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In active noise control a real microphone is usually used to
provide information about results of noise reduction, i.e. the
error signal. Such signal can be used to supervise adaptation
of the control filter and/or be the input to a feedback con-

troller. In many applications placing a microphone directly
at the ears is not accepted. However, the zone of quiet ge-
nerated around the real microphone may not satisfactorily
propagate to the desired location. Moreover, sound rein-
forcement at such location may be perceived. To avoid this
effect the general idea of Virtual Microphone Control
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Estimated models will be noted with hats. Control filters
are grouped together in matrix W(z–1) of dimension I × G,
built in a similar way to the plant matrices, so that

1 1 1
11 12 1

1 1 1
1 21 22 2

1 1 1
1 2

( ) ( ) ( )

( ) ( ) ( )
( )

( ) ( ) ( )

G

G

I I IG

W z W z W z

W z W z W z
z

W z W z W z

− − −

− − −
−

− − −

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

W

�

�

� � � �

�

(2)

It is assumed that the distance between the real and vir-
tual microphones is much smaller than the smallest acoustic
wavelength contributing to the noise to be reduced and the
distance of the overall plant to the primary source is larger
than the largest acoustic wavelength contributing to the
noise. Then, corresponding disturbances at the real and
virtual microphones can be considered equivalent. The dis-
turbances, if they are stochastic and wide-sense stationary,
can be modelled as uncorrelated wide-sense stationary
white noise sequences with unity variances filtered by
a shaping filters matrix (�))#%""�7::9), i.e.

1( ) ( ) ( )i z i−=d F e (3)

The matrix F(z–1) can be found by performing spectral
factorisation of the matrix of the disturbance Power Spec-
trum Density (PSD) (Grimble and Johnson 1988)

1
1 1( ) ( ) ( ) | j TS

T
dd z e

z z z − ω−
− −

==S F F (4)

0-����"-��'�"�#<�1#'� !#% �#!

( )1dim ( )z G G− = ×F (5)

provided Sdd(e–jωTS) is analytic and positive definite for
all ωTS. For notational convenience it is assumed that
the shaping filters in F(z–1) have finite impulse responses
(FIR structure).

All signals are grouped in corresponding vectors, e.g.

[ ]1 2( ) ( ), ( ), ..., ( ) T
Gi d i d i d i=d (6)

In the above equations ω is the angular frequency, TS is
the sampling period, and z–1 is a complex variable if present
in a polynomial or transfer function, or a one-step backward
time-shift operator if present in a difference equation. Te
variable/operator z–1 will be dropped in the sequel, where it
will not lead to confusion.

Let the cost function be defined as

^ ^ ^
trace ( ) ( ) ( )T

vvL E i i MSE i
⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪= =⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭
y y y (7)

where ^
( )v iy  is the vector of estimates of residual signals

at the virtual microphones and the MSE symbol has been

(VMC) systems can be applied. They have been extensively
studied by many researchers including the author for the
last several years (see, e.g.�=��0�>(4,��7::?*���!"�))����
	�
7:::*� �!� .� ��� 
	�� 7::7@@3 They are usually designed in
a feedforward or feedforward-like architecture. A VMC sys-
tem based on classical feedback approach has been presen-
ted in (��0�>(4,��7::?). Although the structure considered
in this paper is similar to that of (�!� .� ��� 
	�� 7::7) the
approach to control system design is completely different
(��0�>(4,�� 7::A).

Experiments demonstrate that the use of a single pair of
microphone and loudspeaker does not frequently suffice
to obtain satisfactory performance, i.e. generate a zone of
quiet of acceptable dimension =��0�>(4,�� 7::A*� �))#%""
7::9@3 Moreover, for some applications, presence of an ob-
stacle, e.g. the head for an active headrest system, consti-
tutes a barrier for the zone of quiet at one side to propagate
to the other side. Therefore, more microphones and loud-
speakers are often necessary. In the most general case a cou-
pling between subsequent pairs (channels) should be taken
into account resulting in a multi-channel system referred to
also as the multi-input multi-output (MIMO) system. In this
paper a fixed-parameter optimal minimum-variance feed-
back VMC system is designed. The approach to minimum-
variance feedback controller design using Diophantine
equations is originally combined with the approach to feed-
forward Wiener filter design.

Let G be the number of real and virtual microphones
(plant outputs), and I be the number of secondary sources
(plant inputs). A sample plant with G = I = 2 is presented in
Figure 1.


�������	�6)� "�%&�"0%�# 6$"!*�� 1�"0%����)

� 1�"0%�+#�"$�)�%$"6$"!

Rational transfer functions of the real and virtual paths
can be grouped together in polynomial matrices, Sr(z

–1) and
Sv(z

–1), respectively, of dimension G × I, e.g.

1 1 1
11 12 1

1 1 1
1 21 22 2

1 1 1
1 2

( ) ( ) ( )

( ) ( ) ( )
( )

( ) ( ) ( )

r r r I

r r r I
r

r G r G r GI

S z S z S z

S z S z S z
z

S z S z S z

− − −

− − −
−

− − −

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

S

�

�

� � � �

�

(1)
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Because control filters in matrix W are without delay, to
the delay in each {j, l}-th element of SW contribute exactly
all elements of the j-th row of matrix S. Therefore, let the
following Diophantine equation be applied

1 2= + ⊗F F Z F (12)

where Z is a matrix of backward-shift operators:

1 1 1

2 2 2

G G G

k k k

k k k

k k k

z z z

z z z

z z z

− − −

− − −

− − −

⎡ ⎤
⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

Z

�

�

� � � �

�

(13)

minj j l
l

k k= (14)

and kjl is the discrete time delay of the the Sjl-th element of
matrix S. This defines degrees of elements of the matrices
F1 and F2 as

1,

2,

deg 1

deg dim

j l j

j l j l j

F k

F F k

= −⎧⎪
⎨

= −⎪⎩
(15)

Combining (10) and (12) gives

[ ]^ ^
2 1( ) ( ) ( ) ( )v vi i i i

⎡ ⎤
= − + ⊗ +⎢ ⎥

⎣ ⎦
y SWy Z F e F e (16)

where the two terms in square brackets are uncorrelated.
Taking into consideration that the second term cannot be
controlled, minimisation of the cost function corresponds to
minimisation of the first term in the mean-square sense
(to avoid rewriting long equations an informal notation will
be used below)

^
2min min ( ) ( )vL MSE i i

⎧ ⎫⎪ ⎪≡ − + ⊗⎨ ⎬
⎪ ⎪⎩ ⎭
SWy Z F e (17)

Substituting for 
^

( )v iy  from (10) results in

[ ]{ }1
2

min

min ( ) ( )GxG

L

MSE i i
−

≡

≡ − + + ⊗SW I SW Fe Z F e
(18)

where IGxG stands for a unity matrix of dimension equal G.
The white noise signal vector can be omitted in the analysis
because it is present at both components. Since, the cost
function is defined as the mean-square value, it can receive
non-negative values only. Thus, the above minimisation
will give the same effect as:

[ ]{ }
[ ]{ }

1 1
2

1
2

min min

min .

GxG

GxG

L MSE

MSE

− −

−

≡ − + + ⊗

≡ − + ⊗ +

SW I SW Z F F

SW Z F F I SW
(19)

introduced to shorten equations in the sequel. Minimisation
of such function corresponds to reduction of sound pressure
levels at the virtual microphones. For the optimal control
system design and analysis it is assumed that the control
system is linear and time-invariant.

�� �������������

������������	��	��� �	���	�� ������

The structure of the feedback MVC system under consi-
deration is presented in Figure 2. Models of the real paths
are used to estimate noises at the real microphones:

^^
( ) ( ) ( )rri i i= −d y S u (8)

Referring to the assumption that noises at the real and
corresponding virtual microphones are equivalent, the re-
sidual signals at the virtual microphones can also be easily
estimated as

^ ^^
( ) ( ) ( )vv i i i= +y d S u (9)

These signals constitute also the control filter inputs. For
the closed-loop system the following relation can be de-
rived:

^ ^
( ) ( ) ( )v vi i i= − +y SWy Fe (10)

0-����"-��&%))%0# .� %"�"#% �-�!�B�� �# "�%1$(�1C

( )^ ^ ^ ^
r v r vr r v v

⎡ ⎤⎡ ⎤ ⎛ ⎞
= − − = − − − −⎢ ⎥⎜ ⎟⎢ ⎥

⎢ ⎥⎣ ⎦ ⎝ ⎠⎣ ⎦
S S S S S S S S S (11)

Thus, the polynomial matrix S can be expressed in terms
of modelling errors of the real paths as well as in terms of
modelling errors of the difference between the real and vir-
tual paths.
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Rearranging and using the Diophantine equation again
leads to:

{ }1 1
1 1

min

min ( ) ( )GxG

L

MSE − −

≡

⎡ ⎤≡ − − + −⎣ ⎦F F F I SW F F F
(20)

Simplifying F and F-1 gives:

{ }1 1
1 1min min ( )L MSE − −≡ − + −F F SW F F F (21)

Models of the acousto-electric paths are non-minimum
phase including delay. Therefore, making the expression in
the curly brackets equal zero would lead to non-causal- sta-
ble control filters. To avoid such problem the cost function
could be extended by including weighting of control signal
variance or non-minimum phase factor of the plant. Then,
the overall design should be changed accordingly as pre-
sented, e.g. in =�#�1��)#D!�#����
	��9;;A@. In this paper anoth-
er approach is proposed. It takes advantage of the idea of
Diophantine equation and combines it with an approach
successfully used for feedforward or feedforward-like con-
trol. This approach utilises inner-outer factorization and
causal-anticausal decomposition =	-)� �� 1��"�� �1�9;;E*
�-� .� � 1����$1� B��.�9;;7@. Moreover, for MIMO sys-
tems the cases of more plant outputs than plant inputs and
vice versa should be considered separately.

�����
�������� �!� ��"#$�%��&%"&%��%'$����"&%�

In this subsection the case of G ≥ I is considered. Let the
following substitution and inner-outer factorization be used
(matrix dimensions are explicitly provided):

1 1 1 1 1
1 1

( ) ( )1 1
1 1

( ) ( ) ( ) ( )

( ) ( )

GxI GxG GxG GxI

i o
GxI IxI

z z z z

z z

− − − − −

− −

= =

=

S F F S

S S

(22)

0-����"-��#  ���'�"�#<�!�"#!&#�!

( ) ( ) 1
1 1( ) ( )

Ti i
GxI GxI IxIz z−⎡ ⎤ =⎣ ⎦S S I (23)

Then, (21) can be written as

{ }( ) ( ) 1
11 1

( ) ( ) 1
11 1

min min ( )

min ( ) ( )

i o

To i

L MSE

MSE z

−

−

≡ − + −

⎧ ⎫⎡ ⎤≡ − + −⎨ ⎬⎣ ⎦⎩ ⎭

S S W F F F

S W S F F F
(24)

The control filters are required to be causal. Therefore,
causal-anticausal decomposition technique should be addi-
tionally applied. Taking additionally into account that
according to (22) the outer matrix is square results in a fea-
sible sub-optimal solution:

1( )1 1
1

( ) 1 1 1 1
11

( ) ( )

( ) ( ) ( ) ( )

o
opt

Ti

z z

z z z z

−− −
+

− − − −

+

⎡ ⎤= ⋅⎣ ⎦

⎧ ⎫⎡ ⎤ ⎡ ⎤⋅ −⎨ ⎬⎣ ⎦⎣ ⎦⎩ ⎭

W S

S F F F
(25)

where {.}+ stands for the causal part of {.}.

�����
�������� �!� ��"#$�%���"&%��%'$���&%"&%�

In this subsection the case of G ≤ I is considered. Let the
following substitution and co-inner-outer factorization be
used (matrix dimensions are explicitly provided):

1 1 1 1 1
1 1

( ) ( )1 1
1 1

( ) ( ) ( ) ( )

( ) ( )

GxI GxG GxG GxI

co ci
GxG GxI

z z z z

z z

− − − − −

− −

= =

=

S F F S

S S
(26)

0-����"-��(%�#  ���'�"�#<�!�"#!&#�!

( ) ( )1
1 1( ) ( )

Tci ci
GxI GxI GxGz z− ⎡ ⎤ =⎣ ⎦S S I (27)

Then, (21) can be written as

{ }( ) ( ) 1
11 1min min ( )co ciL MSE −≡ − + −S S W F F F (28)

Since according to (26) the co-outer matrix is square, the
following is valid:

1( ) ( ) 1
11 1min min ( )ci coL MSE

− −⎧ ⎫⎡ ⎤≡ − + −⎨ ⎬⎣ ⎦⎩ ⎭
S W S F F F (29)

Taking advantage of the co-inner matrix property, (27),
gives

1( ) ( ) 1
11 1

min

min ( ) ( )
Tci co

L

MSE z
− −

≡

⎧ ⎫⎡ ⎤ ⎡ ⎤≡ − + −⎨ ⎬⎣ ⎦ ⎣ ⎦⎩ ⎭
W S S F F F

(30)

The control filters are required to be causal. Thus, apply-
ing the causal-anticausal decomposition technique leads to
a sub-optimal solution:

1

1( ) ( ) 1 1 1
11 1

1 1

( )

( ) ( ) ( ) ( )

( )

opt

Tci co

z

z z z z

z

−
+

−− − −

+

− −

=

⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎡ ⎤= − ⋅⎨ ⎬⎣ ⎦⎣ ⎦ ⎣ ⎦⎩ ⎭

⋅

W

S S F F

F

(31)

where {.}+ stands for the causal part of {.}.
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It follows from Figure 1 that the residual signals at the vir-
tual microphones, which are of utmost interest in this work,
can be expressed as

( ) ( ) ( )v vi i u i= +y d S (32)

After some matrix algebra the following expression can
be obtained:

( ) [ ] 1
( ) ( )v G v Gi i

−⎡ ⎤= + + +⎣ ⎦y I S S W I SW d (33)

Stability of the system is determined by properties of the
polynomial matrix IG + SW and can be analysed using the
criteria described, e.g. in =��(#�F%0!�#�9;8;@.

(���*������������������

The control system designed in this paper was applied
for reducing a transformer noise (see Fig. 3) in an active
headrest. The noise was generated by a primary loudspeak-
er located in front of the headrest at the distance of 4 m. The
active headrest aims at creating local zones of quiet at ears
of a person occupying the chair where the headrest is in-
stalled. The headrest is equipped with two secondary loud-
speakers, G1 and G2, and two real microphones, Er1 and
Er2, placed close to the loudspeakers. The virtual micro-
phones are at the ears, in the distance of 150 mm from corre-
sponding real microphones for the nominal head position
(see Fig. 4). Plant paths are defined between the digital in-
puts to loudspeakers and sampled outputs of corresponding
microphones, and they include power and voltage ampli-
fiers, A/D and D/A converters, analogue antialiasing and
reconstruction 4th order Butterworth filters with 650 Hz cut-
off frequencies, as well as the acoustic field. The sampling
frequency is 2 kHz. All the paths are non-minimum phase
including delays of 3 samples for real paths and 4 samples

for virtual paths for the nominal head position. During
the experiment the head was moved to different positions
as presented in Figure 4 and attenuation at the right ear
was only analysed. Although the paths in matrices Sr and
Sv changed significantly, unchanged models in matrices ^

rS
and ^

vS  of FIR structure with 64 parameters were used. Re-
sults of noise control for the right ear changing its position
are presented in Figure 4. Similar results, not presented
here, were obtained for the left ear. Distribution of the zones
of quiet and attenuation levels demonstrate that the pro-
posed control system can be successfully applied for noise
control at desired locations.

+���������

In this paper a feedback multi-channel minimum-variance
virtual-microphone active noise control system has been
designed. A combined approach has been applied which
requires a Diophantine equation, spectral factori-zation of
a matrix of the disturbance PSD, inner-outer factorization
of a polynomial matrix, and causal-anticausal decomposi-
tion of a polynomial matrix. The cases of more plant inputs
than outputs and vice versa have been consi-dered separa-
tely. As a result corresponding polynomial matrices of sub-
optimal control filters have been obtained.

The control system has been applied for controlling
a transformer noise in the active headrest system in order to
enhance user’s acoustic comfort. Obtained results have
demonstrated satisfactory performance of the system.

�,-��.#�/��!��%

Financial support from the state budget for science is grate-
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