OPUSCULA MATHEMATICA e VOL. 29 e NoO. 3 e 2009

J.D. Ramirez, A.S. Vatsala

MONOTONE ITERATIVE TECHNIQUE
FOR FRACTIONAL DIFFERENTIAL EQUATIONS
WITH PERIODIC BOUNDARY CONDITIONS

Abstract. In this paper we develop Monotone Method using upper and lower solutions
for fractional differential equations with periodic boundary conditions. Initially we develop
a comparison result and prove that the solution of the linear fractional differential equa-
tion with periodic boundary condition exists and is unique. Using this we develop iterates
which converge uniformly monotonically to minimal and maximal solutions of the nonlinear
fractional differential equations with periodic boundary conditions in the weighted norm.

Keywords: Riemann-Liouville fractional derivative, monotone method, periodic boundary
value problem.

Mathematics Subject Classification: 26A33, 34B99, 34C25.

1. INTRODUCTION

Study of fractional differential equations with initial and boundary conditions has
been represented as more appropriate models than its counterpart with integer deriva-
tives. See [2,8] and [10] for more details. However, the existence of solutions by using
upper and lower solutions or by monotone method, which is well established for integer
derivative in [3] and [9], is not available in literature, except in the recent monograph
[4] and [5-7] and [1].

In this paper we have developed a comparison result for the fractional differential
equation with periodic boundary conditions. Using this comparison result and the
property of Mittag-Leffler function we have proved that the solution to the linear
fractional, nonhomogeneous periodic boundary value problem satisfies local Holder
continuity of order q. As an application of our comparison results, we prove the
existence of minimal and maximal solutions of fractional differential equations with
periodic boundary conditions, by combining the method of upper and lower solutions
and monotone method.
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2. COMPARISON THEOREM AND AUXILIARY RESULTS

In this section we develop some auxiliary results and comparison results relative to
fractional differential equations with periodic boundary conditions. This will be useful
to develop our main result. For that purpose we consider the Periodic Boundary Value
Problem (PBVP):
Dou(t) = f(t,ult), .
u(t)(t — )1~ = u(b) = o 21
or
Diu(t) = f(t,u(t)), (2.2)
u(a) = u(t)(b— 1)~ i=p = yo. '

Here f € C(J x R,R) where J = [a, b].
In (2.1), D9u(t) is the Riemann-Liouville derivative (cf. [4]) for t € [a, b] having a

singularity at t = a, and
p t
1 u(s
t R
u(t) = I'(l—-gq) t/ (t—

b
1 d u
u(t) = I'(l1-gq) t/(s

In particular, if ¢ =1 then (2.1) and (2.2) will reduce to the first order PBVP as
in [4].
We recall the following definitions.

where as in (2.2),

Definition 2.1. A function f : (a,b] — R is Hélder continuous if there are nonneg-
ative real constants C, « such that |f(z) — f(y)| < Clz — y|* for all z,y € (a,b].

Definition 2.2. Let 0 < ¢ < 1 and p = 1 — gq. We denote by C,_([a,b],R), the
function space

Cp, ([a,b],R) = {u € C((a,b],R) / (t — a)Pu(t) € C([a,b],R)}.
Also, we denote by Cp, ([a,b],R), the function space
Cp, ([a,b],R) = {u € C([a,b),R) / (b—t)Pu(t) € C([a,b],R)}.
Definition 2.3. For u € €}, we define the weighted norm as
]u(t)|cpz |(t —a)' " u(t)|.

Here and throughout this paper our results are all developed with this weighted
norm.
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Definition 2.4. Let v(t) be Cp, continuous. Furthermore if
Du(t) < f(t,v(t)),

D(@)o(t)(t = a)' ™ e—a < v(b),

then v(t) is called a lower solution of (2.1). If the inequalities are reversed, then v(t)
is called an upper solution.

Note that any solution of (2.1) is C,, continuous and any solution of (2.2) is Cp,
continuous.

Next, we prove a comparison lemma relative to upper and lower solutions of (2.1).
For that purpose we recall a known comparison theorem from [4].

Lemma 2.5. Let m € C, ([a,b],R) be locally Hélder continuous with exponent
a > q and for any t1 € (a,b] we have that on (a,t1), m(t) < 0, m(t1) = 0 and
m(t)(t — a)* 94—, < 0. Then DIm(t;) > 0.

Proof. The proof follows from [4]. O

Similarly, we have the following.

Lemma 2.6. Let m € C, ([a,b],R) be locally Hélder continuous with exponent
a > q and for any t1 € (a,b] we have that on (t1,b], m(t) < 0, m(t1) = 0 and
L(q)m(t)(t — a)*~9]4=a < 0. Then DIm(t;) < 0.

Remark 2.7. Here and throughout this paper we have assumed Hoélder continuity
of the function m(t) or of some appropriate functions as needed. However, this is not
really required. The C,, continuity of m(¢) on [a,b] is enough for the conclusion of
Lemma 2.5 and its applications throughout this paper to hold. This is precisely what
we use in our main result on monotone method.

The following result is a comparison theorem which we will need for our main
result.

Theorem 2.8. Let f € C([a,b] x R,R), v,w € C,, ([a,b],R) and Hélder continuous
with exponent o > q, with 0 < a < 1 and for t € (a,b),

Dio(t) < f(t,0(t)),
va =L(@u()(t — ) ™fi=a < v(b),

) > £t w(t), 2.4

Dw(t
Ot —a) " 1li—q > w(b).

we = T'(qw
Suppose further that f(t,x) is strictly decreasing in x for all t € [a,b], then

v(t) <w(t) for allt € (a,b]. (2.5)



292 J.D. Ramirez, A.S. Vatsala

Proof. Assume that one of the inequalities is strict and let m(t) = v(t) — w(t). If the
conclusion of the theorem is not true, there exists t; € (a,b] such that m(t;) =
m(t) <0 on (a,t1) and m(¢)(t — a)!=9)4—, < 0. Or t; = a, in which case m(t1)(t
a’)l_q|t1:a = 0.

Consider the case when t; € (a,b], then m(t;) = 0, m(¢t) < 0 on (a,t;) and
m(t)(t — a)*~9)4—, < 0. So from Lemma 2.5 we get that D%m(¢;) > 0. Thus

f(t1,0(t1)) > DIv(t1) > Diw(ty) > f(t1, w(t)) = f(t1,v(t1)),

which is a contradiction. Therefore v(t) < w(t).
Suppose now that t; = a, then

v(b) > vy = we > w(b) > v(b),

which is also a contradiction.
To prove the nonstrict inequality, let

(t —a)

ve(t) =v(t) —e |[(t—a)? + Titq

then
L(q)ve(t)(t — a)' " i=a = T(q)o(t)(t — @)~ U]1=a — eT'(q),

therefore ve (t)(t — a)' 74— < v(t)(t — a)'79|4=q. Also v.(t) < v(t), for each £ > 0.
Thus, it follows from (2.3) and the fact that f(¢,u(t)) is strictly decreasing, that

Div.(t) = Di(t) —e < f(t,v(t)) < f(t,ve(2)),

and from the result for strict inequalities we have that v (¢) < w(¢). Finally, by letting
e — 0, (2.5) is true. O

As a special case, if f(t,u) = —Lu, with L > 0, then we have that
Duv(t) < —Lw(t),
L(qu(t)(t — a) ™ i=a < v(b),
D%w(t) > —Lw(t),

D(@)w()(t — a)' ™ ma > w(b).

Therefore v(t) < w(t).
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This also yields the following result:

Corollary 2.9. If L, M are positive constants, m : [a,b] — R is Hélder continuous
and satisfies

Dim(t) < —Lm(t), where a <t <b,

D(q)m(t)(t — a)'~=a < m(b),

then m(t) <0 fora <t <b.
Similarly, if

Dim(t) > —Mm(t), where a <t <D,

L(g)m(t)(t — a)' "] i=a > m(b),
then m(t) > 0 fora <t <b.

In order to prove that the solution of the fractional linear problem with periodic
boundary conditions is well defined, we need to prove the following lemma. The next
result is to establish a property of the Mittag-Leffler function.

(b—a)i!

Lemma 2.10. If )

<1 and \(b—a)?<1, then (b—a)? ' E, ,[-\(b—a)1] < 1.

Proof. By definition

R T o i (e
HYET) - T(ng) -

Note that this is an alternating series. Initially we prove that it is absolutely
(b—a)!
- . Mla)

To show that the series is absolutely convergent we will use the ratio test, i.e., we
will evaluate

convergent and, consequently, convergent to a number less than < 1.

lim A(b = a)T(ngq)
2 T+ Dg)

We will do it by using the following definition of T,

1 o0
- H )



294 J.D. Ramirez, A.S. Vatsala

Thus for each n > 1

1 lo_ol (1+%)(n+l)q
D((n+1)g) ¥De 2 ae&5Dn X L, 1+
I'(ng) 1 5 (14L)na _n—|—1H(1+E 14 (e
g I1 1+ 22 m=1 m

n+1 -2 m’ m+ (n+1)g
(o) oo
n 1 n n? 1
1 —\a — 1 _ q:
st o () = e Lo
n? (2> <3) <4) (n+1)2+1 s 1
= ——35 |7 — o Ry H (1+7)q:
(n+1)2\1/\2/\3 (n+1) (1)1 41 m
n? it 1
= )% 41 1+ —)1
CESELRR AR A | G O ol
m=(n+1)2+1
-~ 1
2 )¢ —a)?
>n 11 (1+ )" > 1> \(b—a)".
m=(n+1)2+1

Ab—a)'(ng)

T((n+1)q)
the ratio test, the series is absolutely convergent. Furthermore the ratio test shows

that the absolute values are decreasing for each n > 1, therefore the series converges
(b—a)!
I'(q)

(b—a)T  E, [~ \b—a)?] < 1.

Note that the last result implies that — 0 as n — oo. Thus, by

to a number less than <1 and

O

Observe that in the above result we have obtained a set of conditions on the length
b — a of the interval. However it is feasible to obtain other conditions also.

The next lemma is related to the Mittag-Lefler function and shows that the so-
lution of the linear PBVP exists.

Lemma 2.11. Consider the linear Periodic Boundary Value Problem (PBVP),

Dia(t) = —Aa(t) + f(1),

T(q)z(t — a)' =)= = 2(b) = o, (2.6)

b—a)? !
where A>0 and f € Cp, ([a,b],R). Assume also that (F(a)) <1l and A(b—a)?<1.
q

Then the solution to (2.6) exists and is unique.
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Proof. In order to compute the solution of the PBVP, we consider the solution of the
Initial Value Problem (IVP)

Diz(t) = —Xxz(t) + f(¢),

I(q)x(t —a)' ™]j—q = 20.

The solution z(t) to this problem can be obtained by induction, see [2] and [4]. Tt
is given as follows,

z(t) = zo(t — a)qflE(m[—)\(t —a)?+ /(t - s)qflEqvq[f)\(t —5)9)f(s)ds,

a

then we have that
b
2(b) = 2o(b — @)™ Eqo[-A(b — a)] + /(b = 8)17 Eq g[=A(b = 5)7]f (s)ds.
Since z(b) = o,
b
zo=20(b—a)! ' E 4 [-Ab—a)i] + /(b —8)T B, 4[-A(b — 5)1]f(s)ds = .

Then,

b
Lo (1 - (b - C‘)q_lEq,q[_)‘(b - a)q]) = [(b— S)q_lqu[_)‘(b - 5>q}f(3)d3a

a

therefore,

b
= ! — )it — —3)9]f(s)ds
Ty = = (0= a)T 1By = A(b = )] a/(b VI Eg q[—A(b— s)1]f(s)ds. (2.7)

Finally, the solution to the PBVP is,

t

x(t) = zo(t — a)q_lE%q[—)\(t —a)i) + /(t — s)q_lEq’q[—)\(t —9)1f(s)ds, (2.8)

a

where zq is given above.
We will prove the uniqueness after Lemma 2.13. O
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Remark 2.12. For the PBVP,

Dix(t) = =X xz(t) + f(¢),
o = a(a) = D(q)z(t)(b — )" ez,

one can show that the following expression will give explicit solution which can be
proved to be unique on [a, b],

b
z(t) = 2o(b— )T E 4 [-Ab— 1)1 + /(s — )T E, [ A(s — 1)) f(s)ds.

The following lemma gives some properties of x(t) for problem (2.6).

Lemma 2.13. Let xz(t) be the solution of (2.6), which is given by (2.8), then x(t) €
Cp, ([a,b],R) and it is locally Holder continuous of order ¢ on (a,b].

Proof. One can see that the solution given by (2.8) is a C),, continuous function. See
[2] for details.

Now we will prove that this solution is locally Hélder continuous of order q. This
means that we will prove that there exists a constant K such that for ¢1,¢2 € (a,b)
with t; < to,

|(t2 — a)' " a(ts) — (t1 — a)' " a(ty)|< K|ty — t1]%
For this purpose we consider the equivalent Volterra fractional integral Equation

mO(t_a)q_l 1 t — )9 ax(s S)|as
o+ 1 [ =9 [Paae) + )]s

a

Thus,

|(t2 — a)lqu(tg) — (tl — a)liqx(tl)’:
1 f —a) "ty — 5)T [ Na(s s)|ds—
fi7 [ (=0t = 5 [hals) + ()]

a

t1

1 I=a(4, — gV \g(s s)las
i [ e + o]

a
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Since z(t) and f(t) are C,, continuous functions, we will have that
(t —a)'=9—\z(t) + f(t)] is bounded by, say, M;. Then using this bound we can now
write

|(t2 —a) " x(ty) — (t — a)l_qx(t1)|§

< M /\ (ts —a)'"I(ty — 5)" (s —a)?' =

© (i —a) Tt = 8) T (s —a)" | ds+ 2.9)
+ M, /(tz —a)' 7ty — 5)17 (s — a)? ds.

Since s — a > 0 for s in (t1,t2), then (s — a)?~! is bounded by (t; — a)9~!. Thus
we can now integrate the second term of (2.9)

M /<t2 —5)1 (t2—a) (s —a)TT ds < Mty —a)' l_ (t2 — S)q]

(i —a)t=a q
t1 t1
_ Ml(tg — a)lfq(tg — tl)q
(i —a)t=e '
In order to integrate the first term of (2.9), we observe that
(b-a) (-
(ta—s)l=¢  (ty —s)t=a = 7
Then,
ty
| /[(t2 ) Ity — 8)9 (s — a)Tlds—
(b= @)t~ 5)1 (s — a)]ds|<
h 1—q 1
—a)l- —a)l-a
< ]\41 (tl a) _ (tQ a’) (S _ a)q—lds _
(tl — 8)17‘1 (tz — 8)17‘1
tl 1 tl
— M, / o) h e )™y / (2 — )R — ) g
(t; — s)1-4 ! (ty — 5)1-4
“ 1- —1 2 1- ~1
:Ml/ o) 0™ oy /“2_“) M " et
(tr — )t ' (t2 — )14
a a
f (2= a)~1(s — )
to —a) " 9(s—a)i™
M .
+ 1/ (ts —5)1 4 ds

t1
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Now letting, 0 = s — a we obtain

t1—a ot
=M;(t; —a)'™1 / —(tl 72 — )i do—
’ ta—a ot
— My (ty —a)' ™1 / mdcﬂr
0
AL / — 6221(15 1— qa)q_lds'

Then, letting o = (t; — a)uy, ¢ = (t2 — a)us and integrating the third term,

1
< Mi(ty —a)' 79ty — a)??™ 1/u -1 (1 —up)? tduy —
0

+

1
7M1(t27a) tgfazq 1/U3117UQ dUQ+
0

Mi(ty —a)t=7| (ty —s)?

mmlq[

My (ty —a)t=9(ty — t1)?
(t; —a)l ¢

where B is the Beta function, and since (t; — a)? — (t2 — a)? < 0, the last expression
is less than

— My B(q,q)[(t: — a)° %f®]+

Ml(tg — a)l_q(tg — tl)q
(t —a)i—e

Finally, we get that
[(ta — @) "9z (ta) — (t1 — a)' %2 (t)|< K|ts — 11",
for some constant K. Therefore x(t) is locally Holder continuous. O

Remark 2.14. The result of Lemma 2.13 is also valid if f(¢) is the sum of a C),
continuous function and a continuous function.

Remark 2.15. It is now easy to see that the solution of (2.6) given by (2.8) is unique
by using Corollary 2.9 and Lemma 2.13.
For that purpose let z;(t) and z5(t) be any two solutions of (2.6). Then

Dz1(t) — 22()] = =Alz1(t) — 22(2)],
L(q) [z1(t) — z2(t)] (t — @)~ s=a = 21(b) — 22(b).

Using Corollary 2.9, we have that z1(t) < zo(¢). Similarly, using (2.9) we have
that xo(t) < x1(t). Therefore x1(t) = x2(t).
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3. MONOTONE ITERATIVE TECHNIQUE

In this section, we develop the monotone method for the nonlinear fractional differ-
ential equation with periodic boundary conditions of the form (3.1) which is given
below, by using upper and lower solutions of (3.1). Next we state our main result
related to the corresponding nonlinear fractional differential equation with periodic
boundary conditions. Consider the PBVP

Du(t) = f(t,u(t)),

u(t —a)' 7 mq = u(b) = 0 (3.1)
(t )1 |—ll (b) F(q)’

where f is continuous.

Theorem 3.1. Assume that:

(i) vo,wo : [a,b] — R are Cp, continuous on [a,b] such that
DqUO < f(ta UO(t))a

vo(t)(t = a) ™ 1=a < vo(b),
D%wy > f(t,wo(t)),
wo(8)(t — a)' ™ s=q > wo(b),
(b—a)!
I'(q)

(ii) there exists M > 0 such that f(t,u(t))—f(t,€(t)) > —M(u(t)—£(t)), fort € (a,b]
and vo(t) < &(t) < u(t) < wo(t).

Then there exist monotone sequences {v,},{wn} such that v, — v,w, — w as
n — oo uniformly on [a,b] and v,w are extremal solutions of the PBVP (3.1) in the
weighted norm sense. That is if u(t) is any solution of the periodic boundary value
problem (3.1) such that vo(t) < u < wo(t) , then v <u < w.

vo(t) < wo(t) fort € [a,b], <1 and A(b—a)? < 1.

Proof. From (3.1) we have the equivalent Volterra fractional integral equation given
by,

u(t) = Zo(t = / (t— )17 f(s,u(s))ds.

Now define the sequences

qun = f(tvvnfl(t)) - M('Un - Unfl)»

,UO,n
tnt = @)oo = ) = £ >

and
Dw, = f(t, wnfl(t)) - M(wn - 'SU:szl)y
= @ Tl = () = (3.3)
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Then we have that

= WUOJL(t _ a)q_l 1 | — S q-1 S,V S — Un{S) — v S S
n(®) = et — + 1 / (1 = ) (5, vn1()) = M(on(s) = w1 ()]s,
and

_wO,n(t_a)q—l 1 / —8)T (s, w s)) — wn(s) —w s s
wn(t) = T s [ (= 9 1 (9) = M () = s (),

a

where 0% w%" can be computed like x¢ in (2.7) and v,,w, are unique by
Lemma 2.11.

Apply Lemma 2.13 to (3.2) and (3.3) for n = 1 and it follows that v; and w; are
Cp, continuous. Proceeding inductively, we have that v,, and w,, are C},, continuous
functions.

Also, it follows inductively from Lemma 2.13 that v, and w,, are locally Holder
continuous.

Now define the mapping A by v; = Avg, where vy is the unique solution of (3.2)
and vg is a lower solution of (3.1). Also set p(t) = vo(t) — v1(t), then from (i) and
(3.2), we get that

D = D%y — D%y < —M(vg — v1) = —Mp,

p(t)(t —a)' " U=q = p(b), a<t<b

From Corollary 2.9 p(t) < 0 on (a,b] and p(t)(t —a)'~%|;—, < 0, which means that
vo < Avg. Thus vg < v1 on (a,b] and v (t)(t — a)!™=e < v1(t)(t — a)' 7| 4=q.

By a similar argument, if w; = Awy, where wq is an upper solution of (3.1), it can
be shown that wy > Awg = wy on (a,b] and wo(t)(t—a)*~)i—q < w1 (t)(t—a)'™|i=.

Let 7 and p be any two solutions such that vg < 1 < p < wy. Assume that
up = An,us = Ap.

Letting p(t) = u1(t) — uz(t) and using assumption (ii), we have that

D = D%y — Dy =
= f(t,n) = M(u1r —n) — f(t,u) + M(uz — p) <
< M(p—mn)— M(ur —n) + M(uz — p) =
=—M(uy —ug) = —Mp

with p(t)(t — a)!=9),—, = p(b). Hence p(t) < 0 and u1(t) < uz(t) on (a,b], uy(t)(t —
a)'79—q < uz(t)(t — a)79)4—4. This proves that A is monotone.

Define the sequences {v,}, {w,} such that v, = Av,_1,w, = Aw,_1. Note
that since vg < Avg = v; and wy > Awy = w;, by monotonicity of A we have
that v9 < v1 < w; < wy. Repeating the process we have that vo < ws, and
vg < v < vy < we < wy < wy Proceeding inductively it follows that v, < u < w,,
then

vo S v < S vy Swp < wp < Wo,
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on (a,b], where (t —a)'=%q(t), (t — a)* ~%wo(t) are bounded on [a, b] because they are
Cp, continuous functions.
Also by C,_—continuity of {v,}, {wy}, we have that

(t—a) oo (t)

(t —a)' " Two(t) < (t - << (t—a) T (t) <
< (t—a) " twn(t) < - < (= a)' T (t) < (E - a)' T lwo(t),

and

(t=a)' " Tw, (t) = =~ + . /(t—S)q_l[f(S»wnfl(S))—M(wn(S)—wnf1(8))}d8-

a

Now we show that {(¢t — a)!~9v,(¢)} and {(¢t — a)' 9w, (t)} are uniformly
bounded and equicontinuous.
First we show uniform boundedness. By hypothesis, both (t — a)!~%wg(t),
(t —a)~%wo(t) are bounded on [a, b], then there exists M such that for any ¢ € [a, b],
|(t —a)l=%(t)| < M and |(t — a)~9wg(t)] < M. Since vo(t) < v, (t) < wy(t), it
follows that
(¢ = a)! “Tup(t) < (¢~ @) ~un(t) < (¢~ @)*Two),

thus
0< (t—a) %o (t) — (£ — a) ~Tw(t) < (¢ — @)~ (wo(t) — vo(£)),

and consequently, {(t —a)'"9v,(t)} is uniformly bounded. By a similar argument
{(t — a)' 79w, (t)} is also uniformly bounded.

To prove that {(t —a)'"9v,(t)} is equicontinuous, let a < #; < ¢t < b. We
consider two cases.
Case 1. t1 = a.

Since t; = a,
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Then,

(12— @) un(t2) — (12 — ) o (1)| =
(tg—a)lfqtz 9 (s a) 9 (s—a) (5. v s)) =M (v, (s)—wv s))]ds
B [lta=s) =) =) s (9) = M (5) v (5))d

a

)

Since f is continuous on [a,b] and {(t — a)'~9v,(t)} are uniformly bounded, there
exists M such that

to
(ta—a)' 1

o) /(tz—S)“‘ (s—a)? (s—a) " [f (s, vn-1(s)) = M (vn(s) —vn-1(s))]ds

a

<

ta

< M(ty —a)t™ /(tg —5)17 (s —a)? Nds.

a
Now, let ¢ = s — a, then the last expression becomes

t2—a
o171

M(fg —a)l—q (t2 70170-)17[1

do.
0

Next, let 0 = (t2 — a)u, and the last expression gives us

1
M(tz — a)' " (ty — a) 7171 /Uq*l(l —u)? tdu = M(t; — a)'B(q, 9),
0

where B is the Beta function.
Therefore since t; = a, for any € > 0 there exists § > 0 such that for each n,

|(t2 — U,)l_q’l}n(tg) — (t1 — a)l_qvn(t1)| < e

provided that [to — 1] < 4.
Case 2. t1 > a.
In fact,

‘(tg — a)lfqvn(tg) — (tl — a)liq’l}n(tlﬂ =

LQ —a)' Tty — 8)T =M (vn(s) — v S S, v s))|ds—
T(q) a/(t2 ) (ta ) [ M( n(s) n_1( ))+f( R ( ))]d

1 1—¢q q—1
_ @ /(t1 —a) "ty — ) [—M(vn(s) — Unfl(s))—f—f(s,vn,l(s))]ds _

a
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Since {(t — a)*~9v,(t)} are uniformly bounded and f(t) is continuous on [a, b], we
will have that (t — a)'~9[f(t,vn_1(t)) — M (v, — v,,_1)] is bounded
by some constant M;. Then using this bound we can now write

|(t2 — @) "y (t2) — (1 — @) T, ()] <

< M, /\ (ts — )17ty — 8)7 (s — a)01—
C L —a) U — )T (s — a)qfl‘ds+
+ M, /2(152 —a) 7ty — 5)T (s — a)? N ds.

t1

Proceeding as in Lemma 2.13, we have that
|(t2 — a)liq’t}n(tg) — (tl — a)lfqvn(t1)|§ K|t2 — t1|q,

for some constant K.
Again, for any € > 0 there exists § > 0 such that for each n,

|(ta — a)* ™ T, (t2) — (1 — a) "9u, (1) < &,

provided that |ta — ¢;| < §. This proves equicontinuity and by similar argument
{(t = a)*~w,(t)} is equicontinuous.

This proves that {v,(t)} and {w,(t)} are equicontinuous and uniformly bounded
on [a,b] in the weighted norm. Hence by Arzela-Ascoli’s theorem there exist subse-
quences {vn, (t)} and {wy, (t)} which converge to v(¢) and w(t), respectively. Since
the sequences are monotone, the entire sequences converge.

It is easy to observe that v®" and w®™ converge to v° and w®, respectively,
where v" and w® are given by (2.7) where f(t) is replaced by f(¢,v(t)) + Muv(t) and
f(t,w(t)) + Mw(t). This proves that v(t) and w(t) are solutions of the periodic
boundary value problem (3.1).

It remains to show that v(t) and w(t) are extremal solutions of (3.1).

Assume that for some k > 0, vy—1 < u < wi—1 on [a,b] where u is a solution to
(2.6) such that vg < u < wp. Then setting p = v — u we get from condition (ii) that

D% = D%y, — D = f(t,vp—1) — M (v —vg—1) — f(t,u) <
< M(u—vp—1) — M(vg — vg—1) = —Mp

and p(t)(t — a)'~i—a = p(b).

By Corollary 2.9, p(t) < 0 on a <t < b, hence vy < u. By a similar argument
wg > uon [a,b].

Since vy < u < wy, it follows by induction that v, < u < w, on [a,b], for all n.
Hence v < uw < w on [a,b], which shows that v and w are minimal and maximal
solutions of (3.1), respectively. This completes the proof. O
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Remark 3.2. We can develop the above result for the fractional differential equation
with periodic boundary conditions (2.2) on similar lines.

Acknowledgments
This research is partially supported by the research grant NSF(2009)-PFUND-158.

REFERENCES

[1] Z. Denton, A. Vatsala, Fractional integral inequalities and applications, Computers and
Mathematics with Applications (to appear).

[2] A. Kilbas, H. Srivastava, J. Trujillo, Theory and Applications of Fractional Differential
Equations, Elsevier, North Holland, 2006.

[3] G. Ladde, V. Lakshmikantham, A. Vatsala, Monotone Iterative Techniques for Nonlin-
ear Differential Equations, Pitman Publishing Inc., 1985.

[4] V. Lakshmikantham, S. Leela, D. Vasundhara, Theory of fractional dynamic systems,
Cambridge Scientific Publishers, 2009.

[5] V. Lakshmikantham, A. Vatsala, Theory of fractional differential inequalities and ap-
plications, Communication in Applied Analysis 11 (2007), 395-402.

[6] V. Lakshmikantham, A. Vatsala, Basic theory of fractional differential equations, Non-
linear Analysis TMAA 69 (2008), 3837-3343.

[7] V. Lakshmikantham, A. Vatsala, General uniqueness and monotone iterative technique
for fractional differential equations, Applied Mathematics Letter 21 (2008), 828-834.

[8] B. Oldham, J. Spanier, The Fractional Calculus, Academic Press, New York-London,
1974.

[9] C. Pao, Nonlinear Parabolic and Elliptic Equations, Plenum Press, 1992.
[10] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

A.S. Vatsala (corresponding author)
vatsala@louisiana.edu

University of Louisiana Lafayette
Department of Mathematics
Lafayette, LA 70504 USA

J.D. Ramirez
jdr3542@louisiana.edu

University of Louisiana Lafayette
Department of Mathematics
Lafayette, LA 70504 USA

Received: July 10, 2009.
Accepted: July 20, 2009.



