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In the literature concerning systems with a continuous mass
distribution there are two kinds of papers: theoretical and
engineering applications ones. Analytical description of dy-
namical behavior of such system is sometimes difficult.
This is, for example, the case when boundary condition
have a complicated form, which happens quite often. The
difficulty further increases when the cross sectional dimen-
sions are large, as in the case of a thick beam. In this case,
both the shearing force as well as rotational inertia of cross
section need to be taken into account. The number of
boundary conditions also grows, since the order of differen-
tial equation is higher and the conditions themselves be-
come more complex.

One of the usual ways to describe a thick beam is Ti-
moshenko’s model. Among the literature devoted to this
model one should list (Bar 2004, Bar 2007, Bogacz et al.
1994, Grzyb 1993). These papers either account for non-
linear foundation of the beam or analyze the behavior of the
system under moving loads.

In view of the non-existence of a general theory of so-
lutions of nonlinear differential equations, appropriate
methods are used, most often the Ritz and Galerkin method.
Among others, A. Srinivasan has shown that these me-
thods lead to satisfactory results in the nonlinear case for

a beam with simple supports (Srinivasan 1995) and a fixed
beam 8�&9&�:��#����,��  ;<�

Most of the existing work dealing with the dynamics of
thick beams concerns the cases with one or both ends fixed
or simply supported. There exist relatively few papers on
the analysis of the case with both ends free. It has motivated
the authors of this work to consider this topic. In real
dynamical beam systems one cannot restrict oneself to the
analysis of boundary conditions alone. This is the case
when the beam interacts with other structural elements
along its length. In case of big disproportion of masses one
can model this as a beam resting on a foundation. The anal-
ysis of the influence of the nonlinear foundation on the be-
havior of the system, with the above mentioned boundary
conditions, is the goal of this work. It has been assumed that
nonlinearity is restricted only to the foundation. The linear
case has also been investigated as it serves to check the
correctness of the interpretation of the wider context and
allows proper selection of the base functions in the Galer-
kin’s method used in the nonlinear case.
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The model of the considered system is shown in Figure 1.
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The boundary conditions for bending moment M and
the shearing force T at the ends of beam can be written as
follows:

= ; (0) = ( ) = 0

= ( ); (0) = ( ) = 0

x

x

M EJ M M l

GA
T w T T l

k

ϑ

− − ϑ
(1)

where E and G are Young’s and Kirchhoff’s modulus re-
spectively, k is share coefficient.

With the increasing of cross section beam radius the in-
fluence of dynamical and geometrical effects causes that the
equation of a Bernoulli beam does not describe properly the
physical state of the system. The most important of these
effects is the influence of rotational cross section inertia and
geometrical shear deformation of the beam cross section.
In Timoshenko’s beam model, contrary to Bernoulli’s beam,
the additional angle variable is taken into account. As a re-
sult of this the section rotation angle ϑ is an independent
variable.

The most frequently considered models of the founda-
tion are one parametric Winkler model and two parametric
Winkler-Pasternak model.

In the present paper Winkler’s model modified by an ad-
ditional nonlinear component has been chosen. The adopted
assumptions concerning the interaction between the foun-
dation and the beam are as follows:

= %+(�*�#$%,�&#%$��,(� %1�4$&�(��8%+(�,(�*%&�#� %�� %+(�*��4

),($$&�#��#��%(#$&�#�&$�$.��(%,&*��<	

= %+(,(�&$�#�����)&#/�&#�%+(�*�#$%,�&#%$��#��6(�����%(4

,&���8�%+(��,&*%&�#�6(%1((#�%+(�6(����#����'#��%&�#���($

#�%�(>&$%<	�%+&$��(�#$�%+�%�%+(�,(�*%&�#�+�$�%+(�$��(��&4

,(*%&�#��$����>&$

Additionally, it has been assumed that the vibration ener-
gy dissipation takes place only in the foundation and it
is proportional to the velocity of the transversal beam de-
flection.

In accordance with the adopted assumptions there is
a reaction force of the foundation directed towards w, which
can be expressed as:

3( , ) = ( )q w w w w w− α + β + ε� � (2)

Taking (2) into account the equations of the vibration
of a Timoshenko beam resting on a foundation, forced by
a harmonic force, have the following form:

0( , ) = sin( )sin( )

= ( )

xx tt x

xx tt x

k k k
w w q w w p x t

G GA GA l

GA
w

E kEJ

ρ π− + ϑ − ν

ρϑ − ϑ − − ϑ

�

(3)
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In the further analysis the dimensionless quantities are used:

0
0

4
2
0 4

0

; ;

;

x w
t

l w

EJ

Al

τ = ω ξ = η =

ϑ πϕ = ω =
ϑ ρ

(4)

The approximation of the deflection w and angle ϑ has
been done based on the static relations result from Euler-
-Bernoulli theory. It was assumed that a simply suppor-
ted beam is subjected to the concentrated force acting in
the middle of beam. Than the deflection is equal to

3

0 = ,
48

Pl
w

EJ
 and the rotation angle of cross-section at the

support point is equal to 
2

0 =
16

Pl

EJ
ϑ  (for P = 107 N static

deflection w = 0.57 mm).
The quantities w0 and ϑ0 are connected by the formula:

0

0
= 3.

l

w

ϑ

��'�
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Additionally the dimensionless coefficients ,k�  ,α�  ,β� p�
and γ are introduced:

4
0

04 2 2
0 0

0
0

= ; = ; = ; = ;
4

= ; = ; 2 .
2

kpE
k k EJ p

G l w Ew

r

l A

π αα α β β
πγ

ν εν γ ω ζ =
ω ρ

�

� �

� �

�

 Thus aquation (3) transforms into:

4 2 4 2 4 2

4 2 3
0

4 2
2 2

2

3 = sin( )sin( )

1 1
= 0

3

k k k

k p

k k

ξξ ττ τ

ξ

ξξ ττ ξ

η − π γ η − α π γ η − π γ ζη −

− ϕ − αβ π γ η πξ ντ

ϕ − π γ ϕ + η − ϕ
γ γ

� � � �

�

��

� ��

� �

(5)

In considering the dimensionless coefficients it is neces-
sary to take into account that γ and α�  are not independent
since:

4
5 4

4
= = .EJ E

l

πα α α π γ� �

Therefore, when the thickness of beam changes the
equivalent elasticity coefficient should be modified accord-
ing to the formula:

4
0

0= .
γ⎛ ⎞α α ⎜ ⎟γ⎝ ⎠

� �

(�
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�)��
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Modal analysis in linear case, when damping is neglected,
can be done analytically. The functions:

0

0

( , ) = ( )sin( );

( , ) = ( ) ( )

n n n n

n n n n

X

sin

η ξ τ ξ ω τ + φ

ϕ ξ τ Φ ξ ω τ + φ

form a sequence of linearly independent solutions, which
determine eigenfrequencies ωn and eigenvectors:

[ ]( ) = ( ), ( )T
n nXξ ξ Φ ξnY (6)

They satisfy equations (1) written in the dimensionless
coordinates:

(0) = (1) = 0

(0) 3 (0) = (1) 3 (1) = 0

n n

n n n nX X

′ ′Φ Φ

′ ′− Φ − Φ
(7)

 They were determined by Bar and are presented in the
paper (Bar 2007).

Two first frequencies (ω1 , ω2) related to the modes de-
scribe rotation about mass center and translatory motion,
respectively.

They are placed near each other, contrary to the Bernoulli
beam, when they are equal. Therefore, the motion of a tech-

nical beam is a rigid body motion unlike for a non-slender
beam which undergoes deformation. These deformations
are small and differences between eigenfrequencies are
negligible. The next two frequencies correspond to modes
which take into account visible elastic deformation.

The modes determined above will be used as the base
functions in the Galerkin method. The excitation assumed
in this paper is of symmetrical character and therefore the
Galerkin base should be symmetric, too. This fact allows to
disregard antisymmetrical functions connected with the
first and fourth eigenfrequencies. The graph below (Fig. 2)
presents the shapes of modes connected with the second and
third eigenfrequencies. These modes will be elements of the
base for the Galerkin’s method.

The modes satisfy the orthogonality condition (deter-
mined in (Bar 2007)):

1

2
0

1 0
= 0  for ;   =

0 9
d n m

⎡ ⎤
ξ ≠ ⎢ ⎥

γ⎢ ⎥⎣ ⎦
∫ T

n 0 m 0X N X N (8)

��'�
������)�,&$�#�6(%1((#�%+(�$(*�#��8�<��#��%+&,�����($�86<	

2 3= 0.2, = 0.104, = , = 1.73α γ ω α ω

�<

6<
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It has been assumed that the excitation is harmonic and has
a harmonic spatial variation. The equation of motion of the
damped beam under this kind of excitation can be written in
the form:

4 2 4 2 4 2

0

4 2
2 2

3 =

sin( )

1 1
= 0

3

i

k k k
A

p e

k k

ξξ

ξξ

ττ τ ξ

ντ

ττ ξ

εη − π γ η − π γ η − α π γ η − ϕ
ρ

= πξ

ϕ − π γ ϕ + η − ϕ
γ γ

�

� � �

�

� �

(9)

The solutions are sought in the form:

( , ) = ( ) ;

( , ) = ( ) .

i

i

F e

H e

ντ

ντ

η ξ τ ξ

ϕ ξ τ ξ

�

�

Where F and H are complex functions of real argument,
and .ν ∈ℜ  These functions have to satisfy the boundary
conditions (7).

The motion is given by the imaginary part of the obtained
solution and for example the deflection has the following
form:

( ) =| | sin( [ ])iIm Fe F Arg Fντ ντ +� (10)

The response of the system to harmonic excitation, when
transient states are disregarded, is described well by means
of the amplitude-frequency characteristics, which are the
graph of | ( ) | .F ν  The analysis of amplitude was done at the
beam middle point as well as at its ends (Fig. 3).

The maximum values of amplitudes, shown in the above
graphs, correspond to eigenfrequencies: second, third and
fifth. Due to small deflection the phenomena of antireso-
nance, which appears near v = ω4, is not visible.

The resonances related to the first and fourth eigenfre-
quencies do not appear. It is the result of the antisymmetri-

cal character of the modes corresponding to these frequen-
cies. Therefore, the symmetric excitation does not cause the
vibration with these frequencies.

The graphs below (Fig. 4) show the argument along the
beam and the shape of the deflection function η(ξ, τ)in the
selected time moments τ for the system under excitation
equal to v = ω3.
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Damping causes the points of the beam move out of the
phase. Thus, the zeros of the shape function “float”, i.e., are
no longer stationary, even if the damping is minimal. The
“floating” effect persist in the very short time-scale, when
the damping is small. The stronger the damping is, the easi-
er one can observe the effect. since the phase changes also
occur for the strong deflected beam

The analysis of the linear system serves as an introduc-
tion to nonlinear analysis and is the justification of the
choice of the base in the Galerkin method.

This is proved in the Figure 5. The shape error of the
second and third modes in comparison with the steady-state
displacements, for v equal to ω2 and ω3 is presented. This
error is about  10–4 and 10–3. It justifies the construction of
the base.
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As mentioned above, as a result of the assumption of the
symmetrical excitation, the two-element base, consisting of
two eigenfunction, has been chosen (6). The first of these
functions corresponds to the second frequency (translatio-
nal) while the other function to the third one (with symme-
trical deflection). The first and the fourth modes are irrele-
vant for the solution as they are antisymmetric.

The correctness of this choice is justified by the fact, that
the solutions of the linear system under excitation are equal
to eigenfunctions in the neighborhood of resonance when
damping is neglected. In this paper we will compare the
characteristics obtained by the Galerkin method using the
chosen base functions with those obtained exactly.

Since the considered system is described by two coupled
nonlinear ordinary differential equations the internal reso-
nance may occur. This phenomena was presented in (�&9&�:
�#����,��  �) for a simply supported beam. Due to the non-
linearity proportional to the third power of deflection the
internal resonance can take place when the ratio of eigenfre-
quencies is close to 3. It can be achieved by choosing the
appropriate parameters α�  and .β�  According to the Galerkin
method the approximate solution of equation (5) can be
written in the form:

2

=1

= ( ) ( ) where: = n
n

nn

X
u

η ⎡ ⎤⎡ ⎤ τ ⎢ ⎥⎢ ⎥ Φϕ⎣ ⎦ ⎣ ⎦
∑ n nY � �

�

�

(11)

 Using the above formulas we get:

[ ]
2

=1
i i i i i

i

u u u u u′′ ′− − − − −

− ≅

∑ i 1 i 2 i 3 i 4 i

1 2

Y D Y D Y D Y D Y

N(Y ,Y ) f

�� �

(12)

where:

4 2

4 2

4 2

2

2

4 2 3
1 1 2 2

0

0
=

0 1

1 0
= 2

0 0

0
= 1

0

0 3

1=
0

3

( )
=

0

sin( ) sin( )
=

0

k

k

k

k

k

k X u X u

p

⎡ ⎤
π γ ⎢ ⎥

⎣ ⎦

⎡ ⎤
π γ ζ ⎢ ⎥

⎣ ⎦

⎡ ⎤π γ α
⎢ ⎥
⎢ ⎥
⎢ ⎥γ⎣ ⎦

−⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥γ⎣ ⎦

⎡ ⎤π γ αβ +
⎢ ⎥
⎢ ⎥⎣ ⎦

πξ ντ⎡ ⎤
⎢ ⎥
⎣ ⎦

1

2

3

4

D

D

D

D

N

f

�

�

�

�

�

�

� �

�

(13)

By N we denote the nonlinear component of the operator
acting on the base vectors.

Applying an inner product to equations (12) we obtain
the set of ordinary differential equations with unknown
functions of time u1 and u2:

3
11 1 21 1 31 1 31 1

2 3
1 1 2 9 2 01

21 2 22 2 32 2

2 2
31 1 1 2 9 1 2

3
10 2 02

( ) ( ) ( ) ( ( )

3 ( ) ( ) ( )) sin( )

( ) ( ) ( )

(3 ( ) ( ) 3 ( ) ( )

( )) sin( )

a u a u a u a u

a u u a u q

a u a u a u

a a u u a u u

a u q

′′ ′

′′ ′

τ + τ + τ + β τ +

+ τ τ + τ = ντ

τ + τ + τ +

+ β τ τ + τ τ +

+ τ = ντ

�

�

(14)
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  Coefficient Formula Coefficient Formula 

 1a  
1

2
2

0

X dξ∫  10a  4 2
1 2( )ka aπ γ +�  

 2a  
1

2
2

0

dΦ ξ∫  22a  4 2
12k aπ γ�  

 3a  
1

2 2
0

X d′Φ ξ∫  32a  4 2
1 2 3 4 5 62 2

1 1
3

3
k a a a a a a

k k
απ γ + + − − −

γ γ
�

� �

 

 4a  
1

2 2
0

X d′Φ ξ∫  11a  4 2kπ γ�  

 5a  
1

2 2
0

X X d′ ′′ ξ∫  21a  4 22 kζ π γ�  

 6a  
1

2 2
0

d′ ′′Φ Φ ξ∫  31a  4 2kαπ γ�  

 7a  
1

2
0

sin( )X dπξ ξ∫  01q  0

1

2 p

X
−

π
 

 9a  
1

3
2

0

X dξ∫  02q  0

7

p

a
−  

10a  
1

4
2

0

X dξ∫   

The first ordinary differential equation from Eqs. (14)
was obtained by left-side multiplying the equation (12) by
the Y1 vector, integrating along the ξ axis and using the
orthogonality conditions (8). The second equation (14) can
be achieved similarly using the Y2 vector.

Since X1 = C, Φ1 = 0 and X2 is symmetrical the form of
the coefficients is simple. As a results the following inte-
grals are equal to zero.

1 1

1 2 1 2
0 0

= 0; = 0.X X d dξ Φ Φ ξ∫ ∫

The remaining non-zero coefficients are presented in Ta-
ble 1.
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When = 0β�  (linear case) the solution of equation (5) can be
determined analytically. The frequency characteristic of
this solution is compared with the characteristic of equation
(11), where the time dependent functions ui are describe by
equation (14) for = 0.β�

At was shown in Figure 6 the behavior of the system in
the linear case can be properly described by the approxi-

mate method. Near the lower eigenfrequency the solutions
are equal, but when the excitation frequency increases the
difference between the solutions grows, too. Fortunately,
the relative error of the maximum value of the characteris-
tic, connected with higher frequency, does not exceed 5D.
The position of the characteristic maximum points has an
error of less than 0.3D. The above considerations justify the
choice of base functions in the Galerkin method. One can
suppose that when taking into account the nonlinearity the
use of the same method is possible and the results obtained
will be in accordance with physical reality.
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One of the main research methods, applied to the identifica-
tion of the mechanical system, is the determination of am-
plitude-frequency characteristic. This method is quite easy
to apply to a linear system because of the superposition
principle. It may be difficult to define a steady-state in non-
linear systems and sometimes this kind of state does not
exist, for example in the case of lack of stability or for cha-
otic vibration.

During numerical simulations of the system described by
(14) we noticed that for some parameters the steady-states
occur, but the amplitudes are sensitive to small changes
of frequency or the initial condition. It is connected, pro-
bably, with long settling times before the establishment of
a steady-state. It results in strong amplitude dependence on
the initial condition. It is shown in the Figure 7 that the
change of the initial condition of 0.001 causes a noticeable
jump in deflection.
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When determining amplitude-frequency characteristic
a similar behavior was obtained while changing excitation
frequencies near the first resonance.

In the Figure 8 these characteristics are presented for in-
creasing β�  and the fixed damping.

The discontinuities in the plot of characteristics are visi-
ble while the nonlinearity increases.

The peak that appears on the rising part of the characte-
ristic near the first resonance (Fig. 9) is most likely due to
the internal resonance associated with the third mode.

The numerical predictions were performed with the
Mathematica, usong the NDSolve method. The precision of
the computation equals 10–16, but higher precision can be
achieved. It was checked, that changes of the parameters
WorkingPrecision -> 24 and PrecisionGoal, as well as using
a RK method, does not change the calculation result.
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The analysis of the frequency characteristics of a free
boundary beam resting on nonlinear foundation has shown,
that in the case of symmetric excitation the two elements
base of the test functions in the Galekin method is satisfac-
tory. For very large damping the method becomes inade-
quate.

The simulations based on the Galerkin method prove that
there exist phenomena which do not occur in the linear case.
For example, long lasted non-steady states occur, and the
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duration of transients is not adequate to damping. In a linear
system the superposition of free and forced vibration ex-
cludes such a behavior.

The dependence of the amplitude of the steady state on
the initial conditions is also a nonlinear effect, but it seems
not to be chaotic.

The jump of the amplitude increases with the change of
the initial condition and increasing the nonlinearity, but
there is no relation between this phenomenon and disconti-
nuity of amplitude-frequency characteristic. This problem
remains open.

The rising part of the characteristic near the second
eigenfrequency contains a small peak placed in one third of
higher frequency. This phenomenon seems to be similar to
internal resonance, which magnifies nonlinear effects. Par-
ticularly, it does not occur when the ratio of the second and
third eigenfrequencies is chosen in another way.
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