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APPROXIMATE SOLUTIONS

OF A SINGULAR INTEGRAL EQUATION
WITH CAUCHY KERNELS
IN THE QUARTER PLANE

Abstract. In the paper, we present explicit formulae for the solution of the singular integral
equation with Cauchy kernels in the quarter plane. Next, Jacobi and Chebyshev polynomials
are used to derive approximate solutions of this equation.
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1. INTRODUCTION

Let us consider the equation with a multiplicative Cauchy kernel on the quarter plane
D={(z,y) eR?*: 0 <z < o0, 0<y< oo}, of the form

1 p(o1,02) ~ e .
i é [ G292 ooy = fe.0). ) €D, m

where f is a given complex-valued Hoélder continuous function (f € H(u1, ue2)) and
© (x,y) is an unknown function.

Definition 1. We say that a function f(x,y), x > 0, y > 0, belongs to the Hélder

class H(py, p2) if f*(t1,t2) = f (}fg, }Jjg), (t1,t2) € [-1,1) x [=1,1) satisfies the

inequality
IR R RS A 2)

where 0 < p1,ps <1, and K1 > 0, Ko > 0 are constants independent of the choice
OfPOints ( /15t/2) € [_17 1) X [_1?1)7 ( /1/7t/2/) € [_17 1) X [_1?1)
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The theory of singular integral equations of form (1) was presented in [7], where
the general solutions in the class of Hdélder functions were constructed and their
uniqueness was considered. In the present paper, we briefly recall explicit formulae
for the solution of (1) and then present numerical schemes for solving (1), based on
Jacobi and Chebyshev polynomials.

Next, we introduce some function classes used in the description of (1).

Definition 2. We write p(z,y) € h(co) X h(c0), >0, y > 0, if the function

§ 1+t 1+t
@ (tlth) = 17 2 ) (tlth) € (_17 ]-) X (_171)7
1—t"1—19

belongs to the class h(1) x h(1) ([5]), i-e., ¢*(t1,t2) satisfies Holder inequality (2) in
each closed rectangle contained in the domain (—1,1) x (=1,1), the representation

(,D*(tl,tg) = (p**(tl,tz)(l + tl)ia(l + tg)iﬁ, 0 <Re Oé,Re ﬂ <1, (p** S H(,ul,,ug),

is valid near the lines t1 = —1, to = —1, and moreover,
im @" (b, t2) = lim e(z,y) =0, for t € (=1,1), (y € (0,+00)),
1—1- T—00
. 1iI{l P (t,t2) = lim p(z,y) =0, for t1 € (-1,1), (z € (0,+0)).
2—1- y—oo

Definition 3. We write p(x,y) € h(0,00) x h(0,00), >0, y > 0, if the function
14+t 14122

Lp*(tl,t2) =@ <1 —tl’ 1 —t2> s (tl,tz) S [71,1) X [71,1)

belongs to the class h(—1,1) x h(—=1,1) ([5]), i.e., satisfies Holder inequality (2) in
[—1,1) x [-1,1), and vanishes at infinity

lim (p*(tlatQ) = lim gD(l‘,y) =0, fO’F y e [07+OO),
t1—1 Tr—00
tliml 0" (t1,t2) = lim o(x,y) =0, for x € [0,+00).
20— Yy—00

2. EXACT SOLUTIONS

In this section we present solutions of (1) in the classes h(co) x h(co) and h(0, 00) X
h(0, 00).

Theorem 1. Let a complex valued function f(x,y) belong to the class € h(0,00) X
h(0,00). Then each solution of (1) in the class h(co) x h(oo) takes the form

1 . I 1
o(z,y) = ﬁRl(f,x,y) +ZCl(I)ﬁ +ZC’2(y)ﬁ, x>0,y>0, (3)

+ooto00

1 r+1 y+1 f(o1,02)
Rl f: _ doid
1(fz,y) ()2 // 010201+1U2+1<U1—$>(02_y) o1dog,
0 0

where C1(x) and Ca(y) are arbitrary functions of class h(co).
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In addition, if it is required that the conditions

+o0

1 dO’Q
— p— 0
— /w(x,02)02+1 g(x), x>0,
0
' d
g1
— —1 0
— /@(Ul,y)01+1 (), y >0,
0

are fulfilled, where g(x) and h(y) are given functions of class h(c0), such that

1 [t 1 [t h
L[ g L 2) 4o,
™ Jo o1 +1 m Jo o2 +1

(6)

then the solution ¢(x,y) is determined uniquely, and given by the following formula

wamzl.mumwym(“@+h@> £>0,y>0,

N Vi f>+ﬁ

where

“+oo —+o0
A:i/ 9@Um=i/ 122) 4,
0 0

o1+ 1 v oo+ 1
Proof. Taking into account that

1 s+l 1 1 1 y+1 1 1

o1—x o1+log—xz o141’ oo—y o9+log—y o941’

and using the substitutions

1+t1 1+T1 1+t2 1+TQ
r= — g = —— = — gy — ——
1—t, i YTy Tl-n

we can rewrite equation (1) as

1 P ©*(11,72) o
()2 // (11 —t1) (12 — tz)dﬁdTQ +Glh) + Ht2) = G(1) = f7(t1, t2),

(t1,t2) € (=1,1)%, f(oo,y) = f*(L,t2) =0, f(z,00) = f*(t1,1) =0,

where

. 1+t 1+t . 1+t 1+t
SO (tlatZ)ZSD ! 2 ) f (t17t2):f 17 2 9
11—t 1—15

Ty — o’

1 i dTl 1 dT2
Gltr)=— [ 9"(n)—, H(t2)=— [ B (r2)——

(7)
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1
. 14t 1 N dr
g(t1)=9< 1>=./<P(t1772)27

1—1t T 1—7
21
1 9)
* . 1+t2 o i * dTl
h(te) h<1—t2> - m/“o (T t2) =
21
By solving (7) in the class h(1) x h(1), we obtain (cf. [9])
@*(t1,t2) = ri(ta)r2(te) | RY(f":t1,t2)
1 [ G L [ H(m)d (10)
. T1)aT1 T2 )aT2
{m/lrl(ﬁ)('rl — 1) 7T’L/1’I"2(7'2)(7'2 tg)} ( )]
where
[ F(n,m)
RI(f*it1,t2) // W) dridrs, 11
P = e ) et we w1

By a straightforward computation, applying the Poincaré-Bertrand formula, we
conclude that the general solution of (7) is of the form

O (t1,t2) = ri(t)ra(te) R ("5 t1, t2)+
+Z_Cl<1+t1>r2(t2)+i02(1+t2>rl(t1), (12)

1—1t 11—t

where Cy <1+t1> and Cs (@> are arbitrary functions of class h(1) (cf. [5]).

1-t 1-t

¢
(7) with condition (9), where ¢g*(t1) and h*(f2) are given functions of class h(1)
satisfying the relation

To find the functions C; (Hti) and Cy (1”2) appearing in (12), we supplement

1

11 1
1 90*(7'1,7'2) 1 /g*(n) 1 /h*(7—2)
dridm = — dr = — [ 22 g, 1
()2 // (I=7)(1—19) a2 ™) 1—7 n i 1—m 2 (13)
=1

“1- ~1 ~1

We substitute the function ¢*(t1,t2) determined by (12) in (9) and take into
account the fact that the integrals containing f*(¢1,t2) vanish, thus obtaining the
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desired solution of the form

@ (t1,t2) = ri(tr)r2(te) R (f*5t1, t2) +i(r2(ta)g™ (t1) + r1(t1)h* (t2))+ (14)

+")/’I"1(t1)7‘2(t2)7 (tl,tg) S (71, 1) X (71, 1)7

1
o 1 * dTl 1 * dTQ
N Wi/cl(Tl)].—Tl +7ri/02(7—2)1—7'27
-1 -1

where Cf(t1) = C4 (1”1) , C3(ta) = Cy (HtQ) Further, in view of (14) and (13)
we get

+oo
4= L [ 8oL s -

T o1+ 1 T 1—7
-1
11
T1, T2
dridry = 2A — v = 7. O
2//177_1172)7172 Y=
—1

Let us find the solution of (1) in the class h(0, 00) x h(0, 00). The following theorem
holds.

Theorem 2. Let a complex valued function f(x,y) belong to the class h(0,00) x
h(0,00). If a solution @(x,y) of (1) belongs to the class h(0,00) x h(0,00) the condi-

tions
i/ d02 _ / /f01,02 dos e 0,
T Voi(o1 — ) 02+1
0
' d Flon, 02)d )
0'1 0'1702 0'1
— 0
) / plony /\/ (o2 —y / (o1 +1 v=0
0

are fulfilled, then the solution (x,y) is determined uniquely, and given by the follow-
ing formula

pla,y) = // flo1,02) dordos, ©>0,y>0. (16)
(7i) 0103 (01 — ) (02 — y)

Proof. Let us find the solution of (7) in the class h(—1,1) x h(—1,1). By [9], this
equation is solvable under the conditions

1

i. [f*(1,t2) — H(t2) — G(m1) — 4] dn =0 for ty € (—1,1),
™ J q1(11)

1 (17)
1 dTg

E,l [f*(t1,2) — H(12) — G(t1) — A] 2 (72)

=0 for t; € (-1,1),
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where qi(ti) = (1 —|—tz)(1 — ti), 1= 1,2, G(tl), H(tg), g*(tl) and h*(tg) are deter-
mined by (8) and (9) respectively, and A = G(1) = H(1). Conditions (17) can be
transformed to the following form (|7]):

i 1—7y ) q(m)m—t w q2(72)
1] d T i, 1 | "
t
h*(tg):f/so (7—17 2) T1 _ 2(t2)*,/ T2 7/]0 (TlaTQ)d 1
i : 1—7 g ] qQ(Tz)Tz—tz ™ . Q1(7'1)

which coincides with (15).
The desired solution of (7) in A(—1,1) x h(—1,1) is given by the formula

11
©"(t1,t2) = q1(t1)g2(t2) (7;)2 // () q2(7£)((;17_72t)1)(7_2 — tg)dﬁdTZ’ (19)

which coincides with (16) in the variables x, . O

3. APPROXIMATE SOLUTION IN THE CLASS h(cc) x h(co)

In this section, we derive an approximate solution of (7), (9) in the class h(c0) x h(o0),
using Jacobi polynomials.
In view of (14), in (7) and (9), we can express ¢*(f1,t2) as

11—t [1—t2
1+t V14t

@* (tlat2) = u(t17t2)7 (20)

where u(t1,t2) is a new unknown function. Then, by introducing the notation r; =

1—-t;
1+t;°

i =1,2, we reduce (7) to the form

U(Tl,TQ)dTldTQ
7"1(71)7‘2(72)—(7_1 (1)

u(Ty, 72)dT1dT2 1

1 1
i / S e T Rl P

1 —

Ny

H
=T
-

u(’Tl,TQ)dTld’TQ 1 U(Tl,Tg)dTldTQ

1 1
(ﬂi)Q_/l_l T‘l(Tl)Tg(TQ) (7’1 — 1)(7_2 — t2) (7T’L')2_1_ Tl(Tl)TQ(TQ)m =

= f*(thtg), (tl,tg) S (—1, 1) X (—1,1), f*(LtQ) =0, f*(tl,l) =0,
(21)

L—_r
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and conditions (9) to the following form

i./Tz(Tz)U(tlaﬁ) a2 =g (t1),

i 1—m
711 (22)
%/7‘1(71) (Tlatz)ld_ﬁﬁ = h""(t2),
where
g (t1) =r1(t1) g7 (t1), h*(t2) = r2(t2) K™ (t2). (23)

Now we can construct an approximate solution of (21), (22). To this end, we
interpolate the function f* (¢1,t2) at Chebyshev nodes

t(k) _ (2]6 + 1) T

=12, k=1,2,...,n+1 24
2(n+1)7 J e e 7n+7 ( )

by a polynomial f (t1,t2) of the form (cf. [6])

t17t2 ZZO(JP tz) (25)

7=0 p=0
where
0 K=oy [ 6 KR o
Qjp n_|_1kz::1 ](tl ){n+1; P(t2 )f(tl a )}7 ( 6)

1, k=0,
S =
2, k=1,2,...,

and Tj(t1),Tp(t2),t1 € (—1,1),t2 € (—1,1) are Chebyshev polynomials of the first
kind (T} (t1) = cos (j arccost)). Expressing Chebyshev polynomials in terms of Jacobi
polynomials, we obtain

J
t1) =3 ol (1), (27)
=0
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where

1
—a,— 1 a,—
sz = ez ﬁ)}/q j (1) BT () dty =
—1

- Res (T () BT ()]

hl( @,—B) sin ray z=00

gt)=1—t)""(1+t)", a+p=0,

1
(—a—p) _ 1 (—a,—B) 2,1 (—a,=B) [ 1)
hy = W/Q(tl) [Pz (tl)} dy = ———— ER%Z{ (2 )(Pl (z)) :
-1

Using (27), interpolation polynomial (25) takes the form

f tlatQ Zz.fk] P( o )Pj(ia’iﬁ)(tQL (28)
k=0 j=0
where
fk] szka 5)ZP( = Qip, 0< k’J <n. (29)

The approximate solution uy, (t1, tg) of problem (21), (22) is defined as the solution
of the following problem

11 11
1 //’l"l T1 TQ T2 unn(Tl,Tg)dTldTQ 1 //7”1 T1 TQ T2 unn(Tl,’Tg)dTldTQ
2

2 Tl—tl)(TQ—tQ Tl_tl)(TQ_l)

(11 = 1)(12 — t2) (1= 1)(2 = 1)

- nn(tht?) - fnn(th 1) - f;:n(l,tg) + fnn(17 1)7 (tht?) € (_L 1) X (_17 1)7

15 15
11 11
1 // 1(11)r2(72 Unn(Tl,TQ)dTldTQ 1 // 1(71)r2(72 Unn(Tl,Tg)dTldTQ
)2 )2
S B

(30)
1 1 d
T2 *k
— nn(t1, = 3n t1), 1
m./Tz(Tz)u (172)1_7_2 9 (t1) (31)
-1
1 / d
T1
— nn 5t 7*h**t ’ 2
= [ vtn )1 = ) (32
-1
where
Unn t17t2 chkj Ozﬁ) Pj(aﬁ)(tZ)a (33)

k=0 j=0
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with unknown coefficients cy;, and g:* (t1), h* (t2) are interpolation polynomials of

the form

g () ~ ngp( (1), (34)

W (b)) m B () = Z hy Py (), (35)
j=0

The coefficients g of polynomial (34) can be written as:

3o (S5 () (1)) ™

n—l—ljzo

g = i (%T (47) o (tﬁ“)) P k=12...n  (36)

n+1 4

1, 7=0
6] — ) .]. b
2, j=1,2,...
The coefficients h; are defined in the same way.
If we use (28) and (33) into (30), and assume that

9o =

then, using the following formula ([9]):

1 1
1 [1—m7 P 71 (-4.3)

dry = —-P, *"?/(t 37

7T/ 1+T1 Tl—tl n k (1) ( )

for the computation of the singular integral, we get

S e B ED )P D (1) 1303 e B ) pCE R (g
k=0=0 k=0 j=0
I T 9) SN e (Rl
k=0 j=0 k=0 j=0
= S TP T ) - SO S fp R e )
k=0 j=0 k=0 j=0



188 Dorota Pylak

Comparing coefficients of Jacobi polynomials, we derive
ckj=—frjy k=10 j=1...,n (38)

The remaining coefficients cgo, coj, 0 < k,j < n can be computed from (31) and (32).
Substituting (33) for w,, (t1,t2) and (34) for ¢g* (t1) into condition (31), we obtain
n n 1 (%7_%) n
11 1 1— 1 P (12) (1-1)
‘P(z’z)t— ! dry = P? 2 (ty).
S5 art Dot [0 =S ger P
1

k=0 j=0

Hence, by (37), we get

n

Cro = igk — chjpj(

j=1

), k=n.. 1 (39)

Further, substituting (33) and (34) into condition (32) and taking into account (37),
we obtain

T 0

4. EXAMPLE

In this section, we present a numerical example, which illustrates the usefulness of
the approximation algorithm presented in the previous section. Let

1
f(fﬂ,y):mv x>0,y2>0,
1
g(x) = 7 x>0,
h(y)=\;y, y > 0.
Then
Pt =1 (T ) = PEPE TS ) € (L) x (L)

= , h™(t2) =1, tg€(-1,1),

1+t 11—t
() = =4/ () =1, tpe(—1,1),
9" (t1) g(l—tl) 1+4, g™ (t1) 1€ ( )
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Owing to (14), the exact solution of (7)

t1— 5

), (9) in the class h(1) x h(1) is the function

o (-2

N

ta — 5

) (25

Thus the solution of problem (1),(4)—(6) is given by the formula

I V6(z +1) V6(y +1)
)= — i (X2 ) (S X2 T g )|, 23>0, 94> 0.
#la:y) mw[’ ( %43 >< 2y+3 von
The values of u(t1,t2), tnn(t1,t2) and e, = |u(t1,t2) — unn(t1,t2)| for n = 10 are

shown in Table 1.

Table 1. Comparison of the values of u(t1,t2), wnn(t1,t2)

tq

to

U(tl, tz)

Unn (tl ) t2) €n

—0.333
0.998
0.935
0.999

0

0.980
0.130
—0.538
0.999

0/—0.000408205773457 + 17
0.017812170889016 + 1¢
—0.001353862226909 + 17
0.023704873141732 + 14

—0.050427992631078 + 17

—0.000408205774090 + 17
0.017812170871103 + 1%
—0.001353862232197 + 14
0.023704873145931 + 14
—0.050427992427745 + 117

6.326e — 13
1.791e — 11
5.288e — 12
4.199e — 12
2.033e — 10

In Table 2, we tabulate the values of the exact and approximate solutions of (1)

forn =

10.

Table 2. Comparison of the values of the exact and approximated solutions

of (1) in the class h(

00) X h(o0)

Y

o(r,y)

Onn(T,Y)

0.5
1000
30
10000

1
100
1.3
0.3
2007

—0.0004082057734575 + 12
0.002519021364655 + 0.14142137

—0.000037549382146 + 0.0277350¢
0.007901624380577 + 0.3333333:¢

—0.000011256360524 + 0.0002232¢

—0.0004082057740900 + 12
0.002519021362122 + 0.1414213:

—0.000037549382293 + 0.0277350¢
0.007901624381977 4+ 0.3333333:¢

—0.000011256360479 + 0.0002232¢

5. APPROXIMATE SOLUTION IN THE CLASS h(0,00) x h(0, c0)

In this section, we construct an approximate solution of (7) in the h(0, 00) x h(0, c0)

class, using Chebyshev polynomials.

©*(t1,t2

where wu(t1,t2) is a new unknown function and ¢;(t;) =

) as

O (t1,t2) = qu(t1)qa(t2) ulty, t2),

In the sequel,

it will be useful to express

(41)

VI—£2, i=1,2
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In view of (41), equation (7) can be represented in the form

11 1

// (T qg To)u(ri, T2)dmidry 1 / q1(m1)g2(2)u(r1, T2)dmidry
)2

2 1

11

t1)(m2 — t2) (mi)? . (i —t1)(r2 = 1)
ruln m)dndr, 1 [ (r1,m2)drad
QI U\T1,T2)aT1AT2 u\71,72)aT1GT2
B /1/1 “1(r—ta) + (i) /1/1(11(7'1)(12(7‘2)(7_1 “(m—1) =
:f*(t17t2)7 (tlatQ) € (7131) X (7171)7 f*(17t2):07 f*(tl,l):O,
(42)
and necessary and sufficient conditions (18) can be rewritten in the form
1 d L1 dn 1 [ f(rm)
T2 T1 (71, T2
— t = — — | ———d
Wi/IQ2(T2)u( 1’7-2)1—T2 Wiflch(ﬁ)ﬁ—h m 2(72) ™
1 1 1 (43)
i/ (m1)u(r t)ﬂ_i/ L dn 1 [f"(11,72) 7'1’7'2
i ain 1 1—7  mi qa (T Tg*tQ’/T q1(m1)
-1 -1

Now, we derive an approximate solution of (42), (43). The approximate solution
Un—1,n—1 (t1,t2) of problem (42), (43) is defined to be the solution of the following
problem:

[

Un—l,n—l(Th Tz)dTlde _
(11 —t1)(72 — t2)

111(7'1)Q2(7'2)

—

< -
=

[\v]
|
T‘\H

Ju
—

Un—1,n—1(T1, T2)dT1dT2
(’7’1 — tl)(TQ — ].)

Q1(71)Q2(7'2)

|
—
<J I
S~—
[\
|
T\»—‘

=
—

Un—1,n—1(T1,T2)
%(ﬁ)%(ﬁ)%

dridra+

Unfl,nq(ﬁ, 7’2)
U5 (ﬁ)%(ﬁ)m

dTldTQ =

+

B

Y

— AN
\»—' ’L\H

|
—

|
—

= f;n(tlat2) - f;n(lat2) - f:;n(tla 1) + f;n(l’ 1)’ (tlatQ) € (_17 1) X (_17 1)7
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1

1
1 n_1n_1(t1,m2)d 1 1 d 1 e (T1,
= [ty emtealolde L oL [l )
iy 1—7 i T

1

J s,
/f

1

1 n—1,n— , T d
*./Q1(T1)u 1,n—1(7T1,t2)dm _

1
™ 1—7n T

dTl, (46)
-1

where f,,,, is the polynomial interpolating the function f* (¢1,t2), defined in the same
way as in (25), and u,—1,,—1 is the polynomial of the following form:

n—1ln—1

Un—1,n-1 (t1,t2) = Z Z ey Uk(th) Uj(ta), (47)

k=0 j=0

where Uy (t1), U;(t2) are Chebyshev polynomials of the second kind, and ¢i; are the
coeflicients to be determined.

To make the right-hand side of (44) vanish at t; = 1 and ¢35 = 1, we have added
three components —f% (t1,1) — fr (1, t2) + £, (1,1) to f, (t1,t2).

Substituting (47) and (25) into (44), and using the following formula ([10]):

% / Vi-712 L:_l(z) dr = —T(t) (48)

for the computation of the singular integral, we get

n—1n—1 n—1ln—1 n—1n—1
YN eni o ()T (t2) + D> > enTigalta) + Y enTha (t1)—
k=0 j=0 k=0 j=0 k=0 j=0
n—1ln—1
S S e = A Tl Ty a2 - 305 fi T (49)
Ic—Oj—O k=0 j=0 k=0 j=0
—Zkaka (t1) +ZZf,w, (t1,t2) € (—=1,1) x (=1,1).
k=0 j=0 k=0 j=0

Hence, by matching the coefficients of Chebyshev polynomials, we obtain
ckj = —frt1,j+10 1 <4k<n-—1 (50)

We find the remaining coefficients cxg, coj, 0 < k,j < n — 1 using condition (45) and
(46). If we substitute (47) for w,_1 n—1(t1,t2) and (25) for f,,(t1,t2) in (45), then
using the formula ([6]):

1

1 Ty (r)

——2dr=U J 1(t) U_l(t)EO, (51)
T J mT—t
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and using the orthogonality of Chebyshev polynomials ([4,6]), we get

n—1ln—1 n—1
SN aUn(t) =D freroUk(ty).
Hence )
Ck,OZf];;LO—ZCk,ﬁ k=n-—1,...,1. (52)
j=1

Next, if we substitute (47) for w,—1 n—1(t1,t2) and (25) for f,,(t1,t2) into (46), then
again using (48) and (51) for the computation of the singular integrals, and using the
orthogonality of Chebyshev polynomials, we derive the remaining coefficients

n—1
CO,j:f(T,j-Q-l*ZCk,j? j:n—l,...,O. (53)
k=1

6. EXAMPLE
Let us consider the function

4
flz,y) = x>0,y>0.

(z+3)(y+3) ~
Then

[t te) = f (

) S e € CL XL

By (19), the solution of this problem is:

+oo +oo
1 doy 1 doo
play) = 4vTy s / Vi1 +3)(o1 — @) i / Voa(o2 +3)(02—y)

1 1
_ 1—t2 1—t2i/ 177’1 dTl i/ 177’2 dT2 _
v Ly 2 : Vi+7n (n—2)(m —t1) mi : V147 (ra—2)(12 —t2)

2. /142 S
:_w_ 4$ z>0,y>0,

3(t; — 2)(ty — 2) 3(x+3)(y+3)

and the following solvability conditions (15):

+oo “+oo
1 o(x,o9)doy iz 1 /cp(al,y)dal i VY
— = - 3—1), — = - 3—1
m’/ o9 +1 3x+3(\[ ) T o1 +1 3y—|—3(\[ )
0 0

are satisfied.
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The values of u(ty,t2), Un—1,n—1(t1,t2) and e, = |u(t1,t2) — up—1,n—1(t1,t2)| for
n = 10 are shown in Table 3.

Table 3. Comparison of the values of u(t1,t2), un—1,n—1(t1,t2)

151 to u(ty, ta) Up—1,n—1(t1,12) en

0 0]—0.08333333333333 + 07| —0.08333378662841 + 07|4.533e¢ — 7
—0.333] 0.980|—0.14008321775312 + 0¢|—0.14008238162255 + 07(8.361e — 7
0.998| 0.130{—0.17793905106386 + 07| —0.17793637013586 + 07|2.681e — 6
0.935|—0.538—0.12335475971839 + 07| —0.12335583044532 + 07|1.071le — 6
0.999| 0.999|—0.33293507801722 + 07| —0.33292316267308 + 0¢(1.192e — 5

In Table 4, we tabulate the values of the exact and approximated solutions of (1)
in the h(0,00) x h(0,00) class for n = 10.

Table 4. Comparison of the values of the exact and approximated solutions
of (1) in the class h(0, c0) x h(0, c0)

x y o(r,y) Yn—1,n-1(7,Y)

1 1 | —0.083333333333333 + 07 | —0.083333786628411 + 0i

0.5 | 100 | —0.019810758640732 + 0i | —0.019810640394014 + 0i
1000 | 1.3 | —0.004935141327062 + 0i | —0.004935066971498 + 0i
30 | 0.3 | —0.041118253239465 + 0i | —0.041118610148441 + 0
10000 | 2007 | —0.000074316606191 + 0i | —0.000074313946490 + 0i

7. CONCLUSIONS

In this paper we presented exact solutions of (1) in the class of Holder functions.
Next, Jacobi and Chebyshev polynomials were used to derive approximate solutions
of this equation. Numerical experiments show that both methods yield very accurate
results and may be useful in practice. However, investigating estimations of the errors
of the approximate solutions remains by itself future research problem.
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