X into F(A), such that, for any fixed
groupoid element z € X,g(z) : A — A is a well-defined function on A, where §(A)
means the collection of functions on A, and (ii) the images g(z1) and g(z2) satisfy
that

9(371) © 9(3?2) = 9(331362), on A,

for all x1, 25 € X, where (o) means the usual functional composition. Sometimes, we
call A, an X- set. Also, we say that the function g : X — F(A) is a groupoid action of
X (acting) on A. As groupoids, our graph groupoids can have their groupoid actions.
Canonical actions induced by graphs are introduced in [1,2], and [3]. By considering
groupoid elements as multiplication operators on certain Hilbert spaces, they become
natural groupoid actions on Hilbert spaces. Such groupoid actions induce groupoid
dynamical systems (e.g., [3,4,4,6], and [5]).

2.4. UNIONS OF GRAPHS

Let G; and G5 be countable directed graphs. Define a new graph G by a directed
graph with its vertex set

V(G) =V (G1) UV (Gs),
and its edge set

E(G) = E(G1) U E(G>).

Such a new graph G is called the unioned graph of G1 and G2. And we denote G
by G1 U G3, to emphasize that the graph G is induced by G; and Gs. By definition,
all “disjoint” unioned graphs are our unioned graph. Recall that the disjoint unioned
graph U, denoted by G U G2, of G and G5 is the graph with

V(U) = V(Gl) L V(GQ),
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and
E(U) = E(G1) U E(G2),

where U on the above right-hand sides mean the disjoint union (set-theoretically).
However, if either

V(Gl) ﬂV(GQ), or E(Gl) ﬂE(Gg)
is nonempty, then our unioned graph G; UG5 is completely different from the disjoint

unioned graph G; U Gs. For instance, if

G, = , and Ga=e e,

o <— @

— [ ]

then the disjoint unioned graph G L G5 is clearly,

[ ]

l e e

[ ] — [

Assume now that the above graphs G; and G5 satisfy

11.
Gl = ¢ l ; and G2 =z, @ 2 0y,
T29 — @ e

Then the unioned graph G; U G5 is determined by a “connected” graph

[ ]
1
L] — L]

Therefore, we conclude that all disjoint unioned graphs are unioned graphs, but not
all unioned graphs are disjoint unioned graphs. Another good examples for unioned

graphs would be our shadowed graphs. Indeed, if G is a graph, then the shadowed
graph G of G is the unioned graph

G=GuGg

of G, and its shadow G!. It is shown that the groupoid sum G; + G, of two graph
groupoids G; and Gs is groupoid-isomorphic to the graph groupoid G of the unioned
graph G = G U Gy in [5], where Gy are the graph groupoids of G, for k = 1,2.
Equivalently, the study of groupoid sums of graph groupoids is to investigate other
graph groupoids determined by the unioned graphs. Clearly, the groupoid direct sum
G1 9 Gs of G1 and G4 is groupoid-isomorphic to the graph groupoid G of the disjoint
unioned graph G = G U Gs.
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3. ELECTRIC RESISTANCE NETWORKS (ERNS)

We refer to [7] for the study of electric resistance networks, and to [6] for the study of
operator theory on electric resistance networks. In this section, we re-define electric
resistance networks to apply our graph-groupoidal research (e.g., [1] through [5]).
i.e., we construct graph groupoids induced by electric resistance networks and study
certain operator algebras generated by electric resistance networks.

Remark first that the original electric resistance network theory assumes that elec-
tric resistance networks are weighted “undirected” graphs. However, graph groupoids
are induced by “directed” graphs. We can solve this problem because we can regard
our shadowed graphs of directed graphs as undirected versions of graphs.

3.1. NETWORKS AND NETWORK-GROUPOIDS

Let X be an arbitrary countable discrete set. Define a set V of positive-real-valued
functions on X,

vy {v:X —>R":v isa function} (3.1)

satisfying the additional properties;
v,V EV =11 + vy €V (3.2)
a€R", and veEV = aveV, where R*déf{réR:r>O}. (3.3)

Definition 3.1. We call a set V, satisfying (3.1), (3.2), and (3.3), a voltage set on X.
For instance, let vy : X — R™ be an arbitrary function. Then the set,
Vo = {avg : @ € RT} (3.4)
is a voltage set on X, too, since
nvg =v9+ ...+ v € Vo,

n-ties

for all n € N, and
avg € Vy, forall aeRT.

Definition 3.2. The voltage sets Vy on X, determined only by fixed functions vg
(like (3.4)), are called single-voltage sets (or the vg-voltage sets) on X.

Let X be a countable discrete set and V), a fixed voltage set on X. Define the
collection Z by a certain R-valued set of functions on X x X,

of | iv ((2,9)) = v(x) —v(y)
7% {zv.XxX—nR VUGV,yV(:v,y)GXXyX } (3.5)

Definition 3.3. The set Z of (3.5), induced by a set X and a fixed voltage set V on
X, is called the current set on X induced by V. If V is the vp-voltage set on X, where

vg : X — R7 is a fixed function, then the corresponding current set T is called the v
-current set on X. Also, in this case, we denote Z by Z,,.
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By definition, we obtain the following fundamental facts.

Proposition 3.4. Let T be the current set on X induced by a voltage set V.

(1) Each element i, € T is skew-symmetric, in the sense that

iv ((z,y)) = —iv ((y,2)) ,
for all (z,y) € X x X.

(2) If v, iv, € L, then iy, +iv, = iv, 40, in T
(3) If « e R\ {0}, and i, € I, then

. law ifa >0,
Qly = . .
—ljao  fa <0,
mIZ.

Proof. (1) By definition, it is clear. Since

iv (@, v) 2 o(@) —o(y),

we have

iv ((z, y)) = v(z) —o(y) = = (v(y) —v(z)) = —iv ((y, 2)),
for all (z,y) € X x X. Thus, each element 4, in 7 is skew-symmetric.
(2) Let iy, , 4y, € Z. Then, for any (z,y) € X x X,

(fvy +iv,) (2, ¥)) = v, (2, ¥)) +i0, (7, y)) =
=v1(z) —v1(y) +v2(2) —va(y) =
= (v1 +v2) () — (v1 +v2)(y)
= Gyt (7, Y)) -

Notice here that, by definition, if vy,v2 € V, then vy + v2 € V. And hence 4y, 44,
is well-defined in Z. (3) Let @ > 0 in R. Then

aiy ((x, 1) = a(v(z) —v(y)) =

= O[’U(fE) - OZU(y) = law ((1‘7 y)) ) for all
Therefore, if a > 0, then

(z,y) e X x X.

by = 1oy, forall veV.

Recall that, if & € RT, and v € V, then av € V, too.
Assume that o < 0 in R. Then

aiy ((z, ) = a(v(z) — v(y))

—a(v(y) — v(z)) = (—av) (y) — (—av)(z)
i—av (Y5 @) = —i—av ((7, ¥))

= _i|a\v ((LE, y)) :
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By the statements (2) and (3) of the above proposition, the current set Z on X
induced by a fixed voltage set V is a real-vector-space-like set.

Now, we construct graphs determined by a countable discrete set X, a fixed voltage
set V on X, and the current on X. First, fix v in V. Construct a graph G, as a directed
graph with its vertex set

V(Gu) =X,

and its edge set
E(Gy) ={(z,y) € X x X iy ((z, y)) > 0}.

We call G, the v-graph on X. The edges of the v-graph G, represent the current
(or the flow of current) on X when we put the voltage v on X. Recall that we say
two graphs G and G are graph-isomorphic, if there exists a bijection

V(G1) U E(Gl) — V(G2) U E(Gg)

such that

(i) g is bijective from V(G;) onto V(G2),
(ii) g is bijective from E(G;) onto E(G2),
(iii) g(e) = g(zrexa) = g(z1)g(e)g(x2) in E(Gs), for all e = z1exy € E(Gy), with
X1, € V(G )

In particular, the bijection g is called a graph-isomorphism. In [1] and [2], we showed

that if two graphs G; and Gy have graph-isomorphic shadowed graphs G1 and G2,
then the corresponding graph groupoids G; and G, are groupoid-isomorphic.

Proposition 3.5. Fizv € V, and let G, be the v-graph on X, and G, the av-graph
on G, for alla € R*. Then they are graph-isomorphic from each other, for all o € RT.

Proof. Let v € V be fixed and let o € RT be arbitrary. For the fixed voltage v, the
v-graph G, is well-defined, and since v € V, we can have the av-graph G, too. By
definition, the vertex set V(Gq,) satisfies

V(Gaw) = X = V(Gy), (3.6)

and the edge set E(Gy,) is defined by the subset
E(Gav) ={(z,y) € X X X tiay ((z, y)) > 0}
in X x X. Since iy, = ai,, for @« € RT, we conclude that
iaw (2, ¥)) > 0 = iv (2, y)) >0
for (z,y) € X x X. Therefore,
E(Gav) = E(Gy). (3.7)
Thus, by (3.6) and (3.7), we can define a bijection

9: V(Gu) UE(Gy) = V(Gaw) U E(Gau) (3.8)
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by
9(y) =y, forall yeV(G,)UE(G,).

It is easy to check that the map g of (3.8) is a graph-isomorphism. So, the graphs
G, and Gy, are graph-isomorphic. Since o« € RY is arbitrary, the graphs G, and
{Gaw}acr+ are graph-isomorphic from each other. O

The above proposition says that the v-graph G, is kind of a representative of all
av-graphs G, for all @ € R*. So, from now on, if we simply mention about v-graphs
G, then they are also regarded as awv-graphs G, for all a € RT. Also, we obtain
the following proposition.

Proposition 3.6. Let v = vy + vy in the voltage set V on X, for vi,vs € V. Then
the (v1 + va)-graph Gy, 1y, is graph-isomorphic to the unioned graph G,, U G, .

Proof. Let vi,v2 € V. Then the corresponding voltage graphs G,, and G,, are
well-defined. Since v +v3 is also an element in V, we have the (v1 +v2)-graph G, 4v,-
By definition,

V(GU1+’£12) =X = V(le) = V(G’U2) =

—V(Gyy) UV(Guy), (8:9)

and
E(Gv1+vz) = {(x,y) EXxX: i'UlJF'UQ ((‘Tv y)) > 0}

Consider the edge set E(Gy,+vy). SINCE Gy 4vy = Gy; + byy, We can get that (z,y) €
E(Gy,4v,), if and only if
iv1+v2 ((1‘7 y)) >0,

if and only if one of the followings holds

iy, ((x, ¥)) >0, and i, ((z, y)) >0, or (3.10)
i, (@ 9)) > s (2, 1), or (3.11)
i (@, ) < iy (2, 1) (3.12)

The condition (3.10) holds, if and only if
(2,y) € E(Gy,) N E(Gy,),
and the condition (3.11) (resp., the condition (3.12)) holds, if and only if
(z,y) € E(Gy,) (resp., (z,y) € E(Gy,)).
Therefore, we get that
(2,y) € E(Gyyt+vy) <= (2,y) € E(Gyy) U E(Gyy).

Equivalently,
E(Ger)z) = E(le) UE(sz)' (313)

So, by (3.9) and (3.13), the (v; + va)-graph G, 44, is graph-isomorphic to the
unioned graph G, U G,,, via a graph-isomorphism, defined like (3.8). O
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The above proposition is one of our motivation to re-define electric resistance

networks. Now, let
def

g ={G,:veV}
be the collection of voltage graphs on X induced by a voltage set V. The iterated
unioned graph

G=UG = LerGU (3.14)

is well-defined. This new graph G is called the directed network on X induced by
voltage V.

Definition 3.7. Let X be a countable set and V, a voltage set on X, and let G =
{Gy}vey be the collection of all voltage-graphs. The iterated unioned graph G = UG
of (3.14) is called the direct network on X induced by voltage V. The shadow G~*
of G is called the negative network, and the corresponding graph groupoid G of G is
called the network groupoid.

Observe the detailed property of the directed network G.

Recall now that we say a graph G is simplicial, if (i) G has no loop-edges, and (ii)
G does not allow multi-edges. Here, loop-edges are the edges e satisfying e = xex, for
some z € V(G). And multi-edges mean more than one edge, connecting same initial
vertex to same terminal vertex, for example, if a graph G contains a pair (z1,z2) of
vertices satisfying

:El. j .2627

then G allows multi-edges (in fact, 2-edges) connecting x; to xo. Note here that, if a
graph G is either

e S e or e—e

b )

then it has no multi-edges, because there is no multi-edges connecting same initial
vertex to same terminal vertex.

Proposition 3.8. Let G be the direct network on a set X induced by voltage V. Then
G is simplicial.

Proof. Let G be the direct network. To show G is simplicial, we need to prove this
graph G contains neither loop-edges nor multi-edges. Assume now that G contains a
loop-edge | = zlx with z € X = V(G). This means that the pair (z,z) € X x X is
contained in the edge set E(G). Since G is the unioned graph vLerGv of voltage-graphs

G, there exists at least one v € V, such that (x,x) is contained in F(G,). Equiva-
lently,

iy ((z, 2)) =v(x) —v(z) > 0.

This contradicts the definition of G,’s, for all v € V (and hence the definition
of G). Therefore, the directed network G does not have loop-edges.
Assume now that there exist two distinct edges e; and ey in E(G), such that

e = Tr1eTa, with x1,20 € X = V(G),
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for all k = 1,2. Then there exist(s) v, vy € V, such that
e1, ez € E(Gy,), (or, e1,es € E(Gy,)) or (3.15)

e1 € E(G,,) andes € E(G,,) (or,e; € E(Gy,) and ez € E(G,,)). (3.16)

Suppose first that (3.16) holds. By definition of voltage graphs and unioned graph,

if e; and ey satisfies (3.16), then they are identically same edges, i.e., e; = es in E(G).
So, it contradicts our assumption.

Let’s assume that (3.15) holds. Then both e; and ey are represented as (x1,x2) in

X x X (in E(G,,) or E(G,,)). This means that they are identical element in E(G). It

contradicts our assumption. Thus the directed network G does not allow multi-edges.

So, the graph G has neither loop-edges nor multi-edges, and hence it is simplicial.

O

The above proposition shows that our directed network G on a countable set X
induced by voltage V is simplicial. So, without loss of generality, we can write the
length-k reduced finite paths by the (k 4 1)-tuples of vertices, for all ¥ € N. i.e.,
if w is a length-k reduced finite path in the network groupoid G, then there exists

~

(k + 1)-vertices z1,...,z511 € X = V(G), such that
w = (.%'1, PN ,.’Ek+1),

for £k € N. Again, by the simpliciality of G, the above tuple-notation is uniquely
determined for each reduced finite path in G.

~

Now, consider the currents i, on E(G) more in detail, for v € V. We can extend

~

the current ¢ on E(G) to the current, also denoted by i, on G. i.e., we define

I, :G—=R
by a function
; S e (g, mi01)) ifw= (1, ..., 2p41) € FP(G),
ivw) &S i (ww)  ifwe V(G), (3.17)
0 if w=0,

for all w € G, and for all v € V, where
T ~ Ty g 3(1'1, £C2), ((EQ, xl) S E(@), (318)

for all 21,25 € X = V(G).

Lemma 3.9. Let (x1,...,254+1) be a reduced finite path in the network groupoid G.
Then

iy (z1, .y xpt1)) = v(z1) — v(@Rg1), (3.19)
for allv eV, for all k € N.
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Proof. The proof is straightforward. Indeed,

iy ((T1, -, Tpy1)) = Ziv ((zj, zj+1)) =
= Z —v(xj41)) =v(z1) —v(zjp1), for keN. O

3.2. OHM’S LAW AND ERNS

Let X be a countable set and V, a voltage set on X, and let G = UVGU be the
ve

directed network on X induced by V, with its network groupoid G. Like in basic

physics, consider Ohm’s law,

V = RI, equivalently, I =cV,

where V, R, I, c = % mean the voltage, the resistance, the current, and the conduc-

tance, respectively.

Since the network groupoid G of the direct network G is determined by the voltage
and current, the resistance (or the conductance) on G would be defined naturally.
Remark that as a graph groupoid, the network groupoid G is generated by the edge
set B (G) of the network G, which is the shadowed graph of the directed network G.

So, we can define the conductance ¢ on E(@)7 and then we may extend it to that on
G. Define the conductance ¢ on E(G) by a function,
c: E(G) — Rt (3.20)
satisfying
c((z, y)) =c((y, 2)),

for all (z,y) € E(G). ie., the conductance is the symmetric positive-real-valued

~

function on E(G). For convenience, we denote c¢((z, y)) simply by cgy, for all

(z,y) € E(G)

Remark 3.10. If a conductance c is determined on E(@), then the resistance R is
also well-defined on E(G). By physics,

el A
RUEMQHW.

Since c is nonzero, the rational function R is well-defined on E(é)
By the Ohm’s law, we define the currents I, with conductance ¢ by a function
I, E@G) —R
such that
L (2. ) < cayiv (2, v) = oy (0(2) —0()).
for all (z,y) € E(G), and for all v € V.
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Proposition 3.11. Let I, be the currents with conductance c, for v € V.

~

(1) I, is skew-symmetric on E(G), for allv e V.

~

(2) Ity = Ly, + Iy, on E(G), for all vi,vy € V.
I, ifa>0,

3) al, =
( ) A —I|a‘v Z'fOz<07

n E(G), for all « € R\ {0}.

Proof. (1) For any v € V, the current I,, with conductance ¢ is defined by

1, ((z, y)) = oyl (2, ¥))-

Thus, we have

Iy (2, ) = cay (v(z) —0(y)) =
= —Cay (0(y) = v(2)) = —cyaiv ((y, 7)) =
=-I,((y, z)), forall (x,y)€ E(é)

Therefore, each current I, with conductance ¢ is skew-symmetric.

(2) Take vy, vs € V, and (z,y) € E(G). Then
IU1+112 ((.’E, y)) = Cmyiv1+v2 ((.’17, y)) =
= Czy ((i"fl + iﬂQ)(('Tv y)))

Since iy, 44, = to; + fuy, for all vy, ve € V

= Caylv, (T, Y)) + Cayiv, (z, y)) =
=T, ((z, y)) + L, (2, y)) =
= (L, + L,) ((z, )

Therefore, Iy, 44, = Iy, + I, on E(@)
(3) Let o € R\ {0}. First, assume that « > 0. Take arbitrary v in V. Then

I ((z, y)) = a(cayiv(z, y)) =
= Cgy (aiv ((xv y))) = Cfbyiav ((xv y)) =
Tow (7, y))

~

for all (z,y) € E(G), because if « > 0, then @i, = iqy. Thus, if a > 0, then al, = I4,.
Assume now that o < 0 in R. Then

al, ((z, y)) = coy (aiv (2, Y)) = oy (—icav (2, Y))) = —Coyijap (2, ¥)) =
= _I|a\v ((JZ‘, y))

for all (z,y) € E(@), because if o < 0, then @i, = —i|qy. Thus, if & < 0, then
Oz]v = _I|a\v- O
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Now, we can define the current set Z. with conductance ¢ by

N I, are the current
I. = < I, : E(G) — R| with conductance c,
Yv ey

Now, extend the conductance ¢ of (3.20) on E(G) to the conductance, also denoted
by ¢, on G. Define the R -valued function

c:G— RS
by . R
Zj:1 Cojaypn  fw= (21, ..., Thq1) € FP.(G),
c(w) = ¢y = w;x Cwz if w e V(G), (3.21)
0 if w =0,

for all w € G, where
RE < R* U {0}

~

Similarly, extend the current I on E(G) with conductance ¢ to the current, also
denoted by I, on G with conductance c. Define

IU (U)) d;f Cwiv (’LU) 9 (322)

for all w € G, and for all v € V. Recall that i, (w) is defined in (3.17), and ¢,, = ¢(w)
is defined in (3.19).

So, if w = (x1,...,2k+1) is a reduced finite path in G, then
k
I, (w) = cyiy(w) = Z Cojayr | (V(T1) —v(TRp1)) - (3.23)
j=1

And, if w is a vertex in G, then

I, (w) = cyiy(w) = (ZC’W> <sz ((w, x))) , (3.24)

wn~T wn~xT

where the relation w ~ z is defined in (3.18).
Finally, if w = 0, then I,(w) = 0.

Definition 3.12. Let G be the network on a countable set X induced by the direct
network G and by voltage V, and let G be the network groupoid of G. Assume that
we define the conductance ¢ on G as in (3.21) (extended by (3.20) on E(G)). Then the
weighted graph G= (@,C) is called the electric resistance network (in short, ERN).

The weighted groupoid G = (G, ¢) is called the ERN-groupoid.
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4. REPRESENTATIONS OF ERNS

Throughout this section, let X be a countable set, and V), a voltage set on X, and let
G be the direct network on X induced by V. Also, let G = (G, ¢) be the ERN, and
G = (G, ¢), the ERN-groupoid, where ¢ is a conductance in the sense of (3.21).

Since the ERN-groupoid G is a groupoid in the sense of Section 2.3, we may
consider suitable groupoid actions of G acting on certain Hilbert spaces. We will
consider two Hilbert spaces where G acts.

4.1. ENERGY HILBERT SPACE

Recall that a set C' is convez, if, for any ¢ € [0, 1],
tey + (1 —t)ze € C,

for all x1,x9 € C, where [0, 1] is the closed interval in R. Let X be an arbitrary set.

Then the conver hull conH(X) of X is defined to be a set of all covex combinations
in X. ie.,

def C'is convex, and

conH(X)ﬂ{C’ Xcce }

By definition, the set X, itself, is convex, if and only if conH (X) = X. Similarly,
we say that a set D is a convex cone, if, for any t € R{, if (i) D is convex, and (ii)
for any t € R*,tx € D, too, where RT = {r € R : r > 0}. For an arbitrary set X, the
convex cone conC(X) of X is defined to be a set,

conC(X) ™ n {C' Cisa co)r;vecxcgone, and } .

Fix an arbitrary countable set X, from now on. Take a subset V of the set of all
positive-real-valued functions on X. i.e.,

V={f:X —R": fis a function}.

Construct the convex cone conC(V') of the set V. We will denote this convex cone
conC(V') of V simply by V, and we call V, a voltage set on X. Let V be a voltage
set on X. Construct a vector space U generated by V. i.e., U is the set of all linear
combinations of voltages in V, equipped with the vector addition (4), defined by the
usual functional addition, and the usual C-scalar product.

Remark that, by definition, a voltage set V satisfies

V1,2 EV =11 +v3 €V,

and
acRveY = av eV,

since V is a convex cone. So, the vector space U generated by V is naturally deter-
mined, by defining the natural C-scalar product.
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On 9, define an inner product {, ). on U by the sesqui-linear form satisfying that

def
<Ul,712>c B

S cay (i (2, 9)) (i, (@, 1)), (4.1)

(z,y)€EE(G)

DN =

having its norm ||-||, on U, satisfying
2 1 . 2
[vll2 =5 > oy liv (2, ) (42)
(z,y)

We call the inner product (4.1) and (4.2), the energy form and the energy norm
on U, respectively.

Remark 4.1. (1) In (4.1), we need to keep in mind that the sum > is over
_ (@yeB(@)
the edge set E(G) of the “directed” network, not the edge set E(G) of the network! If

~

we take the sum over E(G), then the form (4.1) becomes 0, for any vy, vy € V. Indeed,

~ ~

the edge (x,y) € E(G), if and only if its shadow (y,z) € E(G). So, for a summand

Cay (01(2) = v1(y)) (v2(2) —v2(y))

there always exists its pair,

Cya (01(y) — v1(2)) (v2(y) — v2(2)).

~

Since ¢zy = cyq, for all (z,y) € E(G), we always obtain a factor of 2 from

Cay (V1(2) = v1(y)) (v2(2) = v2(y)) + cya (01(y) = v1(2)) (v2(y) — va(2))

in the sum Z(m )eE(G) Over E(a) And hence, if we take the sum over E(CA?), then
the form (4.1) goes to 0.
(2) Moreover, if we take a sum 3, 1 g () over E(G), then it is equivalent to the
original definition of the energy form in the sense of Jorgensen and Pearse (See [6]).
(3) Under the inner product (4.1), our energy Hilbert spaces, defined below, are

equivalent to the original energy Hilbert spaces in the sense of Jorgensen and Pearse
(Also, see [6]).

Definition 4.2. The Hilbert space, the norm closure of the normed space (5, ||.|..),
is called the energy Hilbert space, equipped with its energy form (or its energy inner
product) {,).. We denote the energy Hilbert space by Hg.

We consider the ERN-groupoid G acts on the energy Hilbert space Hg. Indeed,
there exists a groupoid action A,

A:G — B(Hg)

such that
AMw) =X, forall weG,
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where
Aw()(2) = v (wrw ™) (4.3)

~

for all v € V C U, and for all © € X = V(G), with identity
v(@) =0, as an image of the zero element of Hg.

Theorem 4.3. The groupoid action \ of G acting on the energy Hilbert space Hg is
well-defined.

Proof. To check X is a well-defined groupoid action, it is sufficient to show that
Aw; Awy, = Awywy, for wi,we € G,

and A\, are linear on Hg, for w € G. By definition, \,, are linear on Hg. Let w1, ws € G.
Then

()\wl)\w2) (’U)({,C) = >\w1 (v(mewgl)) =
= (wlngwglwfl) =0 ((wlwg)x(uuwg)_l) =

= Awyuw, (0)(z), forall veVCP, andz € X.

Therefore,

Ay Ay = Ay v - (4.4)

O

The above theorem guarantees that our ERN-groupoid G acts on the energy
Hilbert space He.

Definition 4.4. The pair (Hg,\) of the energy Hilbert space Hg and the
ERN-groupoid action A of (4.3) is called the energy representation of G (or, by abusing
of notation, the energy representation of ERN).

In the rest of this section, we will consider some fundamental relations between
the ERN-groupoid action A of the ERN G, and the energy form (,).. The following
computation would be the basic tool to establish our next sections.

Theorem 4.5. Let X\ be the ERN-groupoid action of the ERN G, acting on the energy
Hilbert space He. Then
1
Awvr, v2)e = Fo1 (s(w)) D Cruyy (V2 (r(w)) = va(y)). (4.5)
r(w)~y

for allw € G, and for all vi,vo € V CYU C He.
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Proof. Take w € G, and vy,vy € V. Then in L(Hg)

(Awv1,v2)c = % Z Cxy (Awv1(m) — A1 (y)) (v2(2) — v2(y)) =

(z, y)EE(G)

—L Y e (awmu ) — g ) (va(e) — va(y) =
(z,y)EE(G)

1 ey (ot (500)) = By (s0) (02(e) = v29)) =
(z,y)€E(G)

L T ey (ot — ) o1 (5(0) (vn(a) o) =
(z,y)EE(G)

LT et (5() (62 () — ()

(r(w),y)€E(G)

1
-3 D Corqwvr (s(w) (va(x) — va (r(w))) =
(z,r(w))EE(G)
since we have

(Sr(w)’z =1 (5T(w)7y =0,
and
57.(71,),1. =0 5,.(w)7y =1

(Remark that the directed network G is simplicial, and hence if (z,y) € E(G), then
r#yin X =V(Q).)

-2 > v (s(w)) (v2 (r(w)) — va(y)) +

2
(r(w),y)€E(G)

+ % Z Car(w)V1 (8(w)) (va (r(w)) — va(x)) =

(z,r(w))EE(G)

:% D v (s(w)) (va (r(w)) = va(y)) =
(

r(w)~y
since ¢gy = ¢y, Where the relation ~ is defined in (3.18),

= 3 60) 3 exuny a0~ ). :

r(w)~y

We will use the formula (4.5) in Section 5.



570 Ilwoo Cho, Palle E.T. Jorgensen

4.2. DISSIPATION HILBERT SPACE

Let X,V,G, @, G be given as above and let Z, be the current set on X with conduc-
tance ¢, induced by V. This set Z. satisfies that:

I, I, € T, => I, +1,, €7Z., and (4.6)
a€eR, and I[,€7Z.— al, €. (4.7)

The statement (4.6) holds, because if v, vy € V, then v; +v2 € V, and hence I, +
I, is identical to I, +,,. Also, the statement (4.7) holds, because oI, is determined
by Ijqfy, for all @ € R, and v € V (See Section 3.2 above).

By (4.6) and (4.7), the current set Z, is a vector space over R. So, the complexifi-
cation of Z. is well-defined as a vector space over C. Let’s denote this complexification
of Z. by J.. Define an inner product (,); on the vector space J. by a sesqui-linear
form satisfying that

def

(Loys Loy) 1 = > i(Ivl ((z, ) (Lo, ((z, 9))), (4.8)

(@, 9)eB(@) ™Y

DN | =

for all I,,,,I,, € Z. C J.. Recall that the currents I, with conductance c are deter-
mined by
Iy ((z, ) = cayiv (2, y)) = cay (v(@) —0v(Y)),

~

for all (z,y) € E(G), and v € V (See (3.22)). Then it has its corresponding norm ||.||;,

satisfying
1 1
ILlr=5 > — (@ )l (4.9)

(@)eB(@) Y

Remark here that the sum > in (4.8) is over E(G) (not over E(G)). By
(z,y)€E(G)
definition, we obtain that the formula (4.8) can be re-written by

o T =3 30 eaylin, (@ ) G (2 ).
(z,y)€E(G)

where i,,,1,, are currents contained in Z in the sense of Section 3.1. Thus we obtain
that:

Lemma 4.6. Let vi,v2 € V C U, and let I,,,1,, € Z. C J. be the corresponding
currents with conductance c. Then

(Lo, Ly )1 = (v1,v2)e, in R orin C. (4.10)

The proof is straightforward. However, keep in mind that the inner product (, )y
is defined on J.

Definition 4.7. The Hilbert space Hp, generated by the normed space (J, ||.||;), is
called the dissipation Hilbert space.
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Let Hp be the dissipation Hilbert space and let G be the ERN-groupoid. Define
a map
m:G— L(Hp)

by a linear (unbounded) operator on Hp
m:w€Gr— 7w(w)=my : Hp — Hp,

where £(Hg) means the linear (bounded or unbounded) operators on Hg, and where

o (1) (€) “ I, (we) forall e e BE(Q), (4.11)

ie.
T ,x I, ((.Tl, ceey Ty y)) if w= (x17"'7xk) € FPT(é)7

we To (w, ) if we V(G),
if w=70,

rir (D5 €y, ) (o) —vly) i w e FP(C),

wa Cwy (V(w) —v(y)) if weV(G),
if w=10,

T (L) (2, y) =

0
]
0
0
0
0

~

for all v € V, and (z,y) € E(G). (Recall the extended definitions for the conductance
c and the current 7 (and I). See Section 3).

Then the morphism 7 of G is a well-defined groupoid action acting on the dissi-
pation Hilbert space Hp.

Theorem 4.8. The map © defined in (4.11) is a well-defined groupoid action of the
ERN-groupoid G, acting on the dissipation space Hp.

Proof. Tt suffices to show that 7 satisfies:
Ty Twy = Tunwe o0 Hp, forall wi,wy€G. (4.12)
Let’s take wq,ws € G. Then

Ty T (Lv) (€) = Ty (T, (1p)(€)) = T, (Ly(w2e)) =
= I, (wiwze) = I, ((w1wz)e) = T, w, (Iv)(€),
for all I, € 3 C Hp, and for all ¢ € E(@) It shows that the statement (4.12) holds

true.
Now, take w € G. Then

Tw (Lo, + Lu,) (€) = T (Lo, 10,) (€) = Loy v, (we) =
= (Lv, + 1,) (we) = L, (we) + Lo, (we) =
= (mo(Lo,) + Tw(ly,)) (€), forall vy, vs €V, and e € E(G).
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And
T (aly) (e) = (ady,)(we) = al,(we) = amy,(1,)(e),

~

for allv € V,e € E(G), and for o € C. Therefore, each 7, is linear on Hp, and hence,
the map 7 is a well-defined groupoid action of G acting on Hp. O

The above theorem shows that the ERN-groupoid G acts on Hp. We call 7 the
dissipation action of G.

Definition 4.9. The pair (Hp,w) of the dissipation space Hp and the dissipation
action 7 of G is called the dissipation representation of G.

In this paper, we concentrate on energy representation of ERN-groupoids. How-
ever, it is definitely true that the dissipation representation is very interesting.

5. ERN-ACTIONS ON ENERGY HILBERT SPACE

Let X be a countable set and V), the voltage set on X, and let G and G be the
direct network and ERN with their groupoid G, the ERN-network. Also, let He be
the energy Hilbert space. In Section 4.1, we showed that the groupoid G acts on Hg¢
via a groupoid action

AiweG— Ay € L(Hg),

satisfying N
Ao (v)(2) = v(wzw™) forall ze€ X =V(G),

for all v € V C Hg, for w € G, where L(Hg) is the set of all bounded or unbounded
operators on Hg. Also, recall the formula (4.5);

Awvr, v2)e = %vl (5(w) D ertuyy (v2 (r(w) = v2(y)),

r(w)~y

for all v1,v9 € V C Hg, and w € G. In this section, we extend the energy groupoid
action A of G to the representation, also denoted by A of algebra 2.

Definition 5.1. Let G be the ERN-groupoid of an ERN G. Define the (pure algebraic)
algebra 20 generated by the formal series in G. i.e.,

d
% < Cl[G]).
We call this graph-groupoid algebra 2, the ERN-algebra.

Let a be an element of 2. Then, by definition, it is expressed by

a= thw, with ¢, € C.
weG

For any fixed a € ¢, the support Supp(a) of a is defined by a subset of G,

Supp(a) = {w € G : t,, # 0}.
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Thus, we can re-write that

a= Z tW.

weSupp(a)

Remark 5.2. We define the ERN-algebra 2 by the algebra C[[G]] of “formal” series
in G, not the usual groupoid algebra C[G]. So, if a € g with its support Supp(a),
then

|Supp(a)| < 0.

For instance, if there exists a reduced finite path | = (zg,21,...,2¢) in G, with
[I| > 2, then we can have an element,

i l”:nlirlgo i ", in g
k=—o0 k=—n

with the identity [° = g in G. Clearly, the usual groupoid algebra C[G] is the algebra
consisting of all “finitely” supported elements in G, and hence

Subalgebra
(C[G] - A

Suppose our directed network G is a finite tree. Then
Ae = C[[G]] = C[G].
However, we are working on the general case where G is either finite or infinite.
Recall that our directed networks are just simplicial (finite or infinite) graphs.

Define now a morphism, also denoted by A, on 2 by a linear transformation,
Aia€dg — Ma) = A\, € B(Hg) (5.1)

satisfying that

Ao (V) (z) = Z twAw(v)(2) = Z twv (wzw™!)

weSupp(a) weSupp(a)

~

forallv € V C Hg, and z € X = V(G).

Proposition 5.3. Define a unary operation
() : Ae — Ag

by

Z tow | “ Z Tow ™, (5.2)
weSupp(a) weSupp(a)

for all > tww € WUg. Then the ERN-algebra g is a *-algebra.
weSupp(a)
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Proof. To show that A is a *-algebra, we need to check

(a+b)*=a"+b*, forall a,begq, (5.3)
a™* = (a*)" =a, forall ae€Agq, (5.4)

and
(ab)* =b*a*, forall a,be Ag. (5.5)

By definition, the statement (5.3) holds immediately.
Now, let w € G C Ag. Then, by definition, w* = w™!. So,

Therefore, for any a € Ag,a** = a. i.e., the statement (5.4) holds true on g.
Now, let wy,wy € G C Ag. Then

(wiwa)* = (wiwz) ™' = wy 'wyt = wiw;.

Thus, for any a,b € g, we get
(ab)* =b*a”,
and hence the statement (5.5) holds on 2g. So, by (5.3), (5.4), and (5.5), the
ERN-algebra 2 is a (pure algebraic) x-algebra. O
From now on, we can regard our ERN-algebras as x-algebras.

Remark 5.4. On 2, the unary operation (5.1) is well-defined, and hence 2 be-
comes a *x-algebra. However, we do not know the corresponding groupoid actions A,,’s,
in the sense of (4.3), acting on the energy Hilbert space H¢, satisfy

AL EN,-1 on B(He), for weG. (5.6)

In fact, the relation (5.6) does “not” hold on B(Hg¢), in general (See below)! This
shows that the unary operation (5.1) is defined naturally as “adjoint” on 2, but the
adjoints A of the corresponding actions (or representations) A% acting on Hg do
“not” satisfy

Ary = A = Ay-1, for weG,

in general, on B(Hg).

5.1. TRANSFER OPERATORS AND LAPLACIANS

Throughout this section, we will use the same notations used before. Define now an
element T in the ERN-algebra 25 by

Te™ S A=Y Qetre)= Y (et ). (5.7)

ecE(Q) e€E(G) e€E(G)
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This element T¢ is called the radial operator of the ERN-groupoid G (or the
ERN é) The radial operators in the “canonical” graph-groupoidal settings have been
studied in [3,4], and [6].

The radial operator T of g represents the admissibility (or the connection)
induced by the ERN G. Now, consider how the radial operator T acts on the energy
Hilbert space He.

Theorem 5.5. Let Tg € Ug be the radial operator of the ERN G. Consider the
action Ar, on the energy Hilbert space Hg. Then

AT (’U)(l‘) = Zv(y), (5'8)

Ty

~

forallv eV C Hg, and x € X = V(G).

Proof. Let Tz be the radial operator of G in 2Ag. Then the groupoid action Az, in
the sense of (5.1) acts on Hg as follows:

Mo ()(@) = D Ae(v)(w) =

ecE(G)

= Z U(emefl) = Z Or(e),x? (s(€)) =
ccE(G) e€E(G)

= > uls(e) = > v(y) =
eeE(é), r(e)~y eGE(@),e:(z,y), or e=(y,z)

since r(e) = x

= v(y). m

Recall that Jorgensen and Pearse define a transfer operator 7" on the energy Hilbert
space Hg by an operator,

T(v)(x) Z Y o(y)

@~y
in [6]. Thus, the following corollary is an immediate consequence of (5.8).

Corollary 5.6. The transfer operator T in the sense of [6] is equivalent to the
groupoid action At of our radial operator Tg on Hg, in the sense that

T(U)(l‘) = Arg (U) (.%'),

for allv eV C He, and z € X = V(G).

So, without loss of generality, we can say the groupoid action Ar, of the radial
operator T € g is the transfer operator on Hg.
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Define now the conductance, also denoted by ¢, by the operator on the energy
Hilbert space Hg, such that

c()(@) € Y epyu(a), (5.9)

Ty
for all v € V, and for all z € X. We will call ¢, the conductance operator on Hg.

Definition 5.7. Let T € ¢ be the radial operator of the ERN @, and let ¢ € B(Hg)
be the conductance operator on Hg. Then the Laplacian (operator) Ag on Hg is

defined by the operator

Ac™ e g (5.10)

Observe that

Ac(v)(@) = (¢ = Azg) (0)(@) = e(v)(@) = Arg (V) (@) = Y _cayv(@) = Y _cayv(y)

T~y T~y

by (5.10) and (5.8)
= cuy (v(2) —0(y)) (5.11)

z~y
for all v € V C Hg, and = € X. By (5.11), we obtain the following lemma.
Lemma 5.8. Let Ag be the Laplacian on He. Then
Ag(v)(2) = Y cayio (2, 9)) = Lo (2, ¥)) (5.12)
Ty z~y
in R.
By (5.11), and (5.12), we can obtain the following theorem.

Theorem 5.9. Let Ag be the Laplacian on the energy Hilbert space He, as in (5.10).
Then it is equivalent to the Laplacian A in the sense of Jorgensen and Pearse (See
[6]), on He.

5.2. ENERGY FORM AND ERN-ACTIONS ON Hg

In this section, we consider how the energy form (e, e). on the energy Hilbert space
H¢ is affected by the ERN-actions A(G), more in detail. i.e., we study the formula
(4.5) in special cases.

In [6], Jorgensen and Pearse define the following special types of elements in the
energy Hilbert space Hg.

Definition 5.10. Let v € V in H¢, and let Ag be the Laplacian on He.

(1) v is harmonic, if Agv = 0, the zero element in Hg,
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~

(2) v is a dipole, if there exists x1,29 € X = V(G), such that

Ag(v) = 5361 - (SmQ,

where d, : X — {0, 1}, defined by §,(y) = 0z, 4, forall y € X. (3) For z € X, v,
is a reproducing kernel of H¢, induced by o € X, if

(ve, u)e = u(x) — u(0),
for an arbitrary “fixed” vertex o € X, called the origin.

Remark here that the origin o is arbitrary chosen in X, and in the above lemma,
the reproducing kernel I, of Hg is defined for the chosen origin o. By (4.5), we obtain
the following theorem.

Theorem 5.11. Let w € G be an element of the ERN-algebra ¢, and let vi,v3 € V
be elements of the energy Hilbert space Hg. Then

Awv1,v2)c = % (v1 (s(w))) (Ac(v2) (r(w))) - (5.13)

Proof. By (4.5),

</\w7}17 U2>c = %Ul (S(w)) Z Cr(w)y (UQ (T(’LU)) - UQ(y))

r(w)~y
for all v1,v9 € V C He, and w € G. And by definition,
Ag(v)(x) = oy (v(@) = v(y)),
T~y

for all v € V, and w € G. Therefore,

Oty i2)e = 3 (01(5))) (Aa(e2) (r(w))),

for all v1,v9 € V, and w € G. O

Now, we will compute the energy forms for harmonic elements, dipoles, and re-
producing kernels affected by ERN-actions (or by ERN-representations). Such com-
putation will show how the ERN-groupoid G (or the ERN-algebra 2s) acts on the
energy Hilbert space Hg. First, consider the energy form for harmonic elements up
to the ERN-actions.

Corollary 5.12. Letv € V C Hg be harmonic. Then
A0, 0)e =0 forall weG, (5.14)

and hence
Av,0)e =0 forall a€Ag.
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Proof. By (5.13), we have

Awv, v)e = %v (s(w)) (Ag(v) (r(w))) -

Since v is harmonic, Ag(v) = 0 on X. Therefore, the energy form, which is the
left-hand side of the above equality, becomes 0. Equivalently, the formula (5.14) holds,
for all w € G. Thus, by definition

(Aqv,v)c =0
for all a € A, whenever v is harmonic. [

The above corollary is a direct consequence of the general formula (5.13), by the
definition of harmonic elements.
Now, let v € ¥V C He be a dipole. We compute the energy form of v.

Corollary 5.13. Let v € V C He be a dipole with respect to the fized vertices x1 and
xa. i.e., Ag(v) = by, — sy, in He. Then

Do) = 5 (0(5(0))) (5ot a1 — B ) (515)
for all w € G, and hence
v, vhe = 5 (0 (s(w) (|5,] - 1677])

for all a € Ug, where
&3, = {w € Supp(a) : r(w) = x1},

and

&;* = {y € Supp(a) : r(y) = x2}.
Proof. Let v be a given dipole with respect to the vertices x1 and z2 in X, and let
w € G. Then, by (5.13), we obtain that

Awv,v)e = 5 (v(s(w))) (Ac(v) (r(w))) =
(v (s(w))) (02, = 0a,) (r(w))) =

6w1,r(w - wz,r(w)) = (516)

) (
v(s(w)) if z1 = r(w),
v(s(w)) if zo = r(w), (5.17)
otherwise,

S’LU

o w\»—t N

for all w € G. So, now, let

a= Z tww € Ag, with ¢, € C.
weSupp(a)
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Then
1
Mav,0)e = > 5 @ ((s(w))) (O ria) = 5w2,r(w))) =
wESupp(a)
by (5.16)
1 1
- 5 (v (s(w)) - 5 (W (sw) =
weSupp(a), r(w)=z1 weSupp(a), r(w)=zs
by (5.17)
= o (s(w)) (&8, | - [&52])

since the direct network G, and the ERN G are simplicial, where
&2, = {w € Supp(a) : r(w) = 21},
and

6s* = {y € Supp(a) : r(y) = z2},
in the ERN-groupoid G. O

Now, let’s consider how the ERN-actions A(2(¢) works on the reproducing kernels
{vs 1z € X} of Hg for a fixed vertex (origin) o € X.

Theorem 5.14. Let v, € V C Hg be a reproducing kernel with respect to a fized
origin o € X . i.e., it satisfies

(Vg u)e = u(z) —u(o), forall weV C Hg.

Then we obtain

1
<)\wvm7vz>c = Cf (5s(w),z - 65(111),0) ((sr(w),z - (sr(w),o) (518)
o
for all w € G, and hence
bw
<)\avw7 U$>c = Z - (68(11}),1 - 6s(w),o> (67‘(11)),:6 - 6r(w),o)

C
weSupp(a) xo

for all a = > tyw € WUg.

weSupp(a)

Proof. Let v, be given as above, and let w € G. Different from the above two corol-
laries, we will not use our general formula (5.13), to prove (5.18). Observe that

<)‘wvxavac>c = <Ua:a vaw>c -

since the energy inner product (,). is a sesqui-linear form on Hg

= A (v2)(x) = A (v2)(0)
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since (v, u)e = u(x) — u(o)

since all elements of V are R-valued

= 5T(w),mvx (S(w)) - 67‘(w),ovx (S(’LU)) =

5.19
Uy (s(w)) (5r(w),x - 5r(w),o) . ( )

Now, let’s define the following two morphisms. First, define an operator E,, :
Q[G — Q[G by

Eu, <Z tww> Lt oo (5.20)

weG

for all > t,w € Ag, for a fixed groupoid element wy € G. (Clearly, if wg ¢ Supp(a),
weG
then E,,(a) = Og, = 0.)

Second, define a functional x,,, : 2¢ — C by

o (Z tw”) “ (5.21)

weG

for all > t,w € AUg, for a fixed groupoid element wy € G. (Clearly, if wg ¢ Supp(a),
weG
then xu,(a) =0in C.)
Then, for a fixed groupoid element wy € G, we define a new functional d,,, : Ac —
C by

duy = Xy © Euy, (5.22)

where x., is defined in (5.21), and E,,, is defined in (5.20).
For the rest of this proof, we will show that a reproducing kernel v, satisfies

Vyp = S (dy —dy), for zelX, (5.23)

C$0

where

dmzda: |Xa and do:do |X7

where d,, and d, are defined in (5.22). By definition, a reproducing kernel v, satisfies

(Vag, u)e = u(zo) = u(0),
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for all w € V C Hg, and for an arbitrary fixed zg € X, with respect to an arbitrary
chosen origin 0 € X. Observe that

(e =5 D ery (0ay (@) — 02y (0)) (u(x) — u(0)) =
(z,9)€E(Q)

-3 T ( : W%‘dom—1<dxo—do><o>) (u(x) — u(0)) =
)

C C
(z,y)EE(G roo woo

— e (ot fin) = (o)) ut) — u(o) =
= 0) + 400 () — ) =
- %(1 + 1) (u(zo) — u(0)) =

= u(zg) — u(o).

Therefore, a reproducing kernel v, is identified with the function on X,

— (dxo - dO) .

Cxpo

Since 1z is arbitrary in X, a reproducing kernel v, satisfies the identity (?7?), for
x € X. Therefore, by (5.19) and (5.23), we obtain that

<)\wvx7 Uav>c = Ug (S(U})) (5r(w),a: - 5T(’w)x0) =
= (1 (dx - do) (S(w))) (57'(711),1: - 57‘(711),0) =

CZDO

! (5.24)
= — (da (s(w)) = do (5())) (Or(w) 2 = Frw).o) =

1
= a (55(711),1: - 55(11)),0) (67-(71;),_,5 — 57'(711),0) .

Therefore, the formula (5.18) holds true, for all w € G, and = € X. So, if we take
a =3 e supp(a) twtw in the ERN-algebra 2, then it acts on a reproducing kernel v,
for x € X, with the following energy form:

<)\avwavw>c = Z tw<)\wv;ﬂ; U$>c = Z 27'“) (53(71)),9: - 65(111),0) (5'r(w),z - 5'r(w),o) )
weSupp(a) weSupp(a) ro
(5.25)
by (5.24).
Therefore, by (5.24) and (5.25), we can get the formula (5.18). O

The formula (5.18) is important to compute arbitrary energy form affected by the
ERN-groupoid-actions, because of the following proposition, proven in [6].
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Jorgensen and Pearse showed that:

Theorem 5.15 ([6]). Let K, = {vy : € X} be the subset of He, consisting of all
reducing kernel with respect to a fized vertex o € X. Then the energy Hilbert space
He is generated by IKC,. i.e.,

He = spanICoH'Hc, (5.26)

where §11¢ means the ||| .-norm closure of S C Hg, and where spanY means the
vector space spanned by a set'Y .

The above theorem shows that if g € Hg, then

g= E eV, = lim E T2 Vg,
n—oo

rzeX TESy

such that
lgll. < oo,

where S,, are the finite subsets of X, for n € N, with
S1CSCS3C....

So, thanks to (5.26), we understand arbitrary elements g of the energy Hilbert
space Hg as (infinite) linear sum of reproducing kernels in K, = {v, }»ecx, where we
fix a suitable origin o in X. And this shows that our formula (5.18) would be the key
computation to “measure” how the ERN-groupoid G (or the ERN-algebra 2s) acts
on Hg (for a fixed origin o in Hg). Also, conversely, the formula (5.18) provides a
noncommutative probability on the ERN-algebra 2 (See Section 6 below).

Corollary 5.16. Let a = ZweSupp(a) tyw be an element of the ERN-algebra g,
and let g =3 o T2V be a finite linear combination in the energy Hilbert space Heg,
where K, = {vz tzex are the reproducing kernels of Hg, with respect to a fized origin
0 € X C Hg. Then the action N\, of a acts on g as follows:

bwTle, Ty
<)\agag>c = Z 0(710)2 (55(71;)@1 - 63(11)),0) ((ST(w),zQ — 67‘(11)),0) s
2,
(z1,22)€X2, wESupp(a)
(5.27)
via enerqgy form.
Proof. By (5.18), we have that
1
<)\wva:1 , vw2>c = C(:L'Q, 0) (55(70),11 - 65(11)),0) (67‘(10),302 - 5r(w),o) (528)

for all w € G, and hence

(2%
<)\aU11aU;E2>c = Z m ((Ss(w),zl - (55(11;),0) ((5r(w),x2 - (5r(w),o)
weSupp(a) ’
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fora= > tyweUg, for z1,29 € X. Thus, if g = > ryv, in Hg, then
weSupp(a) zeX
(Xag; g)e = </\a (me) Y mvx> =
zeX reX c
= Z %GO\WW Uﬂcz>c
(z1,22)€X?

where X2 = X x X

_ (2%
— Z Te1Tzy Z (5s(w),x1 - 65(10),0) (6r(w),zg - 67"(10),0) =

C\T ]
(z1,m2)EX? weSupp(a) ( 2 )

bl Ty
= Z Z — (65(11)),11 - 65(11)),0) (57’(11)),&62 - 57’(11)),0) =

C(X9,0
(z1,22)EX2wESupp(a) ( 2 )

bl Tay
= > (g 0) Otz = 0swy.0) BOrwyzs = driun.o)
(z1,22)€X2, wESupp(a)

for all @ = > tyw € Ug. O

weSupp(a)

6. FREE PROBABILITY ON ERN-ALGEBRAS

Throughout this section, we also use the same notations used in previous sections. In
Section 5, we study how the ERN-algebra 2s act on the energy Hilbert space Hg,
in terms of the energy form (, )., via the representation A of 2. Conversely, in this
section, we consider how the energy measure £(e), satisfying

en(w) = (Ayh, ).,

for all h € Hg, for w € G, acts on 2.

6.1. FREE PROBABILITY

Let 2 be an arbitrary (pure algebraic) algebra, and let € : 2 — C be a linear functional
on 2. Then the pair (2, ) is called a ( noncommutative) free probability space (e.g., see
[30]). By definition, the so-called free probability on a given algebra 2 is completely
dependent upon a fixed linear functional . Each element a of a free probability space
(A, €) are called (noncommutative) free random variables.

Let a € (2,e) be a free random variable. Then the n-th (free) moments of a is
defined by

g(a”) for meN.
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Similarly, if ay,...,as € 2 are chosen elements, for s € N, then the (ji,...,jn)-th
joint (free) moments of a,...,as is defined by

s(ajlajz ...ajn),

for all (j1,...,4n) € {1,...,s}", for all n € N. Define a set © by a collection of
certain formal series in (a variable) z,

0. € (> kuz":k, € C,Vn N},
n=1

The set {e(a™)}52; of n-th moments of a represents the free-distributional data of
a in (2, ¢) i.e., the (noncommutative) free distribution p, of a is a linear functional,

ta:©(2) = C
defined by

M(i o) = (i ) = i b (c(a™)),

for all Y07 | k,2™ € O(z), with k,, € C. So, by definition, indeed, the free moments

{e(a™)}52; of a € A represent the free distributional data p, of the free random

variable a. Similarly, for a set ©, .. .. of the multi-variable formal series

o0
6217'--7Z.§‘ = nLj { Z kil,,___,in(zil .. Zl‘n) : kh,...,in c (C}’
T (iein) €{Ls}n

in noncommutative variables z1, ..., zs, the set

OLj)l{s(ail covag ) (B, i) €41, 837}

n=

of joint free moments of the random variables ay,...,as of (2, ) represent the joint
free distributional data of ai,...,a,s. Indeed, the joint free distribution pq, .. .. of
ai,...,as is defined by a linear functional,

Hay,.as Oz, 2, — C

satisfying
'u'alv"vas(g) :g(ala”-vas) _€< Z ki17~..,inai1 ...(Zin'>7
(i15eein ) E{L,...,s}"

whenever

g(zl?""ZS) = Z kilwu;in(zil "'zin) in 6217'~~;z3’

(i15eein) E{L,..., 837
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with k;,_;, € C. So, the study of joint free distributions p, . 4, (or free distributions
o) of random variables ay, . . ., as (resp., random variables a) is to investigate the joint
free moments €(a;, a;, - .. a;,) (resp., the free moments e(a™)) of the random variables.

Now, let h be an arbitrary fixed element of our energy Hilbert space He, and let
2As be the ERN-algebra induced by the ERN G. Define a linear functional

Eh:QlGH(C

by
€h (a) = Z thh(w)
weESupp(a)
6.1
St Owh b, (6.1)
we€Supp(a)
for all a = > tyw € Ug. Then, for a fixed h € Hg, the linear functional e, is

weESupp(a)
well-defined on 2.
Definition 6.1. Let s be the ERN-algebra, and h € Hg. Let €, be the linear
functional on 2, defined in (6.1). Then the pair (g, ep) is called a energy (noncom-
mutative) probability space induced by h.

Let’s go back to the general setting. Suppose (2, €) is an arbitrary noncommutative
probability space. Then the n -th moments e(a™) of a free random variable a € (2, ¢)

have their equivalent free distributional data, called free cumulants ky(a, ..., a) of
a (See [30] and the cited references in [30]).
The n-th cumulant ky(a,...,a) of a free random variable a € (2, ¢) is defined by
kn | a, , a def Z exla, ... .. s a | p(r,ly,),
——— —_——
n-times TeNC(n) n-times

for all n € N, where NC'(n) is the lattice consisting of all noncrossing partitions over
{1,...,n}, with its minimal element

and its maximal element
1, ={(1,...,n)},

(Here, the parenthesis means blocks of the partitions.) and e.(...) means the
partition-depending moments, and where

uw:NC(n) x NC(n) — C

is the Moebius functional in the incident algebra T.
Noncrossing partitions over {1,...,n} mean the partitions without crossings. For
example,

m=1{(1,2,5),(3,4), (6,7)}
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is a noncrossing partition in NC(7), however
0 =1{(1,2,5),(3,4,6),(7)}

is a “crossing” partition, because the blocks (1,2,5) and (3,4, 6) of the partition 6 are
crossing from each other.
Let NC(n) be the collection of all noncrossing partitions over {1,...,n}, for all
n € N. Then this set NC(n) is a lattice under the partial ordering <,
T < o <de:f> YV € mq, IV € mo, s.t., V1 C Vo,

where “V € 7”7 means “V is a block of 7,” and C means the usual set-inclusion.
The incident algebra T is an algebra consisting of all multiplicative functionals

¥ :NC(n) x NC(n) —» C

satisfying that ¢ (71, m2) = 0, whenever m; > 7, equipped with the usual functional
addition (4), and the functional convolution (x), defined by
de
(1 % o) (my, m2) D b, 0)1(0, )

™1 §9§W2

for all ¥y € Z, for k = 1,2. Here, a “multiplicative” functional 1) means that
1,)= 1I 1
Y 1n) = 114 (O 1vy)

where “V' € 7 means that “V is a block of 7,” and |V| means the cardinality of V.
There exists the zeta functional ¢ in Z, defined by

de 1 if s S 9,
¢(m,0) < {

0 otherwise.

As the convolution inverse of (, we can define the Moebius functional p in Z. Since
it is the inverse of (, it satisfies that

p(0n, 1) = (=1)"epoy and Y p(m 1) =0, (6.2)
TeNC(n)

where ¢, = = < 2kk > are the k-th Catalan numbers, for all £ € N.

k+1
Finally, the partition-depending moments e, (a, ...,a) is computed as follows:
oa) = 10 g(al
exla,...,a) Veﬂa(a ),

for all m € NC(n), for all n € N. For example, if

71-:{(1’3)’(2)’(4’5)} in NC(E)),
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then
ex(a,a,a,a,a) = (as(a)a)e(aa) = e(a?)e(a)e(a?).

By considering the cumulant computation on (2, ), we can check the free structure
on 2 (with respect to €). By Speicher, two subalgebras 21 and As of A are free in
(A, €), if all “mixed” free cumulants of 2; and 2, vanish. Also, two subsets A; and
As of A are free in (AU, ¢€), if the algebras 2 generated by Ay are free in (2, ¢), for
k = 1,2. Similarly, two free random variables a; and ay of 2 are free in (AU, €), if two
subsets {a;} and {as} are free in (A, ). Assume now that ; are subalgebras of 2,
and suppose they are free from each other in (2, £). The we can construct a subalgebra
Ao generated by 2;’s in 2. We denote this subalgebra 2y by *2(; to emphasize that

J

it is generated by free subalgebras. If 2(j is identical to 2, itself, then we call 2 a free
product algebra of A;’s.

6.2. FREE-MOMENT COMPUTATIONS IN (¢g,ex)

Throughout this section, we keep using the same notations. In Section 6.1, we showed
that there exists a well-defined noncommutative probability space (g, €p), consisting
of the ERN-algebra 2, and a linear functional €, induced by h, for any fixed h € Hg.
This shows that the energy Hilbert space Hg acts on the algebraic dual Ay, of g,
via a Hilbert-space-action ¢,

e: He — Ay

such that
e(h) ™ e forall he He, (6.3)

where a linear functional e;, € 2, is defined by (6.1).

Proposition 6.2. The energy Hilbert space Hg acts on the ERN-algebra ¢, in the
sense of (6.3).

Recall that the algebraic dual A’ of an arbitrary algebra 2l is defined by
o {f:%— C: fis linear}.

Remark here that, since our ERN-algebra 2s is a pure algebraic algebra, its
algebraic dual 2, is topology-free. i.e., the elements of 2, are simply linear (without
boundedness, equivalently continuity).

Recall that the energy Hilbert space Hg is spanned by reproducing kernels
Ko = {vs}zex, for an arbitrary fixed origin o € X. So, we can determine the linear
functionals

Er = &y, €A, for v, € K,. (6.4)

Definition 6.3. Let 24 be the ERN-algebra and let ¢, be a linear functional on 2,
defined in (6.4). Then the noncommutative probability space (g, e,) is called the
energy (noncommutative) probability space (centered at x).
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i.e., a linear functional ¢, measures the quantity of elements of g, in terms of
the energy form depending on the location x € X = V(@) of the ERN G. Consider
the following computation:

5£(w) = </\wvx7 'Ux>c =
1
= o) o) (Sa(w).e = Oa(uy.0) (Bstuw)e — Orwy.0) = by (5.28) (or by (5.18))

c(r(w), o
1
- c (r(w), 0) (5s(w),xés(w),x - 5s(w),x57“(w),o - (Ss(w),o(ss(w),x + 5s(w),05r(w),o)

11 if w is a loop with s(w) =z = r(w),
e(w,0) oo equivalently, (s(w), r(w)) = (z, x),
= . 6.5
_c(ol,o) = _i if (S(U)), T(w)) = (l’,O), ( )
_c(ml, 0) = _Cio if (S(U)), 7”(11))) = (Oa x)»
c(ol,o) = i if (S(U)), T(’LU)) = (Oa 0)7

where s(w) = ww™?!, and r(w) = ww! in V(G) = X. In (6.5), we assume z # o in
X, for convenience. However, we can easily verify the case where x = o in X, again
by (5.18). Assume that = o in X. Then we obtain

go(w) =0 forall weG, (6.6)
equivalently,

€o =0, the zero functional on 2Aq.

Indeed, we have that

otherwise,

eo(w) = {610 (1-1-1+41) if (s(w),r(w)) = (o,0)

for all w € G C Ag. So, from now on, if we mention a energy functional €., then we
automatically assume z # o in X. From the formula (6.5), we also verify that the
quantity of £, (w) is related to the resistance R = =, i.e., we can re-write (6.5) by

( if w is a loop with s(w) =z = r(w),
equivalently, (s(w), ( ) = (z, x)

(0, 0) if (s(w), r(w)) = (z,

(x, 0) if (s(w), r(w)) = (o, l‘)

(0, 0) if (s(w), r(w)) = (

for all w € G C Ag. By physics, we can have

R(z, o)

ex(w) =

Q

[
o =
Q

\_/
—~
o
N
~

=

R(z,z) =0 forall ze€ X,
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because the current has the zero resistance to flow from x to z. In such a sense, the
formula (6.7) becomes

. ifwis aloop with s(w) =z = r(w),
Rz, o) =2 equivalently, (s(w), r(w)) = (z,z),
ex(w) =4¢ 0 if (s(w), r(w)) = (z,0), (6.8)
R(z,0) = = if (s(w), r(w)) = (0,2),
0 if (s(w), (w)) = (0,0)
and hence
R(z, o) = c%, if (s(w),r(w)) = (z,x),
gx(w) = ¢ —R(x, 0) = ;i if (s(w),r(w)) = (o, 2),
0 otherwise,

forallw € G C . The following lemma is the direct consequence of the computation
(6.8).

Lemma 6.4. Let w € G be a groupoid element in the ERN-algebra Ug, and let €,
be an energy functional induced by a reproducing kernel v, defined in (6.4), in the
energy Hilbert space Hg. Then

o i (s(w),r(w)) = (2, 2),

erw) = § —  if (s(w), r(w)) = (0,2),

0 otherwise.

Let w be a reduced finite path in the (arbitrary) graph groupoid G of a graph
G. We say that w is a loop (finite path) in G, if w = zwz, with x € V(G). Now,
let G be our directed network with its ERN G. As we have seen in Section 3, every
directed network is simplicial, and hence every ERN is simplicial in the sense that G
has neither loop-edges nor multi-edges. However, it is possible that G may / can have
loops, which are not loop-edges! For example, let

G= TN

T3 4

Z2

Then this graph G has neither loop-edges nor multi-edges. However, it has its
loops
(xlaanxs)n7('x27x37$1)na a‘nd (x37x17$2)n
for all n € N. Thus, the above lemma has the following combinatorial equivalency:

Corollary 6.5. Let w € G be a groupoid element in Ug, and let €, be an energy
functional in the sense of (6.4). Then

1

(e}

if w is a loop with w = xwzx,
eo(w) = —3&  if w=ows, (6.9)

xo

0 otherwise.

o
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More precisely, we have that:
(1) if w is an edge in G, then e,(w) = —=—, only when w = (o0, z) in E(G).
(2) if w is a non-loop reduced finite path in G, which is not an edge, then e,(w) =
1

———, only when w = owz.
xro

(3) if w is a loop in G, with |w| > 1, then e,(w) = -

— only when w = zwx.
Czo

The above corollary shows that, if w € G in g is “non-loop,” then the nonzero
energy form becomes a negative quantity, and if w is loop, then the nonzero energy
form becomes a positive quantity.

By (6.8) (or (6.9)), we obtain the following distributional data.

Theorem 6.6. Let w € G be a random variable in the energy probability space
(U, e.) centered at x € X. Then

if w is a loop with w = zwx,

" for alln € N,
ea(w") = L ifw=owz, andn =1 (6.10)

0 otherwise,

for allmn € N.

Proof. If n = 1, then the formula (6.10) holds, by (6.9). Assume now that n > 1 in
N. If w is non-loop, then w™ = @, for all n > 1. So,

ex(w™) = e,(0) = e, (0g,) =0,

whenever n > 1, if w is non-loop. Now, assume that w is loop, moreover, w = zwz in
G. Then w" = zw™x, for all n € N. i.e.,

(s(w™), r(w™)) = (z,z), in X2,

for all n € N. Therefore, by (6.8), we can obtain that
1
gx(w")=— forall neN.

O

The above theorem provides the noncommutative probabilistic distributional data
of groupoid elements w € G in the energy probability space (g, e,). Based on the
above theorem, we establish a calculus on the ERN-algebra (s with respect to energy
forms.

6.3. FREE-CUMULANT COMPUTATIONS IN (¢, ex)

Let (g, e,) be an energy probability space centered at 2 € X, and let w € G be an
element in the ERN-algebra 2. In Section 6.2, we considered the free distributional
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data of w, by computing the free moments {e,(w™)}nen (See (6.10)). In this section,
we study the equivalent free-distributional data of w by computing the free cumulants

{kn(w7 . ,w)}neN.

By doing that, we obtain the free structure of 2, in terms of a fixed vertex x. Let
w € G be a free random variable in the energy probability space (2q,¢e,.). Observe

wo w) = Y o w, e @) 1,) =

TeNC(n)

- ¥ (Vlgﬂgx (le))u(w,ln): (6.11)

TeENC(n)

> (Vgﬂ (&c(wW') 1Oy, 1V|))>

TENC(n)

for all n € N. By (6.11), we obtain the following lemma without proof.

Lemma 6.7. Let w € G be a free random variable in (Aq,e,). Then

kn(w w) - ¥ (Vlgﬂ (ex(w‘v')u (O, m)))

n-times TeNC(n)

for allm € N.
By the above lemma (or (6.11)) and (6.10), we get that

1
ki(w) = ez(w) = ¢ — 1 fy= owz,

Cx

if w=zwx,

o

o

0 otherwise,

and, forn > 1,

> II (V] 2(IVi-1) if w = zwz
k(W) = { weftm \Ver \ celV] V] -1 ’

0 otherwise,
(6.12)
(=DM eqvi=1)! ) e
_ WGNZC(H) <V1gﬁ ( VT (Vi—muqvi-in) ) it w = 2w,
0 otherwise,

by (6.2).
Let # € NC(n) be a noncrossing partition. Then we define the size |7| of m by
the cardinality of the set of blocks in 7. For example, if

m=1{(1,3,6,7),(2), (4,5)},
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with blocks (1,3,6,7),(2), and (4,5), in NC(7), then
|| = 3.

By (6.12), we can obtain the following theorem, which is equivalent to (6.10)
(combinatorially).

Theorem 6.8. Let w € G be a free random variable in the energy probability space
(A, ex) centered at x. Then the n-th free cumulants of w are determined by the

formula,
1

if w = zwx,

ky(w) = e (w) = fcio if w = owx, (6.13)
0 otherwise,
and .
> (Cl ) wim, 1,) if w = zwe,
kn, (w, ...... , w> = { neNC(n) > °°
— .
n-times 0 otherwise

for allm € N\ {1}, where || means the size of .

Proof. Let n = 1. Then, by definition, ki (w) = £,(w). Assume now that n > 1 in N.
Then, by (6.12), we obtain that

=D @e(vi-1)! ) O
bl o) = | B0 (vlgﬂ(cmw - ) e = s,

0 otherwise,
|| —)IVI(v]—1)! )
2 <C1 ) ( 1 (%> if w = zwe,
= 4§ 7eNC(n) > *° ven VI(([V]-D)?
0 otherwise,
]
(cio> (,U(ﬂ', 1n)) lf w = xwx7
= § TENC(n)
0 otherwise,
since
i 1n) = JLp (O, 1jvi)
for all m € NC(n), for n € N (See Section 6.1 or [30]). -

Now, let’s consider the mixed cumulants of the distinct groupoid elements w; and
ws, as free random variables in the energy probability space (g, e,) “centered at x”.
First, compute the followings;

ko (wl, ’LU2) = Ex(wlwg),u(lg, 12) =+ 5x(w1)6x(w2),u(02, 12) =

— o (wrw) — 0 (w12 (w2), (6.14)
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since
((1s,15) =1, and  p(0s,15) = (—1)2'e; = —1.

Assume that wy = zwgz in G, for all £ = 1,2. Then the formula (6.14) goes to

1 11 Cpo— 1
ko(wi,w) = — — —— = >
Cxo Czo Cxo cmo

b

by (6.13). Suppose now that w; and wq are admissible, i.e., wywy # @ in G, and
assume that w; = owix and we = zwsex. Then the formula (6.14) goes to

1 1 1 1—Cpo
o === (o) () = o1

by (6.13). Similarly, let w; = xw;z and ws = xws0. Then

kg(wl,wg> = 0, (616)

again by (6.13). This shows that even though w; and wy are admissible in G, the
cumulants induced by the energy form can vanish. Since we assume x # o in X =

~

V(G) C G, from (6.15) and (6.16) we can verify as follows:

Theorem 6.9. Let wy,ws € G be free random variables in the energy probability
space (Ag,e.) centered at x. Then the “mized” cumulants satisfy

ke (W5, Wy, ..., wy,) =
7|

w(m, 1,) if wy, = zwir, Yk =1, 2,
TeNC(n

eENC() 20, (6.17)
) w(m, 1,)  if wy = owrz, we = zwax,

Cxo

0 otherwise,

for all “mized” n-tuples (ji,...,jn) € {1,2}", for n € N\ {1}, where

VZ(il, ...,i‘v|) inﬂ',
W,=<KVenr 11§12§§z|v‘ R
in {1, 2}

for each m € NC(n), for alln € N\ {1}.

Proof. Assume first that wy = zwgx in G, for all kK = 1,2. Then the mixed cumulants

kn(wj,,...,w;,) = Z e (W), .o, wy,) p(m, 1) =
TeNC(n)

VI_EI‘n' v (wjn ce w.jn)) p,(ﬂ', 1n)7

TeNC(n) <
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where
dif
5V(wj1,. “oy wjn) = £ (wilwiz .. .wiw‘) s
whenever V' = (i1,...,4y|) € 7. And we have
1
ev(wj,,. .., wj,) = e(wi, ... wi ) = — (6.18)
o

for all V € m € NC(n), for n € N\ {1}, by (6.10), because the groupoid element w;,
...w;, is again a loop connecting = to x in G. By (6.18), if wy are loop with their
initial and terminal vertices x, then the mixed cumulants of w; and ws satisfy

kn(wy,, . wg, )= Y (1>ﬂu(w,1n). (6.19)

TeNC(n) xo

Assume now that w; = ow;z and we = xwszx. Then wiws is nonempty in G, and
it satisfies
wiwg = o(wiwe)x,

and hence, we obtain the nonzero quantities for it, in (6.10) and (6.15). So, in general,
we can get that

ko (wipy ooy w) = > (Can (Wi, ooy wy,)) plm, 1) =
TENC(n)
= > (VEW%:V (@5 s ffjn)> plm 1n) = (6.20)
TeNC(n)
|20
1
- Y () Tum
TENC(n) ro
where
d V= (il, ey i|V\)7 and
w, L ver| w<i<.. <iy ,
in {1, 2}

since €, (wowy) = 0, by (6.10).
Besides (6.19) and (6.20), all other mixed cumulants vanish, by (6.13) and (6.10).
O

By the previous theorem we can obtain the following free structure on the energy
probability space (g, ex).

Theorem 6.10. Let w € G be a random variable in (Uq,e,), either
w=zwx or w=orw in G,
and let w' € G C Ag. Then w and w' are x-free in (Aq, ), if and only if the subsets

{w,w™ =w*} and {w', (W) = (w)*}
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of U are free in (Aq,ez), if and only if
s(w'),r(w') € X\ {x,0}.
Proof. (<) Assume that a free random variable v’ € G in (g, e,) satisfies
s(w'),r(w') € X\ {x,0}.
Then, by (6.17), the mixed free cumulants of
{w,w™ =w*} and {w', (W) = (w')*}

vanish. Equivalently, the free random variables w and w’ are free in (g, ;).
(=) Suppose the free random variables w and w’ are free in (g, €, ), equivalently,

{w,w™ =w*} and {w', (W) = (w)*}
have vanishing mixed cumulants. Now, assume that either
s(w') € {z,0} or r(w') e {x,o}.

Then, again by (6.17), there exists (at least one) nonvanishing mixed cumulants
(for example, like in (6.14) or in (6.15)). This contradicts our assumption that w and
w’ are free in (UAg, e4). O

The above theorem characterize the free structure on the ERN-algebra g, in
terms of the energy form ¢, (centered at x € X). The following corollary is the direct
consequence of the above theorem.

Corollary 6.11. Let U be our ERN-algebra and let (U, e,) be an energy probability
space centered at x € X \ {o}. Then there exists x-subalgebras A, and AS of U, such
that

Ao = A, AL, (6.21)

s e ool or VT

J s(w) € X\ {z, o}
a agg|c||(wee and
r(w) € X\ {z, o}

where Alg(Y) means an algebra generated by a set Y. i.e., the ERN-algebra ¢ is a
free product x-algebra of A, and AS.

in the sense of Section 6.1, where

A, def Alg <(C [{w eG

and

Proof. The above corollary is proven by the above theorem and by the following
observation: if we let

Go ={w e G:s(w) € {x,0} or r(w)eE {x,0}},
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then
G=G,UG¢,

where G¢ is the compliment of G, in G, set-theoretically. Remark here that, by defi-
nition,
G,' =G,,

where Y1 %/ {y=!:y € Y}, for all subsets Y of G. So, the *-subalgebra
%, = Alg (C[[G,]) = + — Alg (C[G,]]) C Ao
is well-defined and hence A<, too. Also, by definition,
e = C[[G]] = C[[G, U Gg],
and hence
Ao =Alg (A, U 2A5). (6.22)

By the above theorem, the x-subalgebras 2, and A< are x-free in (g, e,). There-
fore, by (6.22),
Ao = Ap x AS. O

The relation (6.21) characterizes the free structure of 2 in terms of €, for x € X.
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