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ELASTO-PLASTIC MODEL OF UNSATURATED SOIL

1. Introduction

Amongst the many propositions of an elasto-plastic model of unsaturated soil media, 
extensions [1, 8, 11] of the concept of the classic model for Modi  ed Cam-Clay [7] form an 
essential group. These concepts take into consideration the effect of liquid and gas phases on 
the stress state. They are based on an extension of the Critical State Theory, where suction 
is enclosed into three factors de  ning the state of the surface (effective values of shear and 
medium stresses and void ratio or speci  c volume).

The following paper presents such a model, constituting an actualized version of the 
proposition described in [3], transformed from the “net stress — strain and suction” system 
to the “effective stress — strain and suction” relation. The model uses a modi  ed equation of 
the wheeler and Sivakumar’s yield surface [12] and the generalized hardening rule (connec-
ting increment of plastic part of void ratio with stress and suction levels). This presentation is 
preceded by a derivation of the actualized extended constitutive elasto-plasticity rule [5] and 
it  nishes with a discussion on the consideration of the suction effect.

2. Theoretical basis

In a three-phase medium soil the pores are partially  lled with water and gas (in the form 
of bubbles in water). Suction s, de  ned as the difference between gas pressure ua and water 
pressure us (existing in pores), which is the effect of soil unsaturation. The stress state in any 
material point of such a medium is characterized by component ’ij of effective stress vector 
’ de  ned by relationship [3, 5]

 * Opole University of Technology, Faculty of Civil Engineering, Opole

u u u sij ij ij a ij a w ij
n

ij$ $ $ $ $v v d d | v d |= - + - = +l ^ ^h h (1)



138

in which: ij — is the component of the total stress vector ,  — is a parameter depending on 
saturation level of the soil, ij — is Kronecker’s delta. The relationship between the  rst pair 
of parenthesis is a component of the net stress vector n, de  ned as the difference between 
the component of total stress vector  and gas pressure ua. Standard invariant values — ef-
fective mean stress p’ and total shear stress q — are connected with their net equivalents by 
the following formulae:

3. Incremental equation of elasto-plasticity

The substitution of net values (pn, qn) along with stress invariants ( p’, q) used to de-
scribe the stress state leads to a replacement of the extension elasticity rule [3–5] (taking 
suction s into account) with the classic version of the rule. As a result, the derivation of 
the constitutive equation of elasto-plasticity for a model of the unsaturated soil medium 
becomes necessary. 

The stress state and strain state in the material point of the skeleton of the unsaturated 
soil medium is connected with a set of 6 basic relations: the rule of strain additivity, the 
constitutive relationship of elasticity, the plastic  ow rule, consistency condition, the yield 
surface equation and the hardening rule:

Quantities d e, d p denote the increment vectors of the elastic and plastic parts of the 
strain increment d , d ’ — is the vector of the effective stress increment, D — is the consti-
tutive matrix of soil elasticity, ds — is the suction increment, d  — is the scalar multiplier, 
aF = { F/ ’} — is the gradient of plasticity function F (de  ned for values of effective mean 
stress p’ and total shear stress q, suction s and scalar hardening parameter , F/ s, F/  — 
are derivatives of yield function F for suction s and hardening parameter .

The standard advantage described in [3], is realized in the analogical form with classical 
[6], comprises:
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1) inclusion of the elastic part of the strain increment d e from the transformed relation (3.a) 
into the elastic rule (3.b) and of the plastic increment d p from the plastic  ow rule (3.c):

2) inclusion of the obtained relation (4) for the increment of effective stress d ’ into the 
consistency condition (3.d):

3) the speci  cation of the increment of the hardening parameter d  through the differentia-
tion of the hardening rule (3.f) and the consideration of the plastic  ow rule (3.c):

4) inclusion of the relation (6) for increment of the hardening parameter d  into the modi-
 ed consistency condition (5):

5) determination of scalar multiplier d  from the obtained expression (7):

6) inclusion of the obtained formula (8) into relation (4) and ordering of this expression:

The obtained expression is the incremental constitutive equation of elasto-plastic 
partially saturated soil medium. KF is the plastic hardening modulus. The relationship (9) 
consists of two parts, where the  rst part is identical to classic relation for elasto-plastic 
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unsaturated soil medium. The second one considers effect of suction on stress state in 
soil skeleton.

4. Yield surface

Plastic behaviour of unsaturated soil medium is speci  ed by the following pair of rela-
tionships: yield surface equation and hardening rule. 

Yield surface [3] is de  ned by a modi  ed Wheeler and Sivakumar’s equation [12]. This 
expression is based on ellipse equation (  g. 1.a) in canonical form (captured on the plane 
“q’ — pn” for a speci  c level of suction s):

Connected quantities pn
x and pn

0 denote values of net mean stresses determining position of top 
point C and origin point A for ellipse. M(s) and (s) constitute a pair of model parameters de  ning 
the position of momentary critical state line CSL(s) (current for suction level s). Inclusion of the 
transformed relation (2.a) into relationship (11) taking into account the correction of coordinates:

gives  nal form of yield surface equation:

The equation speci  es yield surface on plane “q — p’ ” for speci  c suction level s.
The elastic state inside the ellipse, de  ned by rule (3.b) for invariant pairs of stress state 

(shear stress increment dq, effective mean stress increment dp’) and strain state (shear strain 
increment d q, volumetric strain increment d v), is speci  ed by the following relation:

The elastic parameters G and K denote shear modulus and bulk modulus. When the non-
linear elasticity is taken into consideration, the K modulus is changeable (variable depending 
on actual stress p’, void ratio e and elastic swelling index ):
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5. Hardening rule

The hardening rule constitutes to the generalization of the classical concept 
for Modified Cam-Clay [7] in the difference version. The rule connects the plastic 
part of the void ratio ep(s) with the net stress state pn. This rule is an effect of the 
analysis of 2 sets of consolidation characteristics (normal characteristic NCL, limit 
characteristic CLS and the elastic swelling EL marked “as function” for states (1) 
and (2)) in system “e – lnpn” (Fig. 1.b) for the pass variant of the stress state from 
level (1) to (2), corresponding with the suction change s = s2 – s1. The passing, il-
lustrated by the vector connecting points B1 and B2, is accompanied by an adequate 
increase of the yield surface (assigned by coordinates of points A2 and C2 on the 
plane “q’ – pn ”). 

The hardening rule is de  ned by expression for net mean stress pn
(2) [2]:

Fig. 1. Model scheme: a — yield surface F, b — consolidation lines 
for pass variant from stress level (1) to (2)
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Constants N(s2), (s2), N(s1), (s1) denote the coef  cients of the indirect consolidation 
lines (shift ratios and inclination ratios respectively), ek2(s2), ek12(s2) — are shift ratios of the 
elastic swelling lines EL,  — is an inclination ratio of line EL. This relation is complemented 
by a pair of expressions for net mean stress values pn

0 and pn
x, de  ning the correction of the 

position yield surface F in state (2) (i.e. coordinates of points A2 and C2 in system “q’ – pn ”):

Constants (s2), (s2), N(2)(s2), (s2) denote coef  cients of the consolidation lines CSL 
and NCL for state (2) (shift ratios and inclination ratios), e2(s2) — is the void ratio for net 
mean stress pn

(2).
The inclusion of the transformed relation (2.a) into relationships (15)–(16) with consi-

deration of signs given to stress levels (1) and (2):

gives the  nal form of the hardening rule and expressions for correcting the position of yield surface F:
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6. Model parameters

The described model speci  es:
1) is a set of 6 parametric relations M(s), (s), N(s), (s), (s), (s), interpolating the results 

of the triaxial tests (for constant suction s levels) with using Lagrange polynomials, 
according to the formula:

where y(s) denotes one of 6 relations M(s), (s), N(s), (s), (s), (s), yj — is the value 
of adequate parametric relation for suction sj in point j.

2) is a set of 3 elastic parameters: the elastic swelling index , the shear modulus G and the 
bulk modulus K, 

3) the 3 initial values: suction s0, void ratio e0(s0) and the effective mean stress p’0(s0).
Example values yj have been contained within table 1.

7. Modelling of suction changes

The model presented of an unsaturated soil medium requires the speci  cation of addi-
tional relationships, de  ning the effect of water and gas behaviour in pores on changes of 
pressures ua and uw, i.e. on change of suction s. Two approaches are applied here:

1) A complete model — using the Darcy law and the Fick law (for describing of water and 
gas behaviour) and giving the possibility to construct a complex variational equation of 
the balance for all phases of soil (used for Finite Element analysis of speci  c problems 
within the framework of the consolidation theory [2]), 

2) A simpli  ed model — using the experience of characteristics connecting suction with 
stress in the soil with the elementary physical parameters (degrees of saturation, void ra-
tion and speci  c volume), taking into consideration the boundary-the initial conditions 
of the analyzed problems as additional relations [8].
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TABLE 1
Nodal values of selected function parameters for kaolin [12]

i si 
kPa] Mi = M(si) i = (si)

[kPa] Ni = N(si) i = (si) i = (si) i = (si)

1 0 0,813 0,0 2,052 0,128 2,011 0,110
2 100 0,933 54,2 2,122 0,182 1,984 0,108
3 200 0,959 83,5 2,196 0,196 2,042 0,181
4 300 0,910 122,0 2,212 0,176 2,105 0,223



Presently the second variant predominates in the applications and in the veri  cation of 
the proposed models, because it allows one to limit research work to the analysis of the soil 
medium with the consideration of modeling the elasto-plastic properties. This concept makes 
it easier to use well known numerical techniques [8–10] for the numerical analysis of the 
speci  c but experimentally veri  ed, stress paths.

REFERENCES

[1] Alonso E.E., Gens A., Josa A.: A Constitutive Model for Partially Saturated Soils. Géotechni-
que, Vol. 40, No. 3, 1990, pp. 405–430.

[2] Di Rado H.A., Benyeto P.A., Mroginski J.L., Awruch A.M.: In  uence of the Saturation-suc-
tion Relationship in the Formulation of Non-saturated Consolidation Models. Mathematical 
and Computer Modelling, 49, 2009, pp. 1058–1070.

[3] Fedczuk P.: Spr ysto-plastyczny model cz ciowo nawodnionego o rodka gruntowego. In: 
Problemy geotechniczne i rodowiskowe z uwzgl dnieniem pod o y ekspansywnych, Eds 
Dembicki E., Kumor M.K., Lechowicz Z., Wydawnictwa Uczelniane UTP, Bydgoszcz 2009, 
pp. 35–42.

[4] Fedczuk P.: Przyrostowe równanie konstytutywne dla spr ysto-plastycznego modelu gruntu 
nienawodnionego. XIV Krajowa Konferencja Mechaniki Gruntów i In ynierii Geotechnicz-
nej, Bia ystok-Augustów 21–23.6.2006 r., Zeszyty Naukowe Politechniki Bia ostockiej, Z. 28, 
T. 2, Wydawnictwo Politechniki Bia ostockiej, Bia ystok 2006, pp. 83–92.

[5] Fredlund D. G., Rahardjo H.: Soil Mechanics for Unsaturated Soils. John Wiley & Sons, 1993.
[6] Nayak G.C., Zienkiewicz O.C.: Elasto-plastic Stress Analysis. A Generalized for Various 

Constitutive Relations Including Strain Softening. International Journal for Numerical Me-
thod in Engineering, Vol. 5, Issue 1, 1972, pp. 113–135.

[7] Roscoe K.H., Burland J.B.: On the Generalized Stress-strain Behaviour of “Wet” Clay. In: Engi-
neering Plasticity, Eds Heyman J., Leckie F.A., Cambridge University Press, 1968, pp. 535–609.

[8] Sheng D., Fredlund D.G.: Elasto-plastic Modelling of Unsaturated Soils: an Overview. Proce-
edings of 12th International Conference of IACMAG, 1–6.10.2008, Goa, India, pp. 2084–2105.

[9] Sheng D., Sloan S.W., Gens A., Smith D.W.: Finite Element Formulation and Algorithms for 
Unsaturated Soils. Part I: Theory. International Journal for Numerical and Analytical Me-
thods in Geomechanics, 27, 2003, pp. 745–765.

[10] So owski W.T., Gallipoli D.: A Stress-strain Integration Algorithm for Unsaturated Soil Ela-
stoplasticity with Automatic Error Control. Proceedings of 6th European Conference on Nu-
merical Methods in Geotechnical Engineering, Graz, Austria, 6–8 September 2006, Taylor 
and Francis, pp. 113–119.

[11] Uchaipichat A.: A Hydro-mechanical Model for Unsaturated Soils. World Academy of Scien-
ce, Engineering and Technology, Vol. 68, 2010, pp. 202–206.

[12] Wheeler S.J., Sivakumar V.: An Elasto-plastic Critical State Framework for Unsaturated 
Soil. Géotechnique, Vol. 45, No. 1, 1995, pp. 35–53.


