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Vibrating tools in manufacturing processes, mining, and
other branches of industry where hands and finger grasp or
push vibrating objects are the principal causes of hand inju-
ries due to severe vibration and shocks. A wide range of
vibrating objects can bring about such magnitudes of acce-
leration, which jointly with the exposure time produce ob-
servable injurious effects to the hand-arm system (HAS) of
the human operator body. There are many biomechanical
models of this system gathered and compared in (�(*>?��

�
���
9��:@
!��0�A�

�
���
����), all of which resulted from
investigation of its dynamic characteristics in particular si-
tuations. The problem of severe vibration on humans has
been described in detail in (Griffin 1990). In some papers con-
cerning the hand-arm system the usual way of theoretical
approaches to vibration isolation based on simple, passive
biomechanical models and selected, a priori known, passive
structures of isolators. Some works concerning active hu-
man body models (AHBM) and their optimal vibration isola-
tion were already published in (�(*>?��
9��<1
9���@
�(*>?��
�'.
$�(*()�
9���). In the present article a general procedure
for analytical construction of optimal vibration isolation
systems for hand-arm models including weighting function
depicting level of discomfort, is proposed, based on Wiener
– Hopf filtration theory (Gupta and Hasdorf 1981).
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There are some principal factors that influence the problem
of vibration isolation of whole – body and hand-arm sys-

tems. These factors are presented in block form in Figure 1
where E represents excitation, VIS represents the vibration
isolation system, HAS represents the hand-arm system, HS
represents the human sensitivity controller, and J represents
the criterion of isolation. The block represented by J, in spite
of its virtual character, has been introduced among the phy-
sical components to underline the capital influence of the-
performance specifications on the VIS structure. Compo-
nents presented in Figure 1 have different physical charac-
ter. The HAS and HS components depend on physical
structure and way of functioning of the structure of hand-
arm-human body. The J component depends on subjective
decision of the VIS designer. The VIS, as a final result
depends on the procedure of composition of the previous
components and applied mathematical tools. The excitations
transmitted to the hands of hand-held tool operators can
have a very diverse character.
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The power spectral densities of hand-tool excitations
have irregular shape and are difficult to approximate by ratio-
nal functions of the complex variable s. The HAS itself is
a very complex, active biological system and there have been
many attempts to measure its dynamical characteristics
($4()���7
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���C). It is very difficult to build
a general model of such a system. The existing models are
mostly finite degree of freedom mechanical systems. They
are of functional character and their structure is obtained
from measurements of the mechanical impedance, apparent
mass or transmissibility functions. These models were con-
sidered as lumped parameter, passive, and minimum-phase
systems. In the majority of cases the biomechanical models
of HAS were designed on the basis of the driving-point im-
pedance (2.1) measurements.

( )
( )

( )

F s
Z s

x s
=

�

(2.1)

where F(s), ( ), ( )x s x s� ��  are correspondingly Laplace trans-
forms of force and velocity applied and measured at the cho-
sen point of the hand. In hand-held tools or other vibrating
objects the vibration isolation systems are applied as inter-
nal (Basista 2006) or external (Reynolds and Jetzer 1999)
parts of the principal construction. External isolators,
whether passive or active, are built between the tool or other
vibrating object and the handle. The external devices (usual-
ly rubber mountings between the handle assembly and
the power unit) may also include provision for heating the
handle by either exhaust gases or electricity. Internal VIS are
the results of the global conception and design of a tool that
can have material, passive, or state control character. The
present state of VIS is the result of increased interest by tool
manufactures, primarily a result of pressure from tool users
and the general increase in knowledge of the injuries charac-
ter of vibrating equipment.
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In the paper the frequency weighting curve Wh, defined in BS
6842, 1987b, was chosen for further calculations as a mea-
sure of hand-arm system sensitivity to vibration and plotted
in Figure 2. This curve is compatible with ISO 5349 and is
considered as the most representative characteristics for
hand transmitted vibration. It is expressed by product of two
rational functions as following

( ) ( ) ( )h f b hW s H s H s= (3.1)

with filter transmissibility

2 2 2
2

2 2 2 2 2 21 2
1 2

1 1

4
( )

2 2
4 4

f b
s f

H s
f f

s s f s s f
Q Q

π=
⎛ ⎞ ⎛ ⎞π π+ + π + + π⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

(3.2)

and frequency weighting function

2
3 4

32 2 24
4

2

( 2 ) 2
( )

2
4

h
s f Kf

H s
ff

s s f
Q

+ π π
=

⎛ ⎞π+ + π⎜ ⎟
⎝ ⎠

(3.3)

The numerical values of the parameters in formulae (3.2),
(3.3) are given in Table 1.
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The target of the proposed approach is to find the optimal
VIS for the hand-arm system subjected to stationary random
excitations described by their power spectral of acceleration.
The biomechanical model composed of the two masses
(m1, m2E1
.�7-��
 FαE
�'.
(-�*'5
 F<E
-��-�(�.
64
�*2�
 *'
F!��0�A�

�
���
����E, shown on the left side of Figure 4, is
considered in the presented paper as the passive part of
hand-arm system (HAS). The total model of HAS was
assumed in the paper as a hybrid model described by the
product of the impedance (or apparent mass) of the passive
model and weighting curve Wh described in British Stan-
dards and ISO for the hand-arm system.

The right side of Figure 3 presents schematically handle
(m) and the dynamical structure of VIS described by the
function ϕF�E. The source of excitation is described by sta-
tionary random acceleration signal 0 ( ).x t��

f1 
[Hz] 

f2 
[Hz] 

f3 
[Hz] 

f4 
[Hz] 

Q1 
[–] 

Q2 
[–] 

K 
[–] 

6.3 1250 16 16 0.71 0.64 1.0 
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by combining and shaping of the densities given by formu-
lae (5.4) and (5.5).

0

2
( )

2xS s
σ=

π��

(5.4)

( )0

2 2 2

22 2 2 2
( )

4
x

s
S s

s s

γσ Ω −=
π Ω + − γ

��

(5.5)

Due to the great variety of existing power spectral densi-
ties, this approach allows estimation of the extreme referen-
ces for the optimum hand-arm VIS.

#��� $!%!&� �'&()!*+&!�(,�*!-��%�(,�('.�/+/�0��&�.�(%

�-( �.�(%�-1-.!/�2����3

As shown in Figure 3, the force FT(t) is a force of contact
between a hand-arm structure and VIS. To obtain the optimal
VIS, the Wiener-Hopf theory has been applied. Let

0( ) ( ) / ( )s F s x sϕ = �� (5.6)

where 0( )x s��  and F(s) are the Laplace transforms of random
time functions 0( )x t��  and F(t) respectively. ϕ(s) is the func-
tion describing the optimal VIS that does not have any poles
in the right-hand side pf the s plane. The criterion of vibra-
tion isolation (5.1) can be written as

0

2

2

( ( ), ( ), ( ), ( ), )

( ( ), ( ), ( ), ( ), )

hx x

x h

J L s W s s s

L s W s s s

−= σ ϕ ψ λ +

+λσ ψ ϕ λ
��

(5.7)

where:
Wh(s) – the frequency weighting function representing

comfort preferences of hand-arm system,
L(s) – function depicting physical properties of the

chosen model of hand.

Our aim is to find ϕF�E that minimizes J and that has no
poles in the right-hand side of the s plane (for stability and
realizability reasons). The method used to this end is a tech-
nique of variational calculus of variations (&+-)�
�'.
��( 
.��,
9��9@
�(*>?��
9���). Assume that ϕF�E is subjected to
a small variation, so that

ˆ ( ) ( ) ( )s s sϕ = ϕ + εη (5.8)

Then J becomes Ĵ  where

0

2

2

ˆ ˆ( ) ( ( ), ( ), ( ), ( ), )

ˆ( ( ), ( ), ( ), ( ), )

hx x

x h

J L s W s s s

L s W s s s

−ε = σ ϕ ψ λ +

+λσ ϕ ψ λ
��

(5.9)

To minimize J we calculate the following difference

ˆJ J Jδ = − (5.10)
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As the criterion of synthesis of the optimal vibration iso-
lation of hand-arm system, the following expression was
assumed

0

2 2 minxx xJ −= σ + λσ =
��

(5.1)

where:

0

2
x x−σ – variance of the relative displacement between

tool and handle,
2
xσ
��

– variance of acceleration of the
0�'.
�1
λ – ��5��'5�
7+
)*-
*���

�0�
7��'
(D+���
3�
+�(
 2
yσ  can be calculated as follows:

0

2
2 1

( ) ( )
i

y y xi
H s S s ds

i

+ ∞
− ∞

σ = ∫ ��
(5.2)

In (5.2) the index y denotes, respectively, x – x0 and .x��
Hy(s) denotes respectively transfer functions between the
variables x – x0, x��  and 0.x��  Criterion (5.1) is a particular case
of more general criterion proposed in (�(*>?��
9���). The
variances (5.2) are calculated under an assumption concern-
ing the source of vibration. It was assumed that the excita-
tion is depicted by the power spectral density (PSD) of accel-
eration denoted as 

0
( )xS s

��

 in the formula (5.3):

0

4
0( ) ( ) ( ), 1,2x r r rS s S s s s r= ψ ψ − =

��

(5.3)

where:
r = 1 – white noise acceleration excitation – WN,
r = 2 – narrow band noise acceleration excitation

– NBN.

And 
0
( )xS s

��

 can be expressed by its factorized functions
( ) ( ), 1.2r rs s rψ ψ − =  of complex variable s. These two pow-

er spectral densities can be considered as two extreme cases
of excitation between harmonic (single frequency) and pure
random signals. The very first approximation of most power
spectral densities of real vibration sources can be obtained
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and we minimize ˆ( )J ε  as ε → 0. This will be the case if

0

( )
0

d J

d ε=

δ =
ε

(5.11)

As the final result of the above operations we obtain

( ) ( , ( ), ( ), ( ), )hs f s L s W s sϕ = ψ λ (5.12)

#��� �'' �)�.�(%�(,�.4!�'&()!*+&!�,(&�0��&�.�(%��-( �.�(%

(,�.4!�41�&�*���(/!)4�%�)� �/(*! �(,�.4!�4�%*��&/

Let us assume that hand-arm system can be represent by
a hybrid biomechanical model described by the product
of the mechanical impedance and weighting frequency
function Wh. Taking this into account the force F(s) can be
written as

( )
( ) ( ) ( )h

Z s
F s W s x s

s
= �� (5.13)

Applying (5.13) and (5.6) the mean square values of (5.2)
can be expressed as follows

00

2
2

2

1 ( ) 1
( )

( ) ( )

j

xx x
j

s
S s ds

j sZ s W s s

+ ∞

−
− ∞

ϕσ = −∫ ��

(5.14)

0

2
2 1 ( )

( )
( ) ( )

j

x x
j

s s
S s ds

j Z s W s

+ ∞

− ∞

ϕσ = ∫�� ��

(5.15)

Introducing

( )
( ) ( )

s
G s

Z s W s
= (5.16)

and supposing that the spectral density can be factorized in
the way shown in (5.7) criterion reduces to

2

24
0

1
( ( ), ) [ ( ) ( ) 1

( ) ( ) ] ( ) ( )

i

i
J s s G s

i

s s G s S s s ds

+ ∞
− ∞

ϕ λ = ϕ − +

+λ ϕ ψ ψ −

∫
(5.17)

Executing all steps of the procedure written in paragraph
5.2. The function (5.12) can be written as follows

1 ( ) ( )
( )

( ) ( ) ( )

G s s
s

D s s D s+ + −
+

⎡ ⎤− ψϕ = ⎢ ⎥
ψ ⎢ ⎥⎣ ⎦

(5.18)

where

4( ) ( ) ( )(1 )D s G s G s s+
+

⎡ ⎤= − + λ⎣ ⎦ (5.19)

4( ) ( ) ( )(1 )D s G s G s s−
−

⎡ ⎤= − + λ⎣ ⎦ (5.20)

We can show that

41 ( ) ( )s R s R s+ λ = − (5.21)

where

0.5 0.5 0.25, 2 , 1A B C= λ = λ = (5.22)

2

2

( )

( )

R s As Bs C

R s As Bs C

= + +

− = − +
(5.23)

so

4( ) (1 )
( ) ( ) ( ) ( )

( )

( ) ( )

s s
D s s

Z s W s Z s W s

sR s

Z s W s

+

+

⎡ ⎤−= + λ =⎢ ⎥− −⎣ ⎦

=

(5.24)

4( ) (1 )
( ) ( ) ( ) ( )

( )

( ) ( )

s s
D s s

Z s W s Z s W s

sR s

Z s W s

−

−

⎡ ⎤−= + λ =⎢ ⎥− −⎣ ⎦

− −=
− −

(5.25)

finally

0

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( )

F s Z s W s s
s

x s sR s s R s +

⎡ ⎤ψϕ = = ⎢ ⎥ψ −⎣ ⎦��

(5.26)

Final formula for ϕ(s) depends on the forms of driving-
point impedance of the isolated object, frequency weighting
function W(s) and acceleration excitation ψ(s).

#�"��
(&/-�(,��))! !&�.�(%�!5)�.�.�(%

��-!�(,�64�.!�%(�-!�27�3��))! !&�.�(%�!5)�.�.�(%

0

2
0

01( )
2xS s S
σ

= =
π��

(5.27)

1 12 2

1 1
( ) , ( )

( )
s s

s s
ψ = ψ − =

−
(5.28)

1
2 2 2

( ) 1

( ) ( )

s Ks L

R s s As Bs C s−
+ +

⎡ ⎤ ⎡ ⎤ψ += =⎢ ⎥ ⎢ ⎥
− +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

(5.29)

where the parameters K and L must be calculated from (5.23)
and system of algebraic equations

0

0

0

1

KA U

KB W LA

KC LB

LC

+ =

− + + =

− =

=

(5.30)
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Finally, the expression for the optimum function ϕ(s) for
WN excitation takes the form

22
2

2

( ) ( ) ( )
( )

( ) ( ) ( )

( ) ( )
1

( )

( ) ( )( )

( )

Z s W s s
s

sR s s R s

Z s W s Ks L

ss As Bs C
s

Z s W s Ks L

s As Bs C

+ −
+

⎡ ⎤ψϕ = =⎢ ⎥
ψ −⎢ ⎥⎣ ⎦

+= =
+ +

+=
+ +

(5.31)

Case of narrow band noise (NBN) acceleration excitation

0

22 2
0

02 022 2 2 2
( ) ,

( ) 4
x

s
S s S S

s s

γσΩ −= =
πΩ + − γ

��

(5.32)

2 2 2 2

2 2 2 2

( )
( 2 )

( )
( ) ( 2 )

s
s

s s s

s
s

s s s

+ Ωψ =
+ γ + Ω

− + Ωψ − =
− − γ + Ω

(5.33)

1
2 2 2 2

3 2

2 2 2

( ) 1

( ) ( 2 ) ( )

( 2 )

s s

R s s s s As Bs C

Ms Ns Ps Q

s s s

−
+ +

⎡ ⎤ ⎡ ⎤ψ + Ω= =⎢ ⎥ ⎢ ⎥
+ γ + Ω − +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

+ + +=
+ γ + Ω

(5.34)

The parameters M, N, P, Q are to be calculated from the
following system of algebraic equations:

2

2

0

2 0

2 0

0

1

MA V

MB NA V T

MC NB PA V T

NC PB QA T

PC QB

QC

+ =

− + + γ + =

− + + Ω + γ =

− + + Ω =

− =

= Ω

(5.35)

Finally

0

3 2

2

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( )

( ) ( )( )

( )( )

TF s Z s W s s
s

x s sR s s R s

Z s W s Ms Ns Ps Q

s As Bs C s

+ −
+

⎡ ⎤ψϕ = = =⎢ ⎥
ψ −⎢ ⎥⎣ ⎦

+ + +=
+ + Ω +

��

(5.36)
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( ) , ( ) ( )hZ s ms W s W s= = (6.1)

Case 1: WN acceleration excitation

2

2

( ) ( )( )
( )

( )

( ) ( )( )

( )

f b h

Z s W s Ks L
s

s As Bs C

mH s H s Ks L

As Bs C

+ϕ = =
+ +

+
=

+ +

(6.2)

Case 2: NBN acceleration excitation

In this case the form of expression is the same as in case 1.
The final form of function ϕ(s) is

3 2

2

3 2

2

( ) ( )( )
( )

( )( )

( ) ( )( )

( )( )

f b h

Z s W s Ms Ns Ps Q
s

s As Bs C s

mH s H s Ms Ns Ps Q

As Bs C s

+ + +ϕ = =
+ + Ω +

+ + +
=

+ + Ω +

(6.3)

8����������ϕϕϕϕϕ2	3�,(&�����/(*! �(,���	�


In this case HAS is described by hybrid 2 DOF model shown
in Figure 4. The dynamical reaction of operator’s hands
on the handle vibration is depicted by the mechanical im-
pedance Z(s) given by the formula (6.4) and presented in
Figure 5.

2
1 2 1 2 1 2

2
2

( ) ( )
( )

( ) ( )h

s m m s m m s k m m
Z s

m s s k

W s W s

⎡ ⎤+ α + + +⎣ ⎦=
+ α +

=

(6.4)
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Figure 7 shows the magnitudes and phases of ϕ(s) for narrow
band noise excitation (NBN) and two values of λ and Ω.
In Tables 1, 2 and 3 the numerical values of parameters of
equations (5.22), (5.30) and (5.35) have been calculated and
presented for chosen values of λ and Ω.
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The data concerning the HAS model shown together
with handle and VIS in Figure 4 are as follows: m1 = 0.1 [kg],
m2 = 0.8 [kg], α = 250 [Ns/m], k = 130·103 [N/m]. Mass of
handle was taken m = 1[kg].

Case 1: WN acceleration excitation

2
1 2 1 2 1 2

2
2

2

[ ( ) ( )]
( )

( ) ( )( )

( )

f b h

m m s m m s k m m
s

m s s k

H s H s Ks L

As Bs C

+ α + + +
ϕ = ×

+ α +

+
×

+ +

(6.5)

Case 2: NBN acceleration excitation

2
1 2 1 2 1 2

2
2

3 2

2

[ ( ) ( )]
( )

( ) ( )( )

( )( )

f b h

m m s m m s k m m
s

m s s k

H s H s Ms Ns Ps Q

As Bs C s

+ α + + +
ϕ = ×

+ α +

+ + +
×

+ + Ω +

(6.6)

Final formula for ϕ(s) depends on the forms of impedance
of the isolated object and weighting function W(s).

9� �
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As an numerical example the optimum vibration isolation
system has been calculated for hybrid double mass, weight-
ed hand-arm model. In this example the mass of handle was
neglected.

The following parameters of the power spectral density
for the narrow-band excitation were assumed: σ2 = 1 [m2s–4],
γ = 0.1[s–1], Ω = 6 [s–1] – (resonance of magnitude of Wh (s))
and Ω = 60 [s–1] – (resonance of magnitude of Z(s)). The nume-
rical values of the parameters of (6.6) have been calculated
on the basis of these data. In Figure 6 the magnitudes and
phases of passive (Z(s)/s) and hybrid (W(s)Z(s)/s) models are
shown: 1 – magnitude and phase of hybrid model of HAS.

λ [s4] A [s2] B [s] 

0.0001 0.01 0.14142 

10000 100 14.142 

λ [s4] K [s] L [–] 

0.0001 0.1414 1,0 

10000 14,14 1,0 

Q [s–1] λ [s4] M [s2] N [s] P [–] Q [s–1] 

6 0,0001 0,0147288 0,1973831 1,84852 6 

6 10000 2,3846926 0,21440804 85,852 6 

60 0,0001 0,00264035 0,01727833 9,48520 60 

60 10000 0,23597768 0,02138626 849,520 60 
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The synthesis of an optimum vibration isolation system pre-
sented in this paper can be extended to an arbitrary vibration
isolation HAS model described by its driving-point impe-
dance and frequency weighting curve Wh. The final results
will depend on structure of chosen passive HAS model and
also on the forms of the criterion and excitation. As has been
shown in Figure 7, the magnitudes of the optimal ϕ(s) for
hybrid models are lower than the magnitude of ϕ(s) corre-
sponding to passive model of HAS. It signifies that the force
transmitted to the hybrid model of HAS by the optimum
vibration isolation system is lower than the force transmitted
to the passive model of the HAS. The differences increase
with increasing values of the Lagrangian multiplier λ. Similar
calculations can be led for more complex forms of criteria of
vibration isolation and more complex biomechanical models.
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