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SMOOTHED ESTIMATOR
OF THE PERIODIC HAZARD FUNCTION

Abstract. A smoothed estimator of the periodic hazard function is considered and its
asymptotic probability distribution and bootstrap simultaneous confidence intervals are de-
rived. Moreover, consistency of the bootstrap method is proved and some applications of
the developed theory are presented. The bootstrap method is based on the phase-consistent
resampling scheme developed in Dudek and Leskow [6].
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1. INTRODUCTION

Estimation of hazard function is very important in many research fields like biostatis-
tics or telecommunication. The case of a periodic hazard function has been considered
in [11], where it has been shown that the asymptotic distribution of the developed
periodic histogram sieve estimator is normal. Dudek and Leskow have shown in [6]
that this result remains valid under slightly weaker assumptions and, moreover, they
constructed bootstrap simultaneous confidence intervals for the hazard function. The
bootstrap estimator was based on a new phase-consistent resampling scheme (PCRS),
retaining the temporal order and henceforth applicable to problems with a periodic
structure. Let us note that other existing resampling schemes considered in [2]-[5]
are applicable only in problems with a stationary structure.

The histogram sieve estimator introduced in [11] is piecewise constant, while in ap-
plications rather smoothed versions of the estimator are preferable. Therefore Leskow
considered in [12] a kernel smoothed version of the periodic histogram sieve estimator.
Unfortunately, we think that the proof of the theorem in which the asymptotic dis-
tribution was established in deriving its asymptotic distribution is incomplete. There
is a mistake where the variance is calculated. In the present paper we rectify this but
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under different conditions and, following [6], we use the PC'RS to construct bootstrap
simultaneous confidence intervals for the smoothed version of the hazard function.
The paper is organized in the following way. Section 2 contains the formulation of
the problem and the assumptions that are essential for our results. The asymptotic
distribution of the considered estimator is established in Section 3. In Section 4 the
consistency of PCRS is proved. Some concluding remarks are placed in Section 5.

2. PROBLEM FORMULATION

Let (2, F,P) be a probability space with a filtration F;. We observe a counting
process {X (¢t),t € T}, where 7 = [0,7]. We consider the Nelson-Aalen model in
which the stochastic intensity of X (t) is of the form: A(t) = A\g(t)Y (¢). The function
Ao(t) is deterministic and nonnegative and it is called the hazard function. The
stochastic process Y (¢) is nonnegative, left-continuous and adapted (for more details
see [2], chapter II).

The multiplicative intensity model is very popular especially in biomedical settings
because of its interpretation. One may consider Y () as the number at risk at time ¢
(that can be numer of patients after some medical treatment) and Ag(t) for example
as the intensity of death.

In the sequel it will be assumed that Ag(t) is a periodic function with the period
P and Y (¢) is periodically correlated which means that it has periodic mean and
covariance functions. Such model will be called the periodic multiplicative intensity
model. It is considered also in [6], where applications to some telecommunication
traffic real data example are shown. Leskow in [11] introduced the histogram maxi-
mum likelihood estimator of the periodic function. The idea of its construction is to
split a single realization of the process X to obtain the family of counting processes
{Xp(t):tel0,P,k=1,2...}:

Xi(t) = X(t+ P(k—1)) = X(P(k - 1)),
Yi(t) = Y(t+ Pk —1)),

where t € [0,P] and k=1,2....
The stochastic intensity of the process X (t) is of the form

Ak(t) = Xo(t)Yi(t), tel0,P].
The estimator of Ag(t) is defined as follows

:mn ZZ:le(Al,mn)
=1 Yo | Ye(w)du
A

L,mp

An(t) la,,. (t), tel[0,P], (2.1)

where A4; ,,, = (({ —1)P/m,,IP/m,] (I =1,...,my,) is the [-th subinterval of [0, P]
and, with some abuse of notation, we write Xj(A;m,) for Xp(IP/my) — Xp((I —
1)P/m,,). The same convention will be used throughout the paper for all other pro-
cesses, especially those arising from the Doob-Meyer decomposition. The estimator
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X is defined on the set D,, = > fAz ~ Yj(u)du > 0}. When the denominator of

(2.1) is equal to zero we put A, (£) = 0.

In papers [11] and [6] the asymptotic distribution of Xn(t) is determined. In [6]
this result is obtained under less restrictive assumptions and additionally the multi-
dimensional case is considered.

For kernels K with support [—1,1] it is natural to define a smoothed version of
the estimator by

t+Pb,

t—Pb,

where A, (s) = 0 for s ¢ [0, P], and hence for t € [0, P] it can be written as

P

~ 1 t—s\~

Mn(t) = Ph, K <an ) An(s)ds. (2.3)
0

We assume that the kernel function K with support [—1, 1] is nonnegative, bounded
and fulfills the Lipschitz condition. Additionally f_ll K(u)du = 1 and b, — 0 as
n — 0o.

Moreover, in the sequel we assume that the following conditions hold:

A1 Process Y is periodically correlated with period P and is almost surely bounded
away from zero: Y (t,w) > ¢ > 0 and 0 does not depend on ¢ and w.
A2 The process Y is uniformly bounded:

Y(f,, UJ) < Cy

and Cy does not depend on ¢ and w.

A3 Process Y is a-mixing with a(k) = o(k™2).

A4 The rate of the growth of the sieve is m,, o \/n.

A5 The hazard function \g is periodic (the length of the period is P).

A6 The expected value of the process Y and the hazard function Ag fulfill the Lip-
schitz condition on [0, P] i.e. there exist constants Cy and Cj such that for any
s,t €0, P]

[EY (s) — EY (t)| < Cils —t],
[Ao(s) = Ao(t)| < Cafs —t].

A7 b, xn™, where v € (5/12,1/2).

Symbol oc denotes proportionality. By a,, o b, we mean that there exists a positive
constant Dy such that a,, /b, = Dy. Assumptions A2-A6 are the same asin [6]. In A1
instead of EY () the process Y is bounded away from zero. Nonnegativity is not a
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very restrictive condition. It appears also in the fundamental work of Aalen [1] in the
context of the integrated hazard function estimation. It means that our group at risk
is always nonempty. On the other hand, A2 denotes boundedness of the group at risk.
In the real data applications, where Y (¢) is e.g. a group of patients at time ¢ after
some medical treatment or the number of working computers (see telecommunication
example in [6]), this assumption is always fulfilled. Instead of ¢-mixing condition
required in papers [11] and [12], a-mixing is considered. Moreover, L? continuity of
Y process and periodicity of its distribution is replaced by assumption A6, which is
easier to verify.

In the next sections we establish the asymptotic distribution of 7, (¢). Moreover,
we construct its bootstrap version 7% (¢) using the algorithm proposed in [6]. We show
the consistency of this bootstrap method in one and multidimensional case.

3. ASYMPTOTIC RESULTS

In this Section we show that the asymptotic distribution of the estimator 7, (t) is
normal. Although similar result first appeared in [12], the proof given there does not
seem complete. Especially, b, = m,, 1 was assumed in [12], while we have to assume b,,
to approach zero slower than m.!. In effect, in contrary to [12], our kernel smoothes
over an increasing number of histogram bins. The asymptotic variance in our result
is equal to that proposed in [12]. It can be shown, however, that the sequence defined
in [12] does not converge to this quantity.

Theorem 3.1. Under A1-A7, for any t € (0, P)

Vb (fin(t) = Ao (1)) < N (0,0°(1)) , (3.1)

where

o2(t) = 2o / K2 (u)du. (3.2)

Theorem 3.1 provides a way to construct the pointwise confidence intervals for
the hazard function. Moreover, this result is the first step to get the simultaneous
confidence intervals, which are much more important in applications (see [7]).

Before we present the proof of Theorem 3.1 we introduce the Doob-Meyer decom-
position for counting processes, which may be found e.g. in [2] pp. 66—67.

For the counting process X the Doob-Meyer decomposition states the existence of
a cadlag nondecreasing predictable process A such that

M=X-A (3.3)

is a uniformly integrable martingale, zero at time zero. The process A is called the
compensator of X.
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In the multiplicative intensity model the compensator A is of the form (see [2]
p. 177)
t
A(t) = /)\O(S)Y(s)ds. (3.4)
0

In the following we denote by Ay (t) and My (t) the compensator and the related
martingale of the counting process Xy (t), respectively. Also, without loss of generality,
we assume P = 1.

The following three lemmas will be essential for showing (3.1).

Lemma 3.2. For anyt € (0,1) and for n large enough we have

o 1 t—s
ZE / K(bn)dsl, (3.5)
1=1"",

Lymp

e [ 1 t—s G
— K d < .
2\ 4, / (bn) = b (36)

lLymn

where G is a nonnegative positive constant independent of n.

Proof. The left-hand side of (3.5) can be rewritten as follows

1 1 1 t+bn
t—s t—s
bn/K< ™ )dS—bn/K( b )ds.
0

t—bn

Putting u = (¢t — s)/b,, we get fil K (u) du, which is equal to 1.

Inequality (3.6) is a straightforward consequence of nonnegativity and bounded-
ness of the function K and the fact that the number of nonzero summands in the
sum in question is 2b,m,, (the length of the integration interval is 2b,, and it contains
2b,m,, intervals of the length 1/m,,). O

Lemma 3.3. Define L,(t) as follows

Mmn

Ln(t)zEyl(t);Wm i / K(t;f)ds , (3.7)

Lymn

where Wi = mp/n> g Xi(Aim.,)-
Under A1-A7, L,(t) and 0,,(t) are asymptotically equivalent, i.e.

for each t € (0,1).
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Proof. By U, ,, we denote the sum m,,/n>"}_, fA’ Yy (u)du.
We show that )

(nby)* \[EIUL, —EY (1) 2 (3.8)
is bounded from above by a term which tends to zero as n — oo and is independent
of [ such that A; ,,, is included in the interval (¢t — b,,t + by).

We have
2 1/2

{E ‘(nbn)lm (Upn — EY(t))ﬂ 1/2§ E ﬁmn Zn: / (Yi(u) — EYi(u)) du +
k=14

lLymnp

n ﬁmni / (EY;(u) — EY () du) .

k:IAl,'m”

First we show the convergence to zero of the last term.
Since Y is periodically correlated, we get

%mnz / (BY:(u) — BY (£)) du| = |(byn)? my, / (BY (u) — EY () du .

k:1Al,m,n Al,7nn

Due to assumption A6 we have

(bun)* m,, / (BY (u) — BY (£)) du| < C/nbyb,,
Almoy,

where C' is a positive constant independent of n. From assumption A7 we get the
required convergence to zero.
Now we consider the following expression

E %mnz / (Vi(u) — EYy(u)) du| . (3.9)

Notice that
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Due to A1 the right-hand side of the last equation can be rewritten in the following
way
bym?2 / / E (Y (u) — EY (u)) (Y (v) — EY (v)) dvdu +
Aty Atmy,
+b”mg‘zn: Zn: Cov (Yi(w), Yi (v)) dud
- v (Yi(u), Yir (v)) dudo.
h=1k'=Lk kg pc

By A2 we get that the first term is bounded from above by Dib,,, where D; is a
positive constant independent of n. We denote the second term by II. Since Y is
a-mixing and has bounded moments by Corollary A.2. from [8] we get

bnm n n B )
< = > / /Clal 2/ (|k — K|)dudw,

— - !
R=LR=LE#kg " g

where p* is the order of a suitably chosen moment of Y (here p' = 5) and O} is a
positive constant independent of n. By A3 we get I1 < Dsb,,, where D is a positive
constant independent of n. This fact ends the proof of the convergence of (3.8) to
Z€ero.

Now observe that

E |(nb.)'/? (La(t) = 7a(t))] <

1/2 Wi (Ui —EY (¢

1 t—s
- <
b / K(bn>d8

L,mnp

< i Eyl(t)i / K (tb_ns) dS\/E ‘(nbn)1/2 (Upn — EY(t))‘QE <Igll:)2

)

L,mn

By A1 we get that U7, > 6% and

E Wl,n 2< EI/VZQJL
Ul,n - 62

Additionally, because for w # v

E (X (Apm, ) Xo(Arm, ) < Fomy,>/? (3.10)
we have
EW?, = ) Y Y EX(Am)Xe(Arm,) + —2 > B (X (Aim,)) <
k=1k'=1,k'#k k=1
My,
< Fiymy, + Fo—,
n

where Fi, Fy are positive constants independent of n.
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Finally,
1/2 2 Win ? 3
E|(nbn)"? (Upp — EY(t))‘ E () < Fy\/mnnb?, (3.11)
ln
which together with (3.5), A4 and A7 completes the proof of the lemma. O

Lemma 3.4. Under A1-A7

b2 = o 1 1 t—s p
n —————— M (A — K d 0.
n Z (EY ())2 k(Atm,,) b, / ( b, ) s —
Lymnp
Proof. We define the martingale array {S,;, 1 <i < n}, where
2

. nmnzz Miu(Aim.) bln/K<tb—ns)d8

k=11=1

Lymn

Due to Theorem 3.2 from [8] in order to obtain desired convergence it is sufficient to
verify the following conditions for H,; = Sn; — Sy i—1:

(i) max; |Hm| L 0,

(i) >, Hp; =
(iii) E (maxl HZ, ) is bounded.

To get (i), (ii) and (iii) it is enough to show that > ;"  E(H2,) — 0.
By A1, A5, A7 and the fact that the increments of a martingale are uncorrelated
we get

4
- b2mi I o= 1 t—s
E(HZ,) = 22 EMZ(Aim —/K ds | =
; ) =5 2 2 vy YA | g, )
- - Al My,
4
71 - t S
=y /Ao( JEYi(u)du | / K( ; )ds <
k=1 1=1 Az,mn " . "
bZm 1 1 Cy
< C —_ =
- n? o M (bymn)®  nby’
where Cs is a positive constant independent of n. This ends the proof. O

Now we prove Theorem 3.1.

Proof. Since L, (t) and 7,,(t) are asymptotically equivalent (Lemma 3.3), we show that
the limit distribution of Z,(t) = (nbn)l/2 (Ln(t) — Ao(t)) is asymptotically normal
with mean zero and variance given by (3.2).
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Using the Doob-Meyer decomposition for our counting process X, we can rewrite
Z,(t) as follows

I 1 t—s
Zn(t) = b | =—— nl — — =
0= Vi | gy 2 Wi | 5, I ( b >d8 Molé)

k=1 1=1
Lymnp
m 1 n ln 1 t—s
by~ An(A )| — K ds | — \/nb,o(t
VI EY ) fdema) | / ( b ) B - Vibndold)
k=1 1=1 Al
Denote
My 1 o= o= 1 t—s
T e 2 2 M) | 3 / ( = )ds Vibao(t)
s - Al,mn

First we show that I converges to zero in probability.
The compensator Ak of the counting process X}, on the interval 4; ,,, is of the form

Ap(Arm,) fAz Y5 (s)ds (for more details see [2], pp. 72-77). Notice that
b, my n ol 1 t—s
I=4/—> o EY () > /)\o s) (Yi(s) — EYi(s)) ds | = /K(b )ds +
k=11=1," ”Al’mn "
by, =\ = 1 t—s
+y/ > / $)EY(s)ds ™ /K< - >ds — V/nbyo(t)
h=11=1," Aln

The hazard function Ag(t) and the inverse of the mean function EY (¢) are bounded
so we get

mMn

<oy, \/>mz /Yk —EYi(s /K<tl;s> n

=1

Al my, Al

n n = = t—
n Z /)\0 )EYi (s /K ( S) ds | — /nbao(t)
1

Ay ,mn Ay sMn

where C is a positive constant independent of n.
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In the proof of Lemma 3.3 it was shown that

2

E [ v/bn/nma / (Yi(s) — EYi(s))ds | < Caby,

where Cs is a positive constant independent of n. As a consequence we have

bn /1My, Z / (Yi(s) — EYi(s)) ds| < v/Caby,.

k= 1Almn

Given the equality (3.5) the first term on the right-hand side of the considered sum
tends to zero in probability.

Now we consider the second term. Under assumption Al and (3.5) we get, for
large n

m
n n 1 t_
. mm > [ sy L [ K( 8>ds — Vbo(t)] <

b, b
l Moy, nAlﬂnr,,, "
m
” 1 t—
"b Z / Mo(S)EY (5) — Ao(HEY (¢)] ds | — / K(22)ds
" bTLA bTL
L,mn Lymp

Moreover, by A6 we have
[Ao($)EY (s) — Ao ()EY (t)| < Db, (3.12)

where D is a positive constant independent of n.
Due to (3.12) and (3.5)

\/nb by,.

_EY

This fact together with A2 and A7 gives us the required convergence of I to zero in
probability.

To show asymptotic normality of Z,(¢f) we apply the martingale version of the
central limit theorem ([8], Theorem 3.2 p.58) for the martingale array {S,;, 1 <i <
n}, where

Sni [m”ZZE;(t)Mk(AZ,mn) ;/K(tb:f)ds

k=11=1 Al
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To check if the assumptions of this theorem are fulfilled, we consider the differences

We need to show that the following three conditions are fulfilled:

(1) max; [Ap;l - 0,

(ii) 3, A% = o*(b),
(iii) E (max; A2;) is bounded.

First we consider (ii). Initially we show that Y, EA2, — o?(t) and subsequently that
>, (A2, —EA2)) tends to zero in probability.

The expectations E (M (A m, )Mk(Apr.m,)) are equal to zero for | # I, so after
simple calculations we get

3

b,m?2 L 1 t—s
D BAL == ) iy B A ) | / K(bn>ds

k=11=1 Apm,,

Since the compensator of the submartingale MZ(t) is Ag(t fo Ao(8)Yi(s)ds (see
[2], p. 74), we have

ZEAii—b";”iimnm / Ao(s)EYi(s)ds bi / K(tb_ns)ds :

k=11=1 Al,?nn Al,?nn

~

which under A1 is equal to




240 Anna Dudek

By (3.12) and (3.6) we have

o 1
—_— EY — EY
mnbn Z (EY(t))2 mp / AO(S) (S)dS /\O(t) (t)
=1 Al
2
1 t—s
—_ <
i/ K(bn )ds :
Al,7nn
Mp 1
< _
< by Y o / IAo(s)EY (s) — Ao (t)EY (¢)| ds
=1 AL,WLn
2
1 t—s
b / K( b )ds =
Al my,
1
>~ anOLbni < len7

(EY (t))2 myub, —

where Dy and D are positive constants independent of n. To get the convergence
> EAZ, — o%(t) it is enough to show

2

o S5 [ (5)a) 0]

lL,mn

or equivalently

< 1 t—s 9
mnbn; ™ / K( P )ds —/K (w)du| — 0. (3.13)

n
Al,mn —1
Notice that for large n

1 Mn

/K2<u)du =3 1/b, / K2((t — w)/bn)duw

-1 =1 Almy,

and (3.13) is less or equal to

; 1 t—s 1 5 [t—w
g mnbn E / K( bn )ds _bn‘/AlymnK ( bn )dw .
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From the mean value theorem for integration the above expression can be rewritten

as
1 t—a\\> 1 t—§
- — _ 2 —
i <mnan < bn )) mnan < bn >

where (; and & are the intermediate points that belong to A; ..
Since the function K fulfills the Lipschitz condition, the number of nonzero sum-
mands in the above sum is 2b,m,, and |§ — (| < 1/my,, (3.14) can be bounded by

mMn

>

=1

, (3.14)

1

-G
bn,

< 2C5

Cs

b

My by, My by,

=1

where Cj is a positive constant independent of n. This means that >, EAZ, — o2(t).
To show that (ii) is fulfilled we need to show additionally that > (A2, —E(A2)))
tends to zero in probability.
We can rewrite the sum in question as follows

- b o 1 1 t—s
Ly ——— My (A - K d -
|V Lyt | [ (50) e

Lmp

2

k=1 =1 1,m,
+ Zn: bl 2 in: in: ;Mk(Al m )Mk(Al’ m )
k=1 ! I=1U=1,'#l (EY(t))2 o !

1 t—s 1 t—w
— K d — K d
bn/ <b> bn/ (bn>w
I,mp V., mp
We denote the summands of the right-hand side by IV and V, respectively.

First we show the convergence of V' to zero in probability.
Using the Doob-Meyer decomposition we get

M (A, ) M (A ., ) = Xie(Arm, ) X (A, ) — M (Arm,, ) Mk (A m,,) —
— Ak (Ap i, )AL (A, ) — Ak (Ay )M (A, )-
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Moreover,
E(Xk(Apm, ) Xk (Ar m,)) < Fim /27
E(Ak (At m, ) Ak (Alm,)) < Fom
E|Ak(Apm, ) Mi(Av m,))| < Fsm /2

)

where the positive constants F, Fy, F3 are independent of n.
From (3.5) we get

- t—s

m2

E|V|§Z Z Z 3/2 /K(b )ds
k=1 =1 U=1U# Mn Al "

bl /K(t;w>dw < Fibuyml/?,

U mn

where Fy, F5 are positive constants independent of n.

This fact together with A7 gives the required convergence of V' to zero in proba-
bility.
To get the convergence of IV notice that

M (Aim,) —EM(Aim,) = XP(Aim,) — Xe(Aim,) —
—2M (A, VA (Apm, ) — A2 (Apm,,) + My (Apm,) + Ae(Apm,) — BAR(Arm,)-

Bearing in mind the above calculations and the fact that

E |Xz'2(Al,mn) - Xi(Al,mn)

< Fgm;3/?, (3.15)

we have

E X2 (Aum,) — Xi(Aim,) = 2Mi(Arm, ) A(Aim, ) — AR (Alm,, )| < Frmy?/2,

where Fg, F; are positive constants independent of n.
Under Lemma 3.4 we only need to get the convergence to zero in probability of

Almn, Almp

which will be denoted by V1.
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In the proof of Lemma 3.3 we get that

n

E /by /rm, Y / (Yi(s) — EYi(s)) ds| < Fs\/by,

kZlAlﬂnn

where Fg is a positive constant independent of n. Under A2, A5 and (3.6) we have

/by, 1 Iy
E|VI| < For| —mp\/bp—— = —,
Vi< F nm bpm, /N

where Fy is a positive constant independent of n. This ends the proof of (ii).
The condition (iii) may be obtained by noticing that under A2, A5, A6 and (3.6)
we have

E (mzaxAii) < iE(A?M) =
i=1

1 t—s
=m?2b, YEY (s - / K <F
m2b ; / No(s P P ds | < Fu,

Al,mn Al my

where Fig is a positive constant independent of n.
To get (i) notice that

P (maX|Am| > E) <

LA 1 t—s
< — <
_g ,/ mnEY M;(Am,)| P / K( P >ds >e| <

Lymp

gZZP(Xi(AZW) ”b”>+i§P( (Atm,,) Cfb)

=1 =1

where C] is a positive constant independent of n and the summands are nonzero for
only 2m.,b,, values of [.

Since the stochastic intensity A(t) of the counting process X is bounded by a
constant (A\(t) < C'), the process X is dominated by the Poisson process with intensity
C' (for more details see [9] and [15]). As a consequence we get

ev/nb cwtl 1
P Xz A m =
( ( I n) > Cl ) m;(é}—‘,—l 1— C/mn

i%P ( (Aim,,) > ecnbn> < 2nmy,b,

i=1 =1 1

and
w1 1

met1-C/m,,’

where w = LL&IJ’J
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The right-hand side of the last inequality tends to zero as n — oc.
Moreover, under A1, A2, A5 and A6 we get

2
n o mp n mn ( f AQ(S)E(S)CZS)
335 p (M) > ST ) <350 e < B

£2nb, ~—m
i=1 =1 i= C? "

where F7; is a positive constant independent of n.
This means that P (max; |A,;| > ¢) tends to zero as n — oo, which ends the proof
of (i) and of the theorem. O

Now we present the multidimensional version of Theorem 3.1, which is the crucial
result to construct simultaneous confidence intervals for the periodic hazard function.

Theorem 3.5. Under A1-A7 for a finite set of the time moments {t1,...,t,}
(Va(t1)s - -, V()" = N, (0,5),

where Vi (t;) = v/nby, (Mn(t:) — Xo(8:)),i = 1,...,p and X is the diagonal matriz of
the size p X p, and the i-th diagonal element is of the form

Notice that the covariance matrix is diagonal. This means that V,,(¢;) and V,,(¢;)
(i # j) are asymptotically independent and normal.

Proof. To get the claim we need to use the Cramer-Wold device. The linear combina-
tion s1V,,(t1) + -+ + s,V (¢p) has the asymptotic distribution N (0,37, s?0?(t;)).
The proof of this fact is analogous to the proof of Theorem 3.1. The martingale array

is now of the form {s1S,;(t1) + -+ + $pSni(tp) : 1 < i < n}, where

. 2
1 -
Sm' b m z:z : (Al mn) (b/ K (tjb 5) dS)
n Al,rnn n

k=11=1

‘We omit the rest of the technical details. O

In the next section we present the key results of this paper. We construct the
bootstrap version of the smoothed estimator of the periodic hazard function. We
show the consistency of the considered bootstrap scheme in the one and the multidi-
mensional case.
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4. CONSISTENCY OF BOOTSTRAP

To construct the bootstrap version of the estimator 7),,(t) we use the algorithm pro-
posed by Dudek and Leskow in [6]. The phase-consistent resampling scheme (PCRS)
is designed for the counting processes which intensity function has some periodicity
properties. It is the modification of the algorithm presented by Braun and Kulperger
in [3], which was dedicated to the stationary case. The authors of [6] used PCRS
to construct the bootstrap version of the periodic hazard function estimator and as a
consequence the bootstrap simultaneous confidence intervals for this function. They
show that these bands perform very well which means that their actual coverage
probabilities are very close to nominal ones independently of the considered hazard
function and the scheme of generating the process Y.
The bootstrap version of the estimator 7, (¢) is defined as follows

70 = pp /P K () Rt (4.1)

0

where X:‘L(s) is the bootstrap version of the estimator Xn(s) (for more details see [6])

Yier J Ye(wdu

lymnp

R My n_ X* A m
A;(s)zz k=1 Xi (Asm,) la,,. (s), s€]0,P] (4.2)
=1

In the theorem below we establish the consistency of the PC'RS scheme, which means
that we show that the percentiles of the bootstrap distribution are uniformly close
to the asymptotic ones. This result is the key to obtain the bootstrap simultane-
ous confidence intervals for the considered hazard function. As in the case of the
non-smoothed estimator A, (t) (see [6]) the percentiles of the asymptotic distribution
are quite hard to obtain. Therefore, a need for bootstrap approach appears.

Theorem 4.1. Under A1-A7

sup [P (V/nbn (7(6) = n(6)) < ) = P (v/mba(a(t) = 2o(t)) < u)| = 0p (D).

uER

Proof. As before, without loss of generality we take P = 1.
First we present a lemma which turns out to be of great importance for our result.

Lemma 4.2. Let

) R 1 t—s
LI (t) = - — K 4.

Al

be the bootstrap version of Ly(t) defined by (3.7).
Then LX(t) and 7 (t) are asymptotically equivalent, i.e. ~/nb, (L%(t) — 7 (¢))
tends to zero in probability.
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Proof. Notice that

- My Ulnf t—s
bnE* L3, (1) — 75, (8)| = v/ nby B K
Vb B | Ly (8) = 5 (8)| = /b, ;Um< EY (i > / (b)

Al mg,

S\/@%E*(szn)WM—EY )| 1 /K<t—s>
=1

Ul,n bn

l'mn

In the proof of Theorem 4.1 from [6] it is shown that E* (Wlfn) = Wi n.
Moreover,

WE( Ln |Uln—EY<t)) < \/E (%’)2E\M<Ul,n—EY<t))

which together with (3.11), (3.5) and A2 gives the claim of the lemma. O

2

The key step of this proof is to use the conditional Slutzky’s theorem ([10], Lemma
4.1). Taking under consideration additionally Lemma 4.2 we only need to show that

sup [P* (V/nba (L3 (t) = B*(L3(1) < ) = ® (u,0%(8))| = or (1),

uER

where ® (u,0?(t)) is the value at u of the cumulative distribution function of the
normal distribution with zero mean and variance o2 (t).
First we calculate the mean and the variance of L% (¢).

E*(L:«t))ffmi [ (552)as

=1

Lymp

z; ”bi / K<tb—ns>ds:Ln(t).

L,mnp

Additionally,

Var® (/nbn L% (1)) = ~ Var* (W) L[ k(=8 as
( E2Y bn bn

Al mn

In the proof of Theorem 4.1 from [6] it is shown that

E |- Var* (W) = Win| < Fmy 2,

Mn

where F' is a positive constant independent of n.
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This fact together with (3.6) gives us

Mn ) 1 _
Var*(v/nb, L} (t)) — mpby, Z EZ[;&) 0 / K (tb S) ds 250.
1=1 n n

Limn

Additionally

n

TS Ak, ) = Ao (DEY (1)

k=1

E|Win — Ao()EY ()] <E +E

SN Mi(Avm,)|

k=1

The summands on the right-hand side are denoted by VII and VIII, respectively.
Since the increments of the martingale are uncorrelated we have

2
My — m2 o Mn
VIII < E(nZMk(Ahmn)) - FZEM,g(Alm) < ,/F17,

k=1 k=1

where F7j is a positive constant independent of n.
Moreover,

VII<E ﬂz / No(u) (Yi(u) — EYi(w)) du| +

+E[—2> / (Ao(w)EYi(u) — Ao (H)EY (1)) dul .

Since (3.9) is less or equal to Fyb,, and taking under consideration (3.12) we get

I
VII< \/f + Fyb,,.

This means that E |V, — X\o(¢)EY (¢)] is bounded from above by the expression tend-
ing to zero as n — oo.
Finally,

Var™( nanZ(t))—mnannE))\;((tg) bi / K(tb_ns>ds 2.0

and by (3.13)
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Using Theorem 3.1 and the Polya Theorem (see [16] p. 447)

Slelg P (\/E(Ln(t) —Xo(t) < u) - (u,aQ(t))‘ —0 as n— 0.

We only need to show that

Slelg P (\/@(LZ(t) —Ly(t)) < u) - (u,aQ(t))’ =op(l) as n— 0.

We apply a version of Berry—Essen theorem from [16] for independent but
non-identically distributed random variables:

W;=mnﬁ Z?(X:(Al,mn)—E*(X:(Al,mnm (bl / (4 s)ds>/ (BY (1)52(1),

n
Almln,

where i = 1,...,n and 52(t) = )}J%(t) f_ll K?(u)du is the estimator of o2 (t).
To get the claim of our theorem, it is enough to show the convergence to zero in
probability of

5 bn 3/2 n .
m, (n) ZE

™Mn

> (X (Aim,) = E* (X (Aim,))) -

i=1 =1
3
t—s
i ()
Al,mn
o () S ) Kt
i=1  wi=1 W, =1 | 1=1
3
t—s
— K d
bn / < bn ) il
Alim,,
where X (A, ) = 7 3551 Xo(Arm,).
Denote the right-hand side of the above equality by I.X.
Notice that
3 1/3
Moy, o 1 . s
B (Xu(Aim,) = X(Aim,)) ™ K(——)ds <
=1 nAz ; n

3\ 1/3
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Since X is stochastically dominated by the Poisson process ([9]) we have

E (X2(Am,)) € — +3 <C> - (C>3'

mn mn my
Moreover,
D
E(X3(ALm,)) € 2 (4.4)

where Ds is a positive constant independent of n.
As a consequence we get

3
- 1 t—s D3
E Xw A m - X(A m — K d < _—,
(K (Auma) = XA ) | 3, / < b > ST ama)?
Al,,,,,,n
where Dj is a positive constant independent of n.
Additionally,
3. 1/3
o - 1 t—s Dy
> (Bl X (5 [ 5 (57 )as|| | =
1=1 Al
where D, is a positive constant independent of n.
Finally,
Qbi/z
E(IX) < D3n (4.5)

vno
which under A4 and A7 gives us the convergence of X to zero in probability and
ends the proof of the theorem. O

The most important application of the bootstrap technique presented in this paper
is the construction of the bootstrap simultaneous confidence intervals. Some confi-
dence regions were proposed for example in [6]. The key result that allows us to prove
their consistency is the multidimensional version of Theorem 4.1, which can be found
below.

Theorem 4.3. Under A1-A7

sup |P* (V*(”)(t) < u) -P (V(”)(t) < u)’ =op(1),
u€RP
where V) (t) = (Vii(t1), ..., Vi)' and VIV (t) = (Va(tr), .., Va ()"
Moreover,

Vi(ti) = V/nbn (M (i) — Xo(ti)), i=1,...,p
and
Voi(t) = v/nby (M () — 0 (t:)), i=1,...,p.
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Proof. Since all steps of the proof are quite similar to those presented in [6] (Theorem
4.2) the proof is omitted. O

In the next section we describe a possible application of our results and some
modification of the estimator considered that helps to reduce the edge effects.

5. REMARKS AND CONCLUSIONS

While calculating the value of the estimator one wants to have some idea about its
accuracy. When a function is estimated the most convenient are the simultaneous
confidence bands. Following the authors of [6] and using results presented in Sec-
tions 3 and 4 one may construct the consistent simultaneous bootstrap confidence
intervals. For the estimator 7, (¢) (just like in the case of the estimator A, (¢), see [6])
the simultaneous asymptotic confidence intervals are hard to obtain because the per-
centiles of the asymptotic distribution are not easy to calculate. That is why the
bootstrap confidence intervals are the reasonable alternative.

We constructed all confidence regions proposed by Dudek and Leskow in [6]. The
broad simulation study was made. Since the results are very similar to those presented
in [6] we have decided not to present them. The actual coverage probabilities of
confidence intervals were very close to nominal ones independently of the shape of the
considered periodic hazard function, the method of generating the process Y and the
number of periods that was taken.

This means that the bootstrap simultaneous confidence intervals may be used
in the real data applications (for a real data example see [6]) and this paper gives
additionally the possibility to calculate them not only in the m,, time moment like
was in the case of A, (¢).

The estimator 7, (¢) is meaningful only on the interval [Pb,,, P — Pb,]. To improve
its behavior near the edges 0 and P one may use the idea of Leskow (see [12]) to wrap
the interval [0, P] around the circle and define on it the estimator 7. (). This concept
of elimination the edge effect is similar to the one presented by Politis and Romano in
[14] for the moving block bootstrap method or the version of tiling (see for example
[13]). The idea of Leskow may be also applied in the case considered in this paper.
Then the estimator 7. (¢) is asymptotically normal with the same variance as 7, (t)
provided that the conditions of Theorem 3.1 are fulfilled.
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